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A Note on Collapsing Cylindrical Shells 


THEODORE E. STERNE 
Ballistic Research Laboratories, Aberdeen Proving Ground, Maryland 


(Received May 23, 1949) 


Expressions are obtained for the instantaneous dependence of pressure upon radius within a collapsing 
cylindrical shell of incompressible liquid when subjected to (a) neither external nor internal pressure or to 
(b) an external pressure but no internal pressure. Dynamical considerations suggest that very high pres- 


sures and radial velocities should be reached. 


I. 


YNAMICAL considerations suggest that if an 

undisturbed cylindrical shell of liquid contracts 
radially, the velocity of the outer surface should tend 
to diminish and of the inner surface to increase, and 
that very high velocities and pressures should be 
reached. The author thinks that the collapse of a 
cylindrical liquid shell may bear some relation to de- 
tails of the behavior of cylindrical and possibly of 
conical metal shells, caused to collapse by the detona- 
tion of external charges of high explosive. The collapse 
of such shells has already been considered, hydro- 
dynamically, by Birkhoff, MacDougall, Pugh, and 
Taylor' without regard to such details as the instan- 
taneous dependence of pressure upon radial coordinate. 


II. 


It is felt that the following brief treatment, which has 
been discussed with Professor Garrett Birkhoff, of an 
ideal case in which the liquid is incompressible and the 
collapse radial, without axial motion, may be of suffi- 
cient interest to merit a somewhat wider distribution 
and that it may also perhaps be regarded as a first 
step toward a detailed theoretical study of the collapse 
of a metal shell surrounded by an explosive charge. 


Ill. 


Consider a long liquid cylindrical shell with external 
and internal radii v2 and r3, respectively, and mass m 


' Birkhoff, MacDougall, Pugh, and Taylor, J. App. Phys. 19, 
563 (1948). 
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per unit length. The quantity ro?=r2’—r;? will be con- 
served as the cylinder contracts if, as is supposed, the 
motion is radial and the liquid incompressible. Let 
r2/ro be denoted by x. Then the kinetic energy per unit 
length is 

T = (m/2)r0?x*a? logl x*/(x?—1) ], 


and this is conserved if the shell is set contracting 
radially and left undisturbed. Any element of matter 
in the shell can be labeled by a Lagrange hydrodynami- 
cal coordinate yu defined as the mass, per unit of length, 
contained between the outside of the shell and a co- 
axial cylinder through the element. The velocity of any 
element of matter characterized by a particular value 
of yu is 








) 2T\} 1 
a —_—_ 
at m / [(logix®/(x?—1) |[x*—p/m)}! 


It can be seen from the preceding equation that the 
velocity of the internal surface approaches infinity as x 
approaches unity, and that the velocity of every other 
element of matter in the shell approaches zero as x 
approaches unity. It follows that during the undis- 
turbed radial contraction of a cylindrical shell, the 
kinetic energy per unit mass tends to be more and more 
strongly concentrated toward the center as the con- 
traction proceeds. 


IV. 


It may readily be shown that the pressure, zero at 
the outer and inner surfaces, has a maximum at 


p/m=x2—x2(x2—1)logx?/(x2— 1). 



































MASS PER UNIT LENGTH 24.5 G/CM 
EXTERNAL RADIUS 1.01 CM 
INTERNAL RADIUS 0.14 CM 
INITIAL EXTERNAL RADIUS 2.00 CM 
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CENTIMETERS FROM AXIS, © 

Fic. 1. The distribution of pressure in a radially contracting 

cylindrical shell of liquid, subjected to pressure over its outer 
surface. 


The maximum pressure occurs at a place about midway 
between the surfaces when the shell is large, but moves 
toward the inner surface as the shell contracts. When 
the external and internal pressures are zero, the pressure 
is given generally throughout the cylindrical shell by 
and has the value 


the equation 
l “10"r 
7. 
2rv¥y) 7 OF 
T 1 


P=- —— oun — 


mre x*(x®— 1)log?x*/ (x*—1) 


x p x—1 
x| toe =, 


r—p/m mx—p/m 


p= 


2 
log—— | 
v—1 


Enormous pressures can be reached. 


V. 


If a constant pressure p is exerted on the external 
surface of the cylindrical shell, initially at rest, and 
zero pressure on the internal surface, then the resulting 
velocities and pressures can be calculated. The radial 
velocity of an element of matter in the shell is given by 


0 2rpr? 
—r(u,t)= -( = ) . =e a 
at m [logix? 


(xo?— x”)! 


(x21) JE /m]} 





where x is the initial value of x, and the pressure jp 
the shell is given by 


(x°— p/m) 


logx?/(x?—1) 


xe— x logx®/(x°— p/m) 


> 


x(x®—1) log*x?/(x?—1) 
Lu re7— s 
m x7(x°—p/m)logx? a 


which has a maximum at 


m x(x? — 1) (xe? — x” )logax?/(x?— 1) 

—= x? — —__ —— 

m xe — x? — 2° (a°— 1 )logx?/(x?— 1) 
VI. 


As an example of the application of the preceding 
general results, the following calculation may be of 
interest. If p= 10" dynes/cm’, if the initial value of the 
external radius r2 is 2 cm, if ro is 1 cm, and if the liquid 
shell has the density of steel so that m is 24.5 g, then 
when x=1.01 the maximum pressure is at a value 
u/m of 0.937 and is 15.610" dynes/cm?’, which is 
sixteen times greater than the external pressure. The 
maximum velocity is then approximately 9.84 X 105 cm 
per sec., and is of course at the inner surface. In the 
preceding example the initial value of the internal 
radius is 1.73 cm and at the stage of contraction con- 
sidered the external and internal radii are respectively 


1.01 cm and 0.14 cm. The pressure is a maximum at | 


0.29 cm from the axis. 


Vil. 


It seems intuitively plausible that the compressi- 
bility of any real liquid would probably cause the 








velocities and pressures to be less than they would be | 


in an incompressible liquid. The elastic and plastic 
properties of a metallic shell would involve further de- 
partures from the ideal case of an incompressible liquid. 
The author is now unable to predict the magnitude of 
such departures. The magnitude may be limited, how- 
ever, in cases of axially progressive collapse of the type 
considered by Birkhoff, MacDougall, Pugh, and Taylor: 


ee, 


Vay 
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PEE VO AR MENT TEI TTS 


Steady-State Internal Temperature Rise in Magnet Coil Windings 


CiaupE L. EMMERICH* 
A pplied Science Research Laboratory, University of Cincinnati, Cincinnati, Ohio 


(Received May 16, 1949) 


The temperature distribution in an electric coil winding is determined by solving the differential equa- 
tions which apply to the system approximately. The maximum and average temperature rises are given 
for several types of windings. A distinction is made between small and large temperature rise; the treatment 
of the former neglects local changes in resistivity and thermal conductivity caused by the increase in 
temperature. A correction factor is computed to obtain the actual temperature rise from the much simpler 
calculations for the maximum temperature rise which would occur if the resistance were independent of 
temperature. It is found that non-uniform windings, wound of several different wire sizes to minimize the 
resistance, exhibit the same temperature rise characteristics as conventional uniform windings of zero 


curvature. 





INTRODUCTION 


HE differential equation which applies to the 
steady-state temperature distribution in a mag- 
net coil winding is Poisson’s equation: 


VT =—0/K, (1) 


where 7 is the temperature at any point in the winding, 
() is the rate with which heat is generated per unit 
volume per unit time, and K is the heat conducted per 
unit area per unit time per unit temperature gradient. 
The symbol V? denotes the Laplacian differential opera- 
tor. In Cartesian coordinates, Eq. (1) would read 


eT &T &T Q 


axt ay a2 K 


A coil winding is a heterogeneous structure, including 
metallic wire, surrounded by an insulating coating, and 
separated by insulating spaces. The term “‘insulating”’ 
refers qualitatively to -both thermal and electrical 
properties. Thus, Eq- (1) as applied to magnet coils 
must represent a very complex system. However, for 
practical applications, it is sufficiently accurate to 
assume that the winding is a homogeneous body, with 
definite values of YQ and K, averaged over the local 
discontinuities. 

For a winding wound of one wire size, the value of 
( is determined from the equation 


QO=pA?/(fL7h’), (2) 
where p=resistivity of the metal in the wire, ohm-inch; 
A=number of ampere-turns; f=space factor (cross- 
section area of metal divided by area of the winding 
Lh); L=length of winding, inch; /= thickness of wind- 
ing, inch, =b—a (see Fig. 1). 

The value of K is not easy to predict from the physical 
constants of the coil. Moore! has made a theoretical 
investigation related to the problem of determining K ; 


however, it appears that the theory has not yet been 


*Present address: 270 Harvard Street, Cambridge, Massa- 
chusetts. 


‘A. D. Moore, Fundamentals of Electrical Design (McGraw- 


» Hill Book Company, Inc., New York, 1927), p. 95. 
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developed to give values of K more easily and accur- 
ately than experimental methods. Since K is an average 
of the thermal conductivities of the materials in the 
coil, it will be constant or variable according to the 
thermal characteristics of the wire and of the insulating 
materials of which the coil is composed. If the internal 
temperature rise in the winding is small, A may be 
assumed constant; and Q will also be nearly constant 
because the resistivity of the wire is not changed very 
much by a small change in the temperature. 

Thus the solution of Eq. (1) is simplified considerably 
in the range of small temperature rises. 


SMALL TEMPERATURE RISE 


In particular, the small temperature rise conditions 
will be applied to a winding in the shape of a hollow 
cylinder (Fig. 1). If the winding is thin in comparison 
with its inside and outside diameters and its length, 
the curvature of the turns may be neglected, and the 
flow of heat may be assumed in the radial direction 
only, satisfying approximately the ordinary differential 
equation 


(d?T’)/(dx?)= —Q/K, (3) 


where «x is the radial distance from the center line of the 
winding to the point whose temperature is 7’. This 
equation will apply also approximately to a winding on 
a rectangular core. 

Two sets of boundary conditions will be adopted as 
representing actual operating conditions of long magnet 
coil windings: (a) Core thermally insulated, outside 
surface at a fixed temperature 7, and (b) both core 
surface and outside surface at the same fixed tempera- 
ture 7,. 

These boundary conditions have been chosen in the 
interest of simplicity. It is evident that an actual coil 
does not operate under such conditions; however, to 
obtain a first approximation, some ideal cases should 
be considered. The deviations for actual coils may be 
judged from work reported in the literature.?~ 


2G. L. Moses, Prod. Eng. 10, 317 (1939). 


3H. C. Stewart and L. C. Whitman, Trans. A.I.E.E. 63, 763 
(1944). 


*H. M. Beede and B. M. Cain, Elec. Eng. 66, 87 (1947). 
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Using boundary conditions (a) in the solution of 
Eq. (3), the temperature distribution in the winding is 
found to be 


0’ (x) = T’ (x) — T,=(Q/2K)(8+2ax—2°—2ab), (4) 


where 0’ is defined as the temperature rise above the 
surface temperature 7,. The maximum temperature 
rise in the winding will occur at the inside surface 
(x=a), where 


0,’ =pA?/(2fKL’). (5) 

Equation (5) is plotted in terms of the dimensionless 
variable 2/K L’0’/pA*=1 in Fig. 2. 

A useful criterion of internal temperature rise is the 
average temperature rise, obtained from a measurement 
of the increase in total resistance of the winding. The 
average temperature is defined as the temperature to 
which the entire coil would have to be raised in order 





























Fic. 1. Cylindrical winding. 


to have the same increase in resistance as it actually 
has in the temperature field created by the heat gen- 
erated in the winding. Expressed analytically, the 
average temperature rise is given by the equation 


w- (Jose) /( 8) 


where @R is the resistance of an elemental section of the 
winding whose temperature rise is 0. 
The temperature distribution as a function of the 


(6) 
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radius given by Eq. (4), together with the known dis. 
tribution of resistance as a function of x, permits evalua. 
tion of the average temperature rise; which is found to 
be, for a winding with boundary conditions (a), 


On’ = pA?/(3fKL?). (7) 


This is plotted in Fig. 2 as 2/KL°0’/pA?=3. 

For practical purposes it should be noted that the 
average and maximum temperature rises are in the 
ratio 2:3 for the thin cylindrical winding and smal] 
temperature rise.* 





If boundary conditions (b) are applied to Eq. (3), 
the temperature distribution takes the form 


0’ (x) = (QO/2K)(ax+bx—x°— ab). (8) 


The maximum temperature rise will be the tempera- 
ture rise at the center of the coil, where 


Om’ =pA*/(8/KL’). (9) 


In Fig. 2 this is plotted as 2/K L*0’/pA*=} 
The average temperature rise of the winding with 
boundary conditions (b) is 





On! = pA2/(12/KL?) (10 
plotted as 2/KL’0’/pA?= in Fig. 2. 

For a thick, long, cylindrical winding, the assump- 
tion of negligible curvature, which led to the simple | 
Eq. (3), cannot be applied. For this case, Poisson’s | 
Eq. (1) reduces to the ordinary differential equation 


aT’ 


1 dT’ Q 
"a (11) | 
dx* x dx K 


where x again denotes the radius of the point of tem- 
perature 7”. 

With boundary conditions (a), the temperature rise 
as a function of the radius is given by the expression 


0’ (x) = (Q/4K)B—2°— 2a? log.(b/x)}. (12) 


The maximum temperature rise will occur at the 
inside of the winding, where 


pA? 
~ OFKL? 


r?—1—2 log.r 
2(r—1)? 





(13 


In this expression, r=6/a is the thickness ratio of) 
the winding, defined as the fraction outside radiw| 
divided by inside radius. Equation (13) will be fount] 
to represent actual conditions more accurately than the} 
equation given for this case by Moore.t 

Equation (13) may be represented by the followin 


5M. Jakob, Trans. A.S.M.E. 65, 593 (1943). Also M. Jakob} : 
and G. A. Hawkins, Elements of Heat Transfer and Insulation 
(John Wiley and Sons, Inc., New York, 1942), Chapter V. 

t See reference 1, p. 98. 
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series expansion 


pA? f +1) 1 


r+1\° 
OKT +1) 3 r+ 


r+1\° 
~-(r- 0 ) ---| (14) 
5 r’+i1 


The relation between 2/KL’O’/pA® and r, as given 
by Eq. (13) is shown in Fig. 2 by the curve marked 
“g,’ uniform (a).” It is evident from this curve, as 
well as from the expansion (14), that for a thickness 
ratio of one, the special case of the thin winding is 
obtained. The other extreme, representing a winding 
in the shape of a solid cylinder, is seen to be approached 
as the thickness ratio becomes greater. For r—« , Eqs. 
(13) and (14) reduce to the value 

= }pA?/(2fKL?)- (15) 
which is just one-half of the expression for the maximum 
temperature rise of the thin winding [Eq. (5) ]. It is 
indicated at the right edge of Fig. 2. 

The average rise for the thick hollow cylinder with 
boundary conditions (a) can be determined from the 
temperature distribution 6’(x) [Eq. (12) ], and from 
the fact that the resistance of an elemental section of 
the hollow cylinder is proportional to the expression 
xdx. The average temperature rise is thus found to be 


pA? r—3+[4/(r?—1) Jlog.r 
2fKL? 4(r—1)? . 


Figure 2 shows this curve, marked “@,,’ uniform (a).”’ 
The expansion of Eq. (16) is given by the following 
series 














O,,' = (16) 


pA?” Bastien’ od 1 
-OKL? e4pla 3(r°-+1)? 





(2-1) 
+ “| (17) 
5(r?+1)4 


If boundary conditions (b) are applied to the thick, 
long, hollow cylindrical winding [Eq. (11) ], the tem- 
perature rise distribution will be found to be 








Q b?—a? b 
0’(x)= —( 2 ye —— log.) 
4K log-(b/a) x 


The radius x,, of the surface at which the maximum 
temperature rise occurs is found from the equation 


= (b’—a®)/[2 log.(b/a) }. 
The temperature rise at that surface will be 
pA? 2r° 
oa (r—1)* 

r+1 


(18) 


0,’ = 








2r* log.r 
| 1+0, “Ik (19) 


9 
r-— 


¢ — 1)log.r 


VOLUME 21, FEBRUARY, 1950 


which is plotted in Fig. 2 as the curve marked “6,,’ 
uniform (b).” 

The average temperature rise with boundary condi- 
tions (b) is given by the equation 


pA® r +1—-L* —1)/ loger ] 
eG, =——- 


2/KL? 


(20) 
4(r—1)* 


shown in Fig. 2 by the curved marked “‘@, uniform (b).”’ 
In a non-uniform winding designed for minimum re- 
sistance,® the wire diameter varies as the square root 


1.0 


o 


te’ 
J eK eat 
w to) N @ 


> 


COMPARATIVE TEMPERATURE RISE, 
oi 


——— Gm, MAX. TEMP. RISE 
Ov, ave. TEMP. RISE 





| 2 3 4 5 6 7,8 9 
THICKNESS RATIO, r= 8 


Fic. 2. Maximum and average temperature rise with 
constant resistivity. 


of the radius of the turns in the winding. Thus the value 
of Q is given by the formula 


Q=pA?/[ fL*x*(log.r)? ]. (21) 


Assuming small temperature rise conditions, both p 
and K are constant; hence the temperature field in a 
non-uniform cylindrical winding is represented by the 
equation 


ad°T" 
dx? 


1dT’ 1 pA? 


x dx x fKL?*(log.r)* 





(22) 


With boundary conditions (a) 
tribution is found to be 
pA? b bx 
———————_ log, — log.— 
2fKL-(logr) « @ 


6 C. L. Emmerich, Am. Math. Monthly 55, 613 (1948). 


, the temperature dis- 


0'(x)= (23) 
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which yields as the maximum temperature rise the 
value already found in Eq. (5). However, while Eq. (5) 
was found as the solution to the problem of the uniform 
winding of thickness ratio one only, the solution just 
determined is independent of the thickness ratio, hence 
representable by the straight line marked “‘6,,’ non- 
uniform (a)”’ in Fig. 2. 

Experimental data’ indicate that the practical ap- 
proximations to ideal non-uniform windings® exhibit 
the same temperature rise characteristics as the ideal 
windings. Thus the solution just determined for the 
ideal non-uniform windings is valid for practical work 
also. 

The remarkable property that non-uniform windings 
exhibit the same temperature rise, independent of thick- 
ness ratio, is shown also by the solution with boundary 
conditions (b), as indicated in Fig. 2 by the straight 
line “‘O,,’ non-uniform (b),”’ as well as the average 
temperature rises ‘0,’ non-uniform (a)” and ‘4, non- 
uniform (b).” 

The preceding results show quantitatively to what 
extent overheating may be expected in multiple-wire- 
size windings, when thin wire is wound near the core 
as suggested by Emmerich.® The conclusion is that the 
temperature rise is the same as for a uniform winding 
of the same number of ampere-turns, but wound on a 
core with zero curvature. 


LARGE TEMPERATURE RISE 


Insulating materials which were developed recently 
have made increased operating temperatures possible 
for magnet coil windings.’ In order to take full ad- 
vantage of these new materials, it is imperative to 
have correct design data at hand. These data are ob- 
tainable in part from the solution of Poisson’s Eq. (1). 

When large temperature rises are considered, it is 
no longer possible to assume that VY and K are con- 
stant. The rate of heating, Q, is a linear function of the 
temperature, because it contains as a factor the re- 
sistivity p, which is known to vary linearly with tem- 
perature in the range normally expected for operating 
conditions of electrical equipment. The average thermal 
conductivity A, being a function of the conductivities 
of the materials in the coil, may be expected to vary 
with temperature also; however, it appears difficult to 
predict the relationship between K and 7 for any given 
winding. Experimentally, a coil of Formex wire, .im- 
mersed in kerosene, was found to have a constant ther- 
mal conductivity of 0.020 watt/°C-inch over a tempera- 
ture range from 12°C to 65°C; while the same coil in 
air exhibited an increase in K from 0.0057 to 0.0072 
watt/°C-inch as the temperature changed from 33°C 
to 84°C.’ 

Thus, at least for a Formex winding immersed in 

*C. LL. 
Section V. 

*C. L. Emmerich, Elec. Eng. 68, 185 (1949). 

*G. L. Moses and J. J. Torok, Trans. A.I.E.E. 65, 412 (1946). 


Emmerich, thesis, University of Cincinnati (1949), 
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kerosene, the right side of Eq. (1) should be expresseq 
as a linear function of 7. It will be helpful in applying 
the boundary conditions to let the temperature be 
represented by the sum of the. surface temperature and 
temperature rise: 


A 


T=T,+0. 


The differential operator V* will then apply directly to 
the temperature rise 9, while the linear function in T jg 
replaced by a linear function in 90. Poisson’s equation 
then reads as follows 





V0= —wv0-wv (24) 
where 
aopoA* poA* 
w2=—— and w=———(1+a»7,). 
{KL [KL 


In these expressions, po is the resistivity of the metal 
in the wire at 0°C, and ap is the temperature coefficient 
of resistivity of the wire at 0°C. The boundary condi- 
tions are simplified to the extent that at the outside 
surface of the winding, the temperature rise is zero. 

Jakob® has published the solutions of Eq. (24) for 
the solid cylinder (r—«) and the flat plate (r=1), 
The maximum temperature rise in the case of the flat 
winding (r=1) is given as follows, in the notation of 
this paper, 


1 A (aopo)* 
0,=(7.+—)] sec —— -1| 
ag L(fK)} 


From the expansion of the secant function it is 
readily found that Eq. (25) is approximated by the 
series 


1 1 5 
On= (74 _ ) Fcc —(u*h*)* 
ay 2! 4! 


(25) 


6 


It is of course possible to use Eq. (25), or its expan- 
sion (26), directly in making temperature rise calcula- 
tions. However, for the purpose of comparison with 
the design data obtained from Eq. (5), which neglects 
changes in resistivity, a correction factor 0,,/0,,’ has 
been computed. 

If the value of p in Eq. (5) is taken as the resistivity 
of the wire at temperature 0°C, it will be seen that 
the temperature rise computed from Eq. (5) is 


(27) 


Substituting this expression in Eqs. (25) and (26) leads 
to the functional equation 


On0. = uh? 2a. 


1 
0n= (1-+—) sec(2ai0y0')'—11 (28) 


ao 


JOURNAL OF APPLIED PHYSICS 





61 
+—(u*h?)*+-- - | (26) 








Pn ee 





wi 
T, 
the 





pope Hr 


we 


een. 


ee eS 


and to the series expansion 


1 5 
0,= ( Tet J 20 nu-+— (ais )? 


ao 


61 
+ —(2avol Imo P+ os } (29) 


6! 


If the value of p in Eq. (5) is taken as the resistivity 
of the wire at temperature 7, that is, if 


Ps= po(1 +aoT,) 


as is often done in coil design, then substitution yields 
the functional equation 


1 Onn ; 
0,= (7.+—)] se( ) _ 1 (30) 
ao T.4+1/a 


and the corresponding expansion 


5 1 
Amn = Ome + apg ae —(Oms )? 
6 (T.+1 ao) 
61 1 


(Oms P+-+-. (31) 


‘Masai sipioeminteniat 
90 (T,+1 ‘ay)? 

Dividing Eq. (30) or (31) through by 9,,,’ yields the 
correction factor On/Oms’, which is a function of 9,,,’ 
with 7, as a parameter. This family of curves is plotted 
in Fig. 3, with 1/a9=234.5°C. 

An example will illustrate the use of these curves: 
At a surface temperature 7,=40°C, the uncorrected 
temperature rise obtained from Eq. (5) for a particular 
winding is 84°C, using the value of p, corresponding to 
T,=40°C. On the curve marked 7,=40°C in Fig. 3, 
the correction factor corresponding to 84°C is 1.35. 
Hence, the true temperature rise is 1.35X84=113°C. 
The “hot spot” in the coil will therefore reach a tem- 
perature of 40+ 113=153°C. 

It should be kept in mind in using these data that 
the boundary conditions are idealized. The assumption 
is made that no heat escapes through the core or 
through the ends of the coil, and that the temperature 
at the surface is constant. In actual windings it is prob- 
able that heat does escape through the core and ends, 
thus making the foregoing calculations fall on the safe 
side; however, the temperature at the surface of the 
coil may be quite far from the ambient temperature, 
and it may vary along the surface. This tends to make 
the calculations uncertain. To take into account the 
end leakage leads to rather involved computations, as 
shown by Higgins.'® Actual surface temperatures are 
probably obtained easiest by experimental methods.?~4 

It should be emphasized that Eq. (30) and Fig. 3 
apply only to windings of thickness ratio one. Since 


T. J. Higgins, Trans. A.I.E.E. 64, 190 (1945) and Trans. 
AS.M.E. 66, 665 (1944). 
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actual windings are usually in the shape of hollow 
cylinders, the following computations have been made 
to evaluate the corrections necessary to allow for the 
curvature of the winding. It will be found, as in the 
case of small temperature rise, that the winding of 
thickness ratio one has a higher maximum temperature 
rise than a winding in the shape of a hollow cylinder. 

For a long, thick, cylindrical winding (heat flow in 
the radial direction only), with boundary conditions 
(a), the solution of the equation 

dO 1d0 

+ +uv’0= —w 
dx? x dx 


(32) 


will permit calculation of the temperature rise dis- 
tribution 
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Fic. 3. Correction factor for maximum temperature rise 
in thin windings. 


and of the maximum temperature rise 


1 
On= (7+) 
ao 





2 
_ —1}. 


(34) 
maul J ;(au) V o(bu)—Jo(bu) ¥ (an) } 





J and Y are Bessel functions of the first and second 
kind, their order being indicated by subscripts. 


79 



























































} 
/] 
2.0 yh 
; _~ NW 
2 %,” YW) 
z Hf 
Via 
| 
1.0 






































° 20 40 6 80 100 6120 «6140: «6160) «6180 «=—200 
UNCORRECTED MAX. TEMP. RISE, 6m.°C 


Fic. 4. Correction factor for maximum temperature rise 
in thick windings, 7,= 60°C. 


Again, Eq. (34) might be used directly in making 
temperature rise calculations. However, for the purpose 
of comparison with design data obtainable from Eq. 
(14), a correction factor 9,,/On.. has been computed 
and plotted in Fig. 4, for the surface temperature 
T,= 60°C, and using the value of the reciprocal of the 
thermal coefficient of resistance 1/ao=234.5°C. 

This family of curves is intended to demonstrate 
that the difference in correction factors for windings 
of various thickness ratios, other conditions being the 
same, is rather small. Few actual windings exceed the 
thickness ratio r=2; thus the approximation made by 
using the curves in Fig. 3 is not serious. For the purpose 
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of comparison, the curve for a solid cylindrical winding 
at T,=60°C has been shown dotted in Fig. 3. 

It may be stated here for the sake of completeness 
that the non-uniform winding designed for minimum 
resistance at small temperature rise yields exactly the 
same temperature rise conditions as the curves in Fig, 
3, independent of its thickness ratio. 

Up to this point, Poisson’s Eq. (1) has been solved 
for cylindrical windings with Q and K constant; also 
with K constant and Q a linear function Q(7). If it is 
assumed that K is also a linear function K(7), then the 
differential equations become much more complicated, 
making a solution in closed form difficult. The only 
exception occurs when K(7) is a multiple of Q(T). 
that is, when the linear function K(7) would be zero 
at the same temperature as the temperature for which 
Q(T) would be zero. Then the right side of Eq. (1) 
would reduce to a constant again. In practical terms, 
this requires that the thermal conductivity of the wind- 
ing must be proportional to the resistivity of the metal 
in the wire at all temperatures. Ordinary coil windings 
are not expected to have this special property. 

If the function 1/K is linear in T, then the right side 
of Eq. (1), being the product of two linear functions, 
would become a quadratic function in T. This case has 
already been considered by Davies,'' who assumed K 
to be constant, and Q(T) a quadratic function. The 
solution in this case contains elliptic functions. It 
appears that the complete and detailed results of this 
case are not very useful until it has been established 
that the thermal conductivities of actual windings are 
expressed correctly by linear functions 1/K. 
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Evaporation and Outgassing in an Inert Atmosphere 


R. L. Lonoini 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 


(Received June 9, 1949) 


Experiments on the evaporation outgassing of antimony in vacuum and in an inert atmosphere show that 
an inert atmosphere is advantageous for outgassing antimony if loss of antimony by evaporation is in- 
tollerable. A simple theory based on well-established kenetic theory considerations is given which may ex- 


plain and did’ predict the results. 


INTRODUCTION 


HE introduction of an inert gas into a vacuum 

system changes the conditions limiting the rates 
of both evaporation and outgassing. In a vacuum these 
rates depend on reflection or accommodation coeffi- 
cients, whereas in the presence of an inert atmosphere 
diffusion is the rate-determining process. 

It has been known for some time that an atmosphere 
reduces the rate of evaporation of tungsten in lamps or 
of magnesium! in an inert atmosphere. 

In the present study, the actual rates were de- 
termined experimentally by use of a microbalance on 
which loss of sorbed gasses and of the parent body of 
antimony were found by direct weighing of test samples. 
A helium atmosphere was used. Results indicate that 
the introduction of an inert atmosphere may prove use- 
ful in outgassing volatile materials. 


THEORY 


The theory is rather crude and may neglect some 
important effects. It is important to note that the theory 
came first and predicted the observed results. It is 
presented as it may prove useful in some other cases.” 

Let us assume that the test sample is in equilibrium 
with its various vapors. The vapor of the parent ma- 
terial (antimony in the experiments) is in equilibrium 
with the solid body, and other vapors are in equilibrium 
with their sorbed phases. 

Suppose we examine any one of the vapors closely. 
Let nie be the number of molecules per unit volume of 
the ith vapor in the space at equilibrium. Now kinetic 
theory shows us that n,£;/4 of these will cross a unit 
area per second where ¢@; is the mean velocity of the 
ith vapor.* This will also be the number of molecules 
striking each unit area of the condensed material, and a 
fraction a; will stick. The fraction a; is known as the 
accommodation coefficient. At equilibrium, the rate of 
condensation or sticking must equal the gross rate of 
evaporation of the ith component R;, which gives 


R;=n;4,a;/4. (1) 


(If a good vacuum is maintained the net rate of 
evaporation must be given by R; above, as the vapor 
1 E. A. Gulbransen, Trans. Electrochem. Soc. 87, 597 (1945). 

* For comparison see I. Langmuir, Phys. Rev. 2, 329 (1913). 


* For example, Cobine, Gaseous Conductors (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 19. 
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will be removed and no condensation from a vapor 
phase will take place.) 

Suppose we admit an inert atmosphere. The evaporat- 
ing vapors will now have to diffuse away from the con- 
densed phase. Let R,; be this evaporation rate when 
the inert gas pressure is p. Now R,i=D,i(gradn;)o 
where D,,; is the diffusion coefficient of the ith vapor 
through the inert atmosphere of pressure p and n; is the 
number of molecules of the ith vapor per cubic centi- 
meter. The gradient is taken at the condensing surface 
as indicated by the subscript zero. 

Now, from our previous discussion, we conclude that 
the vacuum or gross rate R; is equal to the net rate R,; 
plus the rate of recondensing njoa,¢;/4, where njo is the 
molecular density at the surface. 

We can state 


R;: D,i(gradn;)o 2) 
R; on inf :0;/4+ D,i(gradn;)o 





From kinetic theory we have D,:=giT!p- and 
é;=h,T', where g; and h; are proportionality constants. 
Putting these in the above and dividing numerator and 
denominator each by g,(gradm,)oT? we have 


~~, = (3) 
R; T/ptamiphi/4gi(gradn;)o 


Rpi 





In the steady state it can be shown that njo/(gradm;)o 
is independent of n; and is a function of geometry only. 
(In the one-dimensional case, for example, ,9/(gradm;)o 
equals the distance between the evaporating surface 
and the remote absorbing surface.) It is therefore es- 
sentially the same for all components. We can rewrite 
the above as 


T/p 
R,:= R;—__—__, (4) 
a;/G;+T/p 


where G; takes into account both the geometry and the 
proportionality constants for the ith vapor. Now the 
diffusion coefficients for the various vapors are of the 
same order of magnitude so that the G; and thus the 
ratios R,;/R; of various components have large differ- 
ences only because of large differences in the accommo- 
dation coefficients. 
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The accommodation coefficient for the parent ma- 
terial will probably be close to unity, whereas that for 
various sorbed vapors may be very small. Thus a pres- 
sure of inert gas may do much more to reduce the net 
evaporation for the parent material than for the sorbed 
components. The ratio of rates of evaporation of two 
components is thus pressure dependent 

Ry Ri T/ pt+a2/Ge 


(3) 


Ryo Rs T pa G 


Anticipating our experimental results with plated 
antimony and its various sorbed vapors, 


Rsv) R< sp) T pt+3.3X 10! 
—- ayer (6) 
Ry Rs T/p+4.1X108 


where the subscript Sd refers to plated antimony, the 
subscript 2 refers to an effective ‘‘mean” of sorbed 
vapors. The pressure is in atmospheres, the tem- 
perature in degrees Kelvin. In this case the value of 
nio/(gradn;)o was about 25 cm. It is apparent that a 
moderate pressure will make the 7/p value small and 
that the rate of evaporation R,:s») will be reduced far 
more than the rate of outgassing R,». 
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Fic. 1. The rate of evaporation of plated antimony. The rate of 
evaporation of plated antimony is shown as a function of tempera- 
ture and helium pressure. The pressures of the isobaric curves are 
expressed in atmospheres. The vacuum rate of evaporation of anti- 
mony from glass is also shown. The experimental points for the 
vacuum rates are given but those for inert atmospheres were very 
scattered, varying by a factor of two from the curves shown. 
Since this is influenced by geometry in any case, the curves are 
given only to show the order of magnitude of the effect. 


82 


EXPERIMENTAL PROCEDURE AND RESULTS 


The experiments to determine evaporation rates 
were carried out on Dr. E. A. Gulbransen’s micro. 
balance.' This instrument is enclosed in glass and can 
be evacuated or filled to pressures up to atmospheric 
with nearly any gas. The sample is suspended from 
one side of the balance by a tungsten wire so positioned 
that the sample hangs in a tube which can be heated by 
a furnace. The counterweight has the same density as 
the sample to reduce buoyancy effects when gas jg 
admitted. ; 

The balance is calibrated in micrograms and reads the 
degree of unbalance between the constant counter. 
weight and the sample under investigation. The read- 
ings are made with a vernier microscope and are 
reproducible under most conditions to within one-half 
a microgram. 

Two types of samples were used. The first consisted 
of 0.005-in. steel shims 1X6 centimeters in extent, 
plated on both sides with a total of 16 milligrams of 
antimony from an antimony chloride plating bath, 
This type was used to determine the rate of evapora- 
tion of outgassed plated antimony, the rate of out- 
gassing, and the effect of helium on these rates. The 
second type consisted of microscope cover glasses each 
11X50 millimeters by 0.25 millimeter thick. These were 
coated with antimony which was deposited by evaporat- 
ing it from a tungsten wire on which it had been plated. 
The resultant coating had a surface density of about 
16 wg cm™~™ on each side. These slides were used for 
determining the rate of evaporation from an evaporated 
antimony film on glass. 

For determining the rate of evaporation of antimony 
the samples were first outgassed. When the rate of 
weight loss was constant with time at any one tempera- 
ture, the sample was believed to be outgassed. This was 
cross-checked by raising the temperature for a while, 
then bringing it back to the original temperature. A 
return of the rate of weight loss to its original steady 
value was always found. 

The various rates were determined by plotting the 
loss of weight against time at a fixed temperature and 
observing the slope. During outgassing the resulting 
plots were curves with steadily, but slowly, decreasing 
slopes. The slopes of the steady state lines correspond- 
ing to outgassed samples were found and, after being 
put in terms of grams cm™~ sec.~', are plotted against 
temperature in Fig. 1. The rates of evaporation of both 
forms of antimony have the same slope when plotted 
against temperature but the evaporated film has a 40 to 
50 percent higher rate. This is indicative of the same 
heat of vaporization but probably of a higher accom- 
modation coefficient for the evaporated film. This indi- 
cates an accommodation coefficient of less than 0.7 
for plated antimony, a very low value compared to the 
assumed value of unity used in calculating the calibra- 


‘FE. A. Gulbransen, Rev. Sci. Inst. 15, 201 (1944). 
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tion of the Knudsen gauge. The apparent higher ac- 
commodation coefficient for the evaporated film is 
probably due to a granular structure similar to those 
seen With an electron microscope for most metal films. 
The condensing antimony molecule, falling deep into 
the layer, might have to undergo several reflections 
before emerging. 

It is interesting to note that the evaporation rate of 
antimony from the glass slide was independent of the 
amount of antimony on the slide until this was under 
2 wg cm~*. Below this the rate dropped slowly to one- 
half its former value, then dropped suddenly to zero 
at which point all the antimony had evaporated. 

Outgassed samples were observed when a helium 
atmosphere was introduced. It was found that even 
slight impurities in the helium had a very decided 
effect on the results. The helium was passed through 
hot, partially oxidized copper and then through a 
drying tube. This should have removed hydrogen, 
oxygen, and water vapor. Even after great care with 
this process, the rates determine with helium present 
were not reproducible with precision. The determined 
effect of pressure may be off by 50 percent. The figure 
shows how the rate of evaporation is dependent on 
temperature and pressure. 

Determining the effect of an inert gas pressure on the 
rate of outgassing was much more difficult. First of all, 
the outgassing rate in vacuum is not constant so that 
the pressure effect had to be measured rapidly. Secondly, 
the effect was so small that 0.1 atmosphere of helium 
was needed to measure it. These conditions required a 
much more rapid introduction of gas than the pre- 
viously described purifier could handle. A long total 
obstruction activated charcoal trap was built to purify 
the gas more rapidly. 

The tests were carried out as quickly as possible. 
A rate was determined for the vacuum condition, 
(1.5X10-* wg sec.-' cm~* at 284°C), then helium at a 
pressure of 0.1 atmosphere was introduced and a new 
rate determined ; (2.17 10~4 yg sec.—' cm~) the helium 
was then pumped out and the vacuum rate determined 
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again and was found unchanged. A slight buoyancy 
effect, probably caused by convection currents in the 
helium, caused jumps in the readings on introduction 
and exhaust of the gas. The jumps were equal and 
opposite so that the measured evaporation rate with a 
gas atmosphere was assumed to be correct., The out- 
gassing rate remained constant during the run with 
0.1 atmosphere of helium present. The total loss of 
weight during the test was about 50 ug. The sample 
was of antimony plated on steel shim stock. The test 
was carried out at 284°C. 

As Fig. 1 shows the evaporation rate of antimony 
in vacuum at 284°C was approximately 6X10-° 
g/cm?*/sec. or one twenty-fifth the rate of outgassing 
in vacuum at this temperature. During the inert at- 
mosphere part of the test at 0.1 atmos. the outgassing 
rate was reduced by a factor of 7, but, as Fig. 1 shows, 
the evaporation rate was reduced by a factor of 100 to 
1000. Thus, the introduction of the inert gas had the 
effect of reducing the evaporation rate to a very small 
fraction of the outgassing rate. 


CONCLUSION 


An inert gas requires that evaporated molecules 
diffuse through it and therefore it limits the rate of 
evaporation. Many evaporated molecules are reflected 
by the inert gas back to the evaporating surface where 
they may recondense. 

A difference in the accommodation coefficient of this 
condensing process may explain completely the altera- 
tion of the relative rates of outgassing and evaporation 
of the parent body when an inert atmosphere is intro- 
duced. The introduction of such an atmosphere may 
prove useful when it is desired to outgas other volatile 
material, for the evaporation rate is probably reduced 
far more than the outgassing rate in most cases. In the 
particular case of plated antimony, for the same rate 
of outgassing, the rate of loss of antimony by evapora- 
tion in an inert atmosphere was less than one one- 
hundredth the rate of loss in a vacuum.°® 


6 U.S. Patent No. 2,456,968. 
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A Method of Reducing Deflection Defocusing in Cathode-Ray Tubes 


R. G. E. Hutrer anp S. W. Harrison 
Physics Laboratories, Sylvania Electric Products, Inc., Bayside, New York 


(Received May 26, 1949) 


A discussion of deflection defocusing is given to point out the two-dimensional character of the focusing 
action of deflection fields. A photograph of spot distortion actually observed is shown. A brief theory of 
combined spherical and cylindrical lenses is given, and a method of spot correction based on the principle 
of ‘‘beam predistortion” is described. An electron gun used for such correction is shown and experimental 


results obtained with this gun are exhibited. 


INTRODUCTION 


OTH practical experience and theoretical analy- 
sis'~* show than an electron beam passing through 
a deflection field is subject to a “two-dimensional” 
focusing action as well as a bending action. In cathode- 
ray tubes, such a focusing action is undesirable. If the 
beam is focused to a small spot at the center of the 
fluorescent screen and is then deflected, the result of 
the two-dimensional focusing action will be a distortion 
of the spot.* 
The amount of beam distortion produced by a de- 





Fic. 1. Spot distortion observed with an electrostatic 


deflection system of low sensitivity. 


' J. Picht and J. Himpan, Ann. d. Physik 39, 409 (1941); 43, 
53 (1943). 

2G. Wendt, Die Telefunkenrohre 15, 100 (1939); Zeits. f. 
Physik 118, 593 (1942). 

7R. G. E. Hutter, J. App. Phys. 18, 740-758 (1947). 

* The properties of a deflection field also cause a non-linear rela- 
tionship to exist between field strength and deflection. This in 
turn produces a so-called “pattern distortion.” Since this is 
ordinarily less objectionable, it will be ignored in the present 
discussion. 
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flection field varies with the form of the deflection field 
employed. Attempts to reduce the distortion effects by 
improving the design of the fields have been relatively 
successful in the case of magnetic deflection. This has 
not been true in the case of electrostatic fields where 
one is more limited in the type of change that can be 
made in the elements producing the field. The fact that 
there is a change in the velocity of the electrons as wel] 
as a variation in the strength of the electrostatic field 
also makes defocusing effects in this type of field more 
inherent than in the magnetic field where there is only 
a variation in field strength. 

The amount of beam distortion associated with any 
deflection depends also on the parameters of the beam 
as it enters the field, For a given deflection, a certain 
set of initial conditions will give a beam which is free 
of distortion after deflection. Physically, this may be 
interpreted as saying that the beam is initially dis- 
torted in a manner such as to compensate for the dis- 
tortion produced by the deflection field. To produce 
such a predistortion, the electron optics of an ordinary 
axially symmetric focusing system must be modified. 
The magnitude of this modification will depend on the 
magnitude and direction of deflection, or, in other 
words, on the position of the spot on the fluorescent 
screen. 

It is the purpose of this paper to describe a method 
of spot correction which is based on the principle of 
beam predistortion. This principle can be employed in 
both the electrostatic case and the magnetic case, but 
the particular method described is electrostatic in 
nature and is used in connection with electrostatic 
deflection systems. 

In describing the method of spot correction it is 
convenient to begin with a brief discussion of deflection 
fields. It will be pointed out that the beam distorting 
action which is associated with deflection is “two- 
dimensional” in nature. Observed spots will be shown 
which confirm the character of this type of distortion. 
This discussion of deflection fields and the effect of 
such fields on electron beams will be followed by a first- 
order theory of focusing fields which have spherical and 
cylindrical lens properties. It will then become apparent 
that, by combining such focusing fields with deflection 
fields, the spot distortion effects can be reduced. 

Finally, a special electron gun will be described. This 
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Fic. 2. Distortion which results when an electron beam, point 
focused before deflection, is deflected in the y-direction. 


gun is capable of producing an undistorted spot at 
any point on the screen to which the beam can be de- 
flected. This means that, at the fluorescent screen, the 
cross section of a deflected beam is circular and has 
nearly the same diameter as the cross section of the 
undeflected beam. Photographs taken of the face of a 
special tube in which this gun was incorporated will 
show the degree of spot correction achieved. 


I. BEAM DISTORTING EFFECTS OF 
DEFLECTION FIELDS 


Actual cathode-ray tubes employing balanced electro- 
static deflection fields are designed to have as little spot 
distortion as possible by keeping the angle of, deflection 
small. In order to study methods of correcting the spot 
distortion, an electron gun of low sensitivity and hence 
large distortion effects was designed. A photograph of 
spots obtained with this gun is shown in Fig. 1 and it 
can be seen that the general character of the spot dis- 
tortion is as described by the theory.'~* 

Both the calculations and the observed results show 
that the spot is elongated in the direction of deflection. 
A closer examination of the calculated results, as well 
as a Closer analysis of experimental results for an ini- 
tially point-focused beam, shows that this characteristic 
of the spot distortion is due to a focusing effect of the 
deflection field which is considerably stronger in the 
direction of deflection than perpendicular to it. The 
shape of the deflected electron beam on the gun side of 
the screen is sketched in Fig. 2. 

It can be seen from this that in no portion of the 
beam is there a convergence of all the electron paths 





A LINE Focus 


Fic. 3. Shape of an electron beam in the neighborhood of the 


image plane of a combined spherical and cylindrical electron 
lens. 


to a point. At two places the cross section degenerates 
into a straight line and at an intermediate point a cir- 
cular cross section can be found. All other portions of 
the beam have an elliptical cross section. Reducing the 
strength of the focusing field of the electron gun will 
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make all paths less convergent, and it is possible to 
adjust this strength so that the electron beam has a 
circular cross section at the screen. However, no point 
focus is now possible in contrast with the point focus 
assumed at the center of the screen. In the practical 
case the spot at the center has a finite radius, but no 
refocusing of the electron lens of rotational symmetry 
will produce a deflected spot of the same size as the 
undeflected spot. 

A cylindrical lens action must be incorporated in the 
electron gun to obtain perfect correction for both shape 
and size. In order to show that this is the case, a brief 
discussion will be given of the theory of a class of focus- 
ing fields which have both spherical and cylindrical 
lens properties. 


To 
a SE 
SCREEN 

















Fic. 4. Electrode arrangement and associated power supplies 
for an electron gun free of deflection defocusing. 


Il. THEORY OF COMBINED SPHERICAL AND 
CYLINDRICAL ELECTRON LENSES 


The potential distribution of an electrostatic field 
which satisfies the symmetry condition, 


¢(x,¥,2) = o(— x,y,z) = ¢(x,—y,2) (1) 
may be expanded in the series: 


9(1,2,0) = o(z) — (1/4)p" (z)r’+-2(z)r? cos20 
+ (1/64)p!" (z)r4*— (1/12) 2""(z)r4 cos20 
+¢4(z)r* cos40+---. (2) 


For a field of rotational symmetry ¢2n(z)=0. The 
paraxial ray equations for fields given by Eq. (2) are 


x" + (1/2)(o'/)x’ + (1/4) ($""/b) x= (2/6) x (3) 
y+ (1/2)($'/o) y+ (1/4) (6"/b) = — (2/6) 9S" 


These equations may be integrated under the fol- 
lowing conditions: 


(1) The general solution of the paraxial ray equation is known 
for the case ¢2n(z) =0 (spherical lens). 

(2) Terms which contain @2,(z) (combined spherical and cylin- 
drical lens) may be considered small distortion terms. 


With these conditions, the integration of Eq. (3) may 
be carried out by employing the methods ordinarily 
used in lens aberration theory. 


Let r(z) be the general solution of the paraxial ray 
equation: 


r'’+(1/2)($'/o)r' + (1/4) (6"/o)r=0. (4) 


If r(z) has the value ro in the object plane z=29 and 
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the value 7, in the aperture plane z=2,, the solution 


may be written 
(5) 


are two particular solutions which 


r(z) = ror, (z)+ (Fa, Taa)Va\Z), 
where r,(z) and r,(z) 


Vv, > V2 


=X) 


Fic. 5. A simple two-cylinder rotationally symmetric electron 
lens and the optical analogies for Vi< V2 and Vi> V2. 











SCREEN 
POSITION 


Fic. 6. Distortion of an undeflected electron beam necessary to 
compensate for the focusing action associated with a deflection 
in the x-direction. 


satisfy the conditions 


ra(2o.)=O0 ra‘ (Zo)=1 


r,(zo)=1 1(Zq)=0. (6) 
The values of x(z) and y(z) of Eq. (3) in the image 
plane are then given** by: 





M o2(2) 
x(s,;)=Ax;=— f ———r(z)r,(z)dz 
(do) 3 zo (p(z))? _ 
(7) 
M - ¢2(z) 
y(z,;)=Ay;=+- f _- r(3)ra(z)ds | 
(do)? 20 (b(z)) ) 


For electron paths for which r>=0, Eqs. (5) and (7) 
may be combined to give 





M Ya i ho(z) ) 
As ,;= —-——_ — “f —_——_ Ta (z)dz 
(bo) TaaY zo ((z))? 
7 (8) 
M ‘a eS 2(z) 
Ay;=+— - f —— ao 
(0) 4 rae z0 (o(z) J 


where ¢9=¢$(z0) and M=r,/(z;) is the magnification of 
the rotationally symmetric lens. Equation (8) shows 
that Ax;=— Ay; and the cross section of the electron 
beam in the neighborhood of the image plane will vary 
as is shown in Fig. 3. 

The type of lens described above may be used to 
produce a beam which converges differently in the x- 
and y-direction. This is the effect which was observed 
in the defocusing action of a deflection field. Such a 
lens may thus be used to compensate for the asym- 
metrical focusing action of a deflection system. 


** See Madelung, Die Mathematischen Hilfsmittel des Physikers 
(Dover Publications, ‘New York, 1943), third edition, p. 183. 
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Ill. AN ELECTRON GUN FREE OF 
DEFLECTION DEFOCUSING 


On the basis of the analysis given above, it is possible 
to design an electron gun which is free of deflection 
defocusing. Such a gun is shown schematically in Fig, 4 

With the exception of a slit electrode, this gun jg 
similar to the electron gun used in Type 7GP4 cathode. 
ray tubes. The slit is parallel to the first pair of de. 
flection plates. The first and second anode (1A and 24) 
are usually operated at the same high potential with 
respect to the cathode (i.e., Vi= V2, V-=0). The focys. 
ing electrode (F) is operated at a fraction of the valye 
of the anode potential and the voltage of F is adjusted 
to produce as small a spot as possible on the screen, 
Because of space charge effects, velocity distribution 
effects, and lens aberrations, this spot is not a true 
point focus. The deflection systems are balanced as 
indicated in Fig. 4. The space between the last aperture 
in the second anode and the screen is at the uniform 
potential of the last anode if the deflection potentials 
V,and V, are equal to zero. 

The addition of the slit electrode will not change 
anything when V.=0 and V,=V2 provided the slit 
does not intercept electrons and does not distort the 
field in the neighborhood of the last aperture. If, how. 
ever, V.+0, the field between an electrode of circular 
symmetry (2A) and one of two-dimensional symmetry 
(the slit electrode) will constitute a lens similar to that 
discussed in Section II of this paper. 

In order to understand the performance of this 
modified gun in connection with spot correction, it 
should first be noted that the sign of the correction 
voltage V. may be reversed. It can be reasoned that 
this reverses the sign of ¢2(z) 
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in Eqs. (3) and (8). Now | 
when ¢2(z) is positive, Ax; is negative and Ay; positive, | 


7. Diagram of a single-slit electron gun used for correction 0 


spot distortion. The essential dimensions in inches are shown. § 


and, as can be seen from Fig. 3, the beam is more com-} 


vergent in the x-direction than in the y-direction) 
the convergence 5/7 
greater in the y-direction. This reasoning presupposé)) 


Similarly, with @2(z) negative, 


a knowledge of the field distribution; since the field i 
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Fic. 8. Special 10-inch tube with single-slit gun and standard 
7GP4 electrostatic tube showing over-all length the same for 
both tubes. 


rather complex it is easier to proceed with a light- 
optical analogy. 

Such analogies are often used in electron optics. 
Take, for instance, a simple rotationally symmetric 
lens which exists between two cylinders at different 
potentials. Such a lens is shown in Fig. 5. Although the 
net effect of this lens is a converging action, it should 
be pointed out that part of the lens has a diverging 
action and part a converging action. The regions in 
which these actions exist will depend on the potentials 
on the two cylinders and the two possible cases are 
shown, with the light optical analogies, in Fig. 5. The 
same thing may be said of apertured disks which 
separate two regions of uniform potential; this analogy 
holds if one of the rotationally symmetric electrodes is 
replaced by a slit electrode. In the latter case, of course, 
the lens action in the region of the slit electrode will be 
two-dimensional. 

The performance of the modified gun may now be 
explained. Consider first a deflection in the y-direction 
and the correction for the spot distortion associated 
with such a deflection. With V.=0, Vi, V2 and V, are 
adjusted so that the beam is “‘point-focused”’ at the 
center of the screen. (V; may or may not be equal to 
V2). If the polarity of V, is then as shown for case I 
in Fig. 4, an increase of V,. will mean: 
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(1) A reduction in the strength of the rotationally symmetric 
lens associated with 1A, F, and 24; 

(2) The creation of a “two-dimensional” diverging lens near 

the slit electrode and a converging, rotationally symmetric lens 
near the last aperture of 2.4. 
With the possibility of varying V; which changes the 
strength of the spherical lens, and V., which changes 
the relative convergence in the x- and y-directions, it is 
possible to distort the beam in such a way that its cross 
section at the screen position is similar to that shown 
at A in Fig. 3. It follows that the beam converges less 
in the y-direction than in the x-direction and that the 
rays in both the yz- and xz-planes intersect the screen 
before they cross the z axis. Since a given predistortion 
of this nature is necessary to compensate for the focusing 
action associated with a deflection in the y-direction, it 
is possible to adjust the spot at the center of the screen 
in such a way that the beam will be point-focused at 
the screen when deflected. In practice, the procedure is 
to deflect the beam, observe the spot distortion, and 
then adjust V; and V.. so that the spot distortion is 
eliminated. 

Since the electron gun also provides a deflection in 
the x-direction, it is necessary to provide for spot cor- 
rection in this direction too. For this, another slit 
electrode following the first slit electrode with the slit 
rotated through 90° can be used with nearly the same 
potential arrangement. However, it is possible to use 
the single slit electrode shown in Fig. 4 for correction 
in both the x- and y-directions as will be shown. The 
polarity of V, is chosen as illustrated for case II in 
Fig. 4. Now an increase of V,. will mean: 





Fic. 9. Corrected spots on special 10-inch electrostatic tube 
with proper predistortion of the beam. The spots before correc- 
tion were shown in Fig. 1. 
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(1) An increase in the strength of the rotationally symmetric 
lens associated with 1A, F, and 2A; 

(2) The creation of a “‘two-dimensional” converging lens near 
the slit electrode and a diverging rotationally symmetric lens near 
the last aperture of 2A. 


Again, the possibility of varying V; and V, means that 
the beam can be predistorted, but in this case the two- 
dimensional lens is converging in the y-direction and 
the resulting beam will be less convergent in the x-di- 
rection than in the y-direction as illustrated in Fig. 6. 
This is the type of predistortion necessary to com- 
pensate for the focusing action associated with .a de- 
flection in the x-direction, and again the spot distortion 
of a deflected beam can be eliminated by adjusting V, 
and V.. 

Since the spot in a cathode-ray tube is brought to 
an arbitrary position on the screen by deflection in 
both the x- and y-directions, there is some focusing in 
each direction due to the deflection fields. Equal 
amounts of focusing in each direction may be com- 
pensated for by weakening the axially symmetric focus, 
V,. If the focusing action is stronger in one direction 
than in the other, the excess is treated just as a focusing 
action in one direction. Physically, this means that, for 
any position of the spot on the screen, it is always 
possible to find a combination of V. and AV; which 
produces a corrected spot. 
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Fic. 10. Variation of correction voltages with deflection voltage 
for correction of spot distortion as shown in Fig. 9. The last 
anode voltage was 2000 volts and the grid bias (—162) volts 
with a pulse of 20 yusec., 110 cycles. 
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IV. EXPERIMENTAL RESULTS 


In an effort to check the analysis experimentally, 
gun was constructed with the dimensions shown jp 
Fig. 7. The deflection system of this gun was purposely 
made poor from the point of view of spot distortion by 
shortening the deflection plates. The gun was sealed 
in a ten-inch bulb with an over-all length equal to 
that of a standard Type 7GP4 tube. The special tep. 
inch tube and the 7GP4 are shown in Fig. 8. The spot 
distortion which results when the special tube is oper. 
ated with V.=0 was shown in Fig. 1. The results ob. 
tained after proper predistortion of the beam are 
shown in Fig. 9. The functional relationship between 
V., AV,s, and the deflection voltages are plotted jn 
Figs. 10 and 11. Voltages must be applied to both pairs 
of deflection plates to produce a deflection along the 
45° radius and, in this case, the “deflection voltage” 
read from the abscissa in Fig. 11 is the square root of 
the sum of the squares of the x- and y-deflection | 
voltages. 

It is apparent from Fig. 9 that nearly perfect spots 
are obtained when the predistortion is applied, even 
for deflections which normally produce a considerable 
amount of distortion. Commercial tubes have, of 
course, much less deflection defocusing than is ob- 
tained with the special tube without correction. How- 
ever, if the angle of deflection in a regular tube were | 
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DEFLECTION VOLTAGE IN VOLTS 


Fic. 11. Variation of focusing voltage with deflection voltage | 


for correction of spot distortion as shown in Fig. 9. The last 7 
anode voltage was 2000 volts and the grid bias (—162) volts 


with a pulse of 20 usec., 110 cycles. 
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increased in order to reduce the length of the tube, the 
spot distortion would be quite objectionable. In such 
a situation correction by predistortion would be’ very 
effective. 


C. CONCLUDING REMARKS 


The discussion above has been limited to the case of 
a tube employing a static deflection. In the operation 
of a cathode-ray tube under normal circumstances, 
circuits which permit automatic correction during the 
scanning cycle are required but will not be discussed 
here. The magnitudes of the correction potentials and 
their functional relationships to the deflection poten- 
tials depend on the particular design of the focusing 
and deflection systems and upon the degree of spot 
correction desired. 


Although the correction method discussed here is for 
an electrostatic focusing and deflection system, it is 
possible to apply the principle of beam predistortion to 
magnetic focusing and deflection systems as well. In 
this connection, however, it should be pointed out that 
magnetic lenses, either spherical or cylindrical, are 
everywhere converging, i.e., there is no diverging region. 
If spot correction is attempted by the use of “two- 
dimensional” magnetic lenses, two such lenses rotated 
90° with respect to each other are required. 
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Transmission of Elastic Waves through a Stratified Solid Medium 


Witi1aAmM T. THomson* 
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The transmission of a plane elastic wave at oblique incidence through a stratified solid medium consisting 
of any number of parallel plates of different material and thickness is studied theoretically. The matrix 
method is used to systematize the analysis and to present the equations in a form suitable for computation. 


INTRODUCTION . 


HE transmission of elastic waves in a homogeneous 
solid has been extensively treated by G. G. 
Stokes.' Barring surface waves of the type discussed by 
Rayleigh,” such waves are propagated as dilatation and 
rotation waves (frequently referred to as shear waves), 
each traveling with a different speed. It is thus neces- 
sary in dealing with such problems first to express the 
particle displacements in terms of the dilatation and 
rotation.® 
The transmission of plane elastic waves through a 
stratified medium consisting of alternate parallel planes 
of solid and liquid layers has been treated by R. B. 
Lindsay* and others.®® Since ideal fluids are incapable 
of sustaining tangential forces, the shearing stresses in 
the solid-liquid strata must vanish at the surfaces of the 


* Associate Professor of Mechanics. 
1G. G. Stokes, ““Dynamic Theory of Diffraction,” Mathematical 

and Physical Papers (Cambridge University Press, London, 1883), 
Vol. II, part 1, pp. 250-290. 

* Love, Mathematical Theory of Elasticity (Dover Publications, 

New York, 1944), pp. 307-309. 

*Lord Rayleigh, Theory of Sound (Dover Publications, New 

York, 1945), part II, p. 417. 

*R. B. Lindsay, J. Acous. Soc. Am. 11, 178-183 (1939). 

oS ae Smyth and R. B. Lindsay, J. Acous. Soc. Am. 16, 20-25 
( . 

_*H. Reissner, “(Der senkrechte und schrage Durchtritt einer in 
einem fliissigen Medium erzeugten ebenen Dilatations Welle 
durch einen in diesem Medium befindliche planparallele feste 
Platte,” Helv. Phys. Acta. 11, 140-155 (1938). 
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solid plates, thus reducing the problem to that of a 
single plate. 

When the stratified medium consists of parallel solid 
plates without liquid layers between them, the problem 
cannot be reduced to that of a single section. The equa- 
tions for one section must now be related to those of the 
adjoining section by the continuity of particle velocity, 
normal and shearing stresses at the interface. This is 
most conveniently accomplished by matrices which 
avoids unwieldly mathematical expressions and facili- 
tates the computational task. The direction of propaga- 
tion through each strata is established by Snell’s law. 


Nomenclature 


£, n, ¢=particle displacement in x, y, s directions 
£, n, £=particle velocity in x, y, z directions 
A=dilatation 
w=rotation (subscript indicates direction of 
normal to rotation plane) 
ca=((A+2G)/p}i=velocity of 
wave in solid 
Cw=(G/p)'=velocity of rotation or shear wave 
in solid 
co= velocity of propagation in the fluid 
\=vE/((1+v)(1—27) ] 
E=Young’s modulus of elasticity 
v= Poisson’s ratio 
G= modulus of elasticity in shear 


dilatational 
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p= mass density 
p=frequency in radians/sec. 
h=p/¢s 
k=p/Co 
o=normal stress 
7=shearing stress (subscript indicates direc- 
tion of normal to plane of shear) 
1, m, n=direction cosines of normal to advancing 
wave with respect to x, y, z axes 
d=thickness of plates 
P= hngd 
Q=kn,.d 
R=reflection coefficient 
T=transmission coefficient 
¢, ¢', ¢’=incident, reflected and transmitted waves 
in fluid surrounding the stratified medium 
6)= incident angle. 


GENERAL EQUATIONS FOR DISPLACEMENTS IN 
TERMS OF DILATATION AND ROTATION 


The dilatation and rotation are defined by the follow- 
ing equations. 


0& On OF 
A=—+—+— (1) 
Ox Oy Oz 
og On 
er a: 
Oy oz 
0—& OF 
»=1(—-—) a (2) 
Oz Ox 





dn of 
--(2-2) 
Ox dy) 














Differentiating A with respect to x, y, and z, we obtain 
the three equations 
OA dw, du, 
VE= ——2—_+2—, 
Ox dy Oz 
OA Ow, da, 
V*n =—-2 + 2 ? (3) 
Oy oa Ox 
OA dw, Ow: 
V5=——2—+2 
Oz =x oy 


The general solution for the displacements in terms of 
A and w which also satisfies the wave equation for 
dilation and rotation of harmonic time variation is 











104 20w, 2 du, 
. 7 h? dx k® dy FR az 
104 2 dw, 2 dw, 
=-— —+——-_—, (4) 
W? dy Raz k*® Ox 
104 2 dw, 2 dw, 
Se ae 
W® dz kh? Ox Rk dy 


For instance, from the first of Eq. (4) 


1a 20a 20 
VE= aie —(V4A)+— —(V*w,) pease —(V*w,) 

h? dx Rk? dy k? dz w 
d 

which compared with the first of Eq. (3) results in the 
wave equations é 
(V2-+/2)A=0, : 
(V?+ R)w, - 0, v 
i 
GENERAL EQUATIONS FOR STRESSES IN TERMS oF W 
DILATATION AND ROTATION x 


From the theory of elasticity we have the equations 
for stress in terms of displacements as follows: 





o,= A+ 2G(dt/dx) 


On OF 
ae 
dz Oy 


and two others. Hence by substituting from Eq. (4) we 
obtain the equations for stress in terms of V and w 


and two others, 











107A 2 dw, 2 Pw, 

z= na+26( —-— —+— —-— —) 
, ? dx Rk’ axdy k® dxdz 
107A 2 dw, 2 &w, 

oy= NA+ 2G( —— ) 
h? dy? Rk dydz =k? dxdy 
107A 2 dw 2 Pw, 

= d+ 26( -— + — ane ) 
h? 2 ik? axdz =k’ Aydz 








107A 10w, 1 Aw, 
h? dydz Rk’ dxdz k* Oy 




















1 Aw, 1 Aw, 
5 ernie eos ) (5) 
R? dz ik? axdy 
107A 1 Pw, 1 Pw, 
iti ki Ete. 2 
h? dxdz ik’ Oxdy R* O2 
1 w, 1 Aw, 
+4) 
Rk? dx® = R® dydz 
1074 1 Aw 1 du, 
nn0G(- 
h? axdy Rk dydz k* dx 


1 dw, 1 Aw, 
Pte ): 
R? dy R* dxdz 
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TRANSMISSION OF PLANE WAVES THROUGH 3. 
STRATIFIED SOLID PLATES 9 


Choosing the coordinate axes as shown in Fig. 1, 
ws, #y and m will be zero. Considering the mth plate, the 
dilitation and rotation satisfying the wave equation are 


{ 
” A=[A’ exp(th(/x+ az))+ S” exp(ih(lax—magz)) Jei?! ’ Z - <{ x 
{ 














w=[w’ exp(tk(l.x+1.2))+ 0” exp(ik(l.x—nz)) Je’?! 

























































































, ! 
where the primed and double primed quantities repre- 
sent the advancing and reflected waves. Substituting ry y" 
into Eq. (4) and (5) and omitting the trivial time factor, 
oF we obtain the following equations at x=0, z=d, and oO 
x=0, z=0, expressed in matrix form. Fic. 1. 
Ns ; 
| pls ipls 2pn., i2pn., 7} 
En | —— cosP — sinP cosQ — sinQ | A’+ A” 
h kh 
, ipna : pna i2 pl. 2 &® 
‘. sinP — cosP — sinQ we. cos | A’— A” 
=| h h k k (7) 
on | (A+ 2Gn,*) cosP  i(A+2Gnq*) sinP —4Gl.n, cosQ —iAGI.n., sinQ w’— w"” 
| 
we Tn | . 2. D bs “77 9 9 ° 9 9 | , 
“= alana sink lang cosP —i(l?—n,") sinQ —(l..2—n.*) cosQ| | w’+ w’ 
2G | J 
(. | pls 2pn. ) 
b Bit ni Ge 0 AMA" 
h k | 
| 
Rs pms 2pl. | | 
me 0 ich 0 - A'— A" 
= h | (8) 
On—1| (A+2Gn,?) O —4Glon, 0 | w’— w’” | 
Tn—-1 | | | 
0 Inna 0 — (1,2—n,?) | | w+ w”’ 
| 2G ) ) | 
(5) The inversion of Eq. (8) is 
| { 4Gl.n. 2pn. Vf. 
(Av+ A") | ——— 0 —-— 0O|| és 
} } | dD, kD, 
} | 
| | (..2—.*) 2pl.s 
|A’— A") | 0 -- —- 0 7 
| Dz kD, 
| ws | (9) 
| (A+ 2G?) pla | | 
w’—w _-— — 0 — O | | ons! 
| dD, hD, | | 
lana pra Lt Teng i 
w’+ wo” 0 Peer, 0 eee | 
D, hD,) \ 2G) 
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where [a | represents the square matrix of Eq. (11) for 
the kth plate. 
[2pn. pla The direction cosines /4, ma, 1. and n, for each plate 
aya (A+ 2G3")+ h 4G1 one |, can be obtained from Snell’s law. 
; (10) sinfo sin®, sind, . 
[ pms 2pl.. - - 13 
D,=— tne) —lana| Co Ca Cw ma 
Lh k 
Letting 6, and 62 be the critical angles for the dilation 
Thus by substituting Eq. (9) in (7) we obtain the re- and shear waves respectively, it is apparent that for any 
currence formula plate there will be three regions for 4. TI 
| 
b) ee ee (1) When 0<6)<6;, both @3 and @, will be real. ' 
. | | (2) When @:<6o<62, @4 will be complex and @, real. 
[$n | [G21 G22 G23 a4) | St (3) When @.<@)<7/2, both 0, and @,, will be complex, R: 
| 
On| = |@s1 G32 G33 Os ~~ (11) Asan example, in region (2) we let 0s=a+i8 and ob- 
rf —_ tain a=2/2 and cosh8=(c4/co) sin@o. Thus we replace 
Petes — a a sin@, and cos@, by cosh and 7 sinh respectively. 
\2G 2G If the planes 0 and terminate in a liquid medium, ‘ 
the shearing stresses 7) and-r, must vanish, resulting th 
where the expressions for the matrix elements are given _in the boundary equation, ” 
in the Appendix. , 
The continuity of particle velocities and stresses at A got A a2fotA s300=0. (14) ™ 
the interface enables one to express the quantities at the a , , r ek is 
nth plate in terms of corresponding quantities at the Substituting Eq. (14) into Eq. (12) with rom 7.=0 4 
first plate. Starting with Eq. (11) we can write hohe AA 4s\ | | wi 
; ; f| (4- ) (4- ) | be 
[ &n ( Eo ) ; | | Ay Ay } | F 
ae ~ } |=] }} |° as) 
Co) || $0 | A31A4q2 A31A43\ | 
} } | } On | A ono ) A33— ) do 
oo, = A» | i Q@n-1'°** |@1' | Oo ( ( Au Ag 
| Tr | | To To determine the transmission and reflection, we have | 
G | | be from Eq. (6) with w=0 for the liquid medium, the | 
_— % . . following. 
Ay Ai2 Ais Ais) £o | &n=comoy’” fo=cono(y’—¢”’) j ” 
| 16) | 
Aa Ao. Aoz Ae 7 , , ( 
Se | fe Tn= — Co poy” oo= —Ce*po(y’+¢") 
=|An As Ass Aw oe | (12) where gy’, ¢” and gy’ represent the incident, reflected, 
| | te and transmitted waves respectively. Substituting into | Re 
Ag Aw Ag Au| |— Eq. (15) the reflection and transmission coefficients = 
| ) (2G) become, the 
( 
, D anc 
és |CA2— (Ande/An)J—[Ae— (das A4) ] P . F Tov 
R al = [Ao3— (A 21A 43/ A 41) ](Copo/mo)+ [A ame (A 314 42/A 41) _](10/Copo) a 
od ears feel “EO ERrIeRre Sea — — — » (17) 
¢’ | [Las (AA 42, Ag) ]+[Ass— (A 31A 43/A 41) ] 
+ [A 23 (A 21A 43/A 41) _](Copo, ‘no)+ [A a (A 31A 42/A 41) ](0/copo) | 
T=1-R. (18) | uh 
) 7 
SPECIAL CASES all terms in [A] vanish except the four central terms | (19 


The following special cases are of interest. 


(1) Stratified medium is fluid, thus all shearing 
stresses are zero. Letting G=Q=c,,=0, we find that the 
ist and 4th columns of [a ] are zero. This requires that 


and we obtain the equations 


basa ba 
on Azz A3a3Jlao 
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A22— A33— A 23(Copo/mo)+ A 32(mo/Copo) |? 
Ps , (20) 
| Ao2+A 33+ A 23(Copo/mo)+ A 32(mo/Copo) 
) f in 
G22 d23| coshnd —sinhnd 
| cp | 
| =) |" (21) 
| icp 
|@32 G33) —sinhnd coshnd 
( Nn 





Thus for a single liquid layer we obtain the well-known 
relation (see Rayleigh, Part II, Eq. (10), p. 88) 


[ (1/0) (Copo/c1p1) — (0/1) (C1p1/Copo) P 


R= 
4 cot?hyd, 
+[(m1/mo) (Copo/cip1)+ (0/11) (C1p1/Copo) P 


(2) Stratified medium is solid, and the incident ray 
is normal to the plates. In this case the shears vanish 
and Eqs. (20), (21), and (22) become applicable with 
Ny= 11> 1. 

"(3) Transmission through a single solid plate at the 
critical angles. 

(a) At the critical angle 6, for the dilation wave 
ls=1 and ms=0. Re-examination of Eqs. (7) and (8) 
shows that every term in the second row is zero which 
requires that the terms in the second row of Eq. (11) 
be also zero. Furthermore, Eq. (15) becomes 





(22) 














. a43\) / . | 
$1 0 (c2-as ) So 
| Gai? | 
| ie | | (23) 
| 43 
| o1 10 (a»-on-) | a 
( ( a41 ( 
and the ratio y’’/y’ reduces to 
g” [d23— d21(a43/d41) ]—Las3— 31 (a43/041) | ; 
—- (24) 


¢ 7 [de3— @21(a43/d41) |+ [a33— @31(443/d41) | 


Re-evaluating a;;,itcan beshown that [@23— @21(a43/a41) | 
=0 and [a@33—4d31(@43/a4:) |+0, thus g”/y’=—1 and 
the transmission is zero.’ 

(b) At the critical angle 9 for the shear wave /,,=1 
and m,=0. We find for this case that the first and third 
rows in Eq. (11) are zeros. Consequently 


gy” (d22/a32)—1 


¢ 2 (d22/d32)+1 


which is equal to —1 only if a2.=0 and a23;+0. Thus 


(25) 


use C. Schneider and C. J. Burton, J. App. Phys. 20, 48-58 
9). 
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we find no transmission at 62 if the relationship 
coshngd = 214 (c/a) (26) 


is satisfied, where m, and /, are the direction cosines 
corresponding to 6». 


APPENDIX 


Matrix elements for Eq. (11) are given with the following 
substitution. 


P =CA na =cos6,a 

h 

p 

I =Cy nN. = cosh, 

G= pe? la =sin@, 
(A+ 2Gng?) = pcg? cos26,, l= sin@,, 


Di = —2pcacelcy sinOs sin26,.+-¢a cos6, cos26,, | 
D2= (ea cosOg COS20.+ Cy sind, sin20, } 


2pcac : , 
on “[ew sind, sin26, cosP+c, cos®,. cos26,, cos?) 
1 





qs 


D 


2CACw SiNO, Cosé, 
-—= = = “[cosP—cosQ] 
1 


2icACap 





a13>= 


a2 = [¢. cos, sin26,, sinP—c, sin®,, cos26, sinQ] 


2icac , ' ‘ , 
a23= —“[costa cos6,, sinP+sin@, sin@, sinQ ] 
1 


Qca%c.%p? . 
a3,:=— ——— sin20,, cos26,.[ cosP — cosQ’] 
1 


2cac, . . 
a33=— = Le cos@,, cos20,, cosP+-¢. sinO@,4 sin26,, cos?) 
1 


=f , , ' ; 
a= > bee" sin264 sin26,, sinP+-c,? cos?26,, sinQ’] 
1 
i , . ‘ . 
443= —p le cos@,, sin264 sinP—c, sin6, cos2@, sinQ’] 
1 


—% : ; . . 
a= plea sin@, cos26,, sinP+¢, cos sin264 sinQ] 
2 


2iC Ale 
D, 


1 


én? = 





46? =— 


[sin@, sin@, sinP+cos@, cos6, sinQ] 


[ca cos, cos20,, cosP+¢Cy sin®, sin204 cosQ ] 


° 
s 


2 sin®,, cosé 
2 > = “CcosP—cosQ] 
2 





a32= leat cos?26,, sinP+c¢,? sin20,4 sin26,. sinQ] 


i : , . 
ae sin@,, cos26,. sinP—¢,, cos0,4 sin26,, sinQ} 
2 





ay 


sin20, sin26, 
2D. 
1 


tu= pi sin@, sin264 cosP+c, cos@,4 cos20,, cosQ }. 
2 


[cosP—cosQ] 


a= 
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The Theory of N Coupled Parallel Antennas* 


RONOLD KING 
Cruft Laboratory, Harvard University, Cambridge, Massachusetts 


(Received July 21, 1949) 


The integral-equation theory of coupled antennas developed by 
King and Harrison, Tai and Bouwkamp for two- and three- 
coupled antennas is generalized to any number of units sym- 
metrically arranged around a circle. The case of four antennas at 
the corners of a square is discussed in detail. Application to cage 
and corner-reflector antennas is indicated. 

The analysis of N parallel antennas arranged in line is carried 


out to determine the driving voltages required to maintain speci- 
fied currents. It is shown that the inverse problem cannot be 
carried out in general except as a problem in simultaneous integral 
equations, but that the special conditions obtaining for half-waye 
dipoles permit an approximate analysis for the currents with 
given voltages. This is carried through. 





1. GENERAL THEORY 


HE conventional method of calculating the mutual 
impedance of two antennas’ is based on as- 
sumed sinusoidally distributed currents on the an- 
tennas. A more rigorous method due to King and Harri- 
son® and, independently, Bouwkamp,° solves the simul- 
taneous integral equations for the currents in two 
coupled antennas and defines the self- and mutual im- 
pedances of the antennas as the coefficients of the 
currents in the simultaneous voltage equations. This 
method was improved by C. T. Tai’ and generalized 
from two antennas to three arranged at the vertices of 
an equilateral triangle. Tai extended the analysis to V 
antennas symmetrically arranged in a circle only in 
certain special cases. This paper removes the limitations 
unnecessarily imposed by Tai. 

The arrays of antennas to be discussed consist of V 
geometrically identical units each of half-length # and 
radius a that satisfy the inequalities, B9a=27a/A.<1, 
a<h. The several units may be center-driven by arbi- 
tary voltages or center-loaded by different impedances 
provided the assumed geometrical identity of the units 
is not significantly disturbed by the driving or load 

* The research reported in this document was made possible 
through support extended Cruft Laboratory, Harvard University, 
jointly by the Navy Department (ONR), the Signal Corps of 


the U. S. Army, and the U. S. Air Force, under ONR Contract 
N5-ori-76, T. O. 1. 
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(1937). 

+ B. Starnecki and E. Fitch, “Mutual impedance of two center- 
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connections or the structure of generators or impedors, 
In practice, this means either that the driving and load 
connections are all alike—as when similar open-wire 
lines are used between all antennas and the generators 
or loads—or that generators and loads or the cross. 
sectional dimensions of transmission lines are so smal] | 
in physical size that generators and loads are equivalent 
to dimensionless, lumped elements. 

The discussion is limited to arrays of parallel ap. 
tennas so that all currents that contribute significantly 
to the far-zone field are co-directional and, hence, 
maintain a vector potential that has no component 
perpendicular to the antennas that are assumed to be 
parallel to the z-axis of a coordinate system. That is, 
A=2A,. 

Each antenna is required to have geometrical syn- 
metry with respect to its center, and it must be center. 
driven or center-loaded. Furthermore, all elements have 
their centers in the xy-plane, i.e., they are not staggered. 
These conditions are imposed in order that the currents 
and vector potentials be even functions of z, the charges 
and scalar potentials odd functions of z. Thus, with 
complex quantities set in bold face, 


I,(—z)= L(2); 


- 


q(—2)=—a(2), (1) F 





A.(—2)=A.(z); $(—2)=—$(). (2) 


Let it be assumed at the outset that all generators are 
“slice’’ generators, i.e., discontinuities in scalar poten- 
tial, and all load impedances or tuning reactances 
lumped or geometrically dimensionless. These assump- | 
tions eliminate complications arising from transmission- | 
line end-effects and coupling effects that are necessarily 
characteristic of particular driving and coupling cir- | 
cuits. Since such junction-effects are localized, they do | 
not alter the formulation of the general problems of | 
coupled antennas, and account may be taken of them 
later using appropriately designed corrective networks | 


—~ 


of lumped elements.** Accordingly, let the driving) 


& 


®R. King, “Theory of antennas driven from two-wire line,” | 
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*R. King and K. Tomiyasu, “Terminal impedance and gen 
eralized two-wire line theory,” Cruft Laboratory Technic 
Report No. 74 (April 15, 1949); Proc. I.R.E. 37, 1134 (1949). 
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voltage at the center of a typical antenna k be defined 
as follows: 


5—0 


If the several conditions which have been imposed 
thus far are satisfied, the vector potential, A,(z), on the 
surface of each of the .V antennas satisfies the same one- 
dimensional wave equation as when the antenna is 
isolated. For example, on the surface of the &th antenna 
the equation is: 


PAx2(2)/02°+ Bo°Axe(Z) = j(Br?/w)z'I..(z)=0. (4) 


For simplicity, the term which has the internal im- 
pedance per unit length, z‘, as a factor is set equal to 
zero. For good conductors its effect is negligibly small. 
If desired, the appropriate terms are easily added to the 
final solution. The general solution of the homogeneous 
equation for the range 0=z=h is'® 


Ax.(2) = — (j/v0) [Cx cosBoz+3Vio sinfoz J. (5) 


The arbitrary constant C, must be determined from 
the boundary condition at z=h. 

The integral for the vector potential at a point z on 
the surface of antenna & is as follows 








1 SF : exp(— j8oR.:) 
A,.(z)= DX I.(z,’) dz;', (6a) 
4arvy Y_» i=! ki 
where 
Rei=((Ze—2i’)?+0427)?; Rex =((2e—2%')?+0")*. (6b) 


Subscripts are used on the coordinate z where necessary 
to indicate on which antenna the distance from the 
xy-plane is measured. Note that the primed coordinates 
locate an element of integration on the axis of an an- 
tenna, the unprimed coordinates an element on the 
surface; b;; is the distance between the axes of antenna 
iand antenna k. 

The substitution of (6a) in (5) gives one of NV simul- 
taneous integral equations for the N currents in the 
V coupled elements of the array. As usual f9=10/v9 
=376.7 ohms. 





AN exp(— 7BoRk:) 
> I1,.(z,’) dz,’ 
—h i=l Ry; 
—jir 





[C;, cosBoz+3Vio sinBoz]; 


$o 
k=1,2,---N. (7) 
Since the solution of V simultaneous integral equa- 
tions of this type has not been accomplished even for 


V=2, the only cases for which a solution is available 
are those in which all the V equations are alike, so that 


” R. King and D. Middleton, “The cylindrical antenna; current 
and impedance,” Quart. App. Math. 3, 302-335 (1946). 
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they reduce to only a single equation. Evidently, such a 
reduction involves restrictions in addition to those 
already imposed. Mathematically it implies that the 
current I,,(z’), which is included in the sum in (7), can 
be factored out in front of the sign of summation and 
the remaining sum is a constant that does not vary with 
the numerical value of k. That is, the desired equation 
must have the following form: 


h 
f T2(z’ )Kx(z, 2’)dzx’ 
~ 





— jan ' 
= a COSBo2+3Vio SinBoz |, (8a) 
$0 
where 
N [1,.(z,’) exp(— jPoRx 
Kz(z, 2’)=> 
i=l Ii.(z’) Rix 
is independent of k, (8b) 
and 
Rir= ((2i— 24’) +i); Rea=((Ze—2’)? +07). (8c) 


Evidently, this is not true in general. It is necessary that 
both the ratio of currents and the function of Rix be 
independent of &. 

Physically, the reduction of the N simultaneous 
integral equations to a single equation necessarily 
means that the NV units are electrically and geometrically 
indistinguishable. These conditions certainly require 
the antennas to be located at the corners of an .V-sided 
equilateral polygon. If this is true 


N 
dX exp(— jPoRix)/Ri 


i=1 


is obviously independent of k. The simplest way to 
make the current ratio in (8b) independent of & is to 
require all currents to be equal in magnitude and in 
phase, a condition achieved by identical driving vol- 
tages on all units. However, this condition is severer 
than required. Another, somewhat more general possi- 
bility is to have the current in each unit equal in mag- 
nitude but differing in phase from the next unit around 
the polygon by a fixed angle m@. That is, 


I,.(2’) =I -1, -(2')p";  m=0,1,2,---N—1, (9a) 
where 
p=e"; @=2n/N. (9b) 
Or, more generally, 
I;.(2’) = Ii2(2’)p“-™. (10) 


With (9a) substituted in (7), this reduces to the de- 
sired form (8a) with 


N exp(— jBoRix) 
Kx(z, 2’)=) po" aE ans 
i=l 





(11) 


ik 
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Note that the variable of integration is changed from 
z/ to z,’. Obviously (8c) and (6b) are expressions for 
the same distances. It is readily shown that (11) is 
independent of k by adding an arbitrary integer q to k. 
Since the order of summation makes no difference, the 
same integer g may be added to i to give i’=i+g. The 
limits of summation of 7’ are the same as for 7. Thus, 


exp(— jB:iRire+¢) 


N 
Kx(, /)=5 p+ 
Rirk+e 


i=l 





(12) 


Since i’ —k—q=i—gq, and geometrical symmetry makes 
(13) 


it follows that (12) is identically the same as (11). Since 
K3(z, 2’) is independent of k, it is convenient to choose 
k=1 and define the kernel K3(z, z’) as follows: 


N exp(— jBoRin) 
Kzn(z, 2 )=> p= P . ° 
1 Ri 


Rize= Rirg e+e; 





(14) 


Currents of equal magnitude and with a progressive, 
constant phase difference around the symmetrically 
located units are possible only when the driving voltages 
are equal in magnitude and have the same phase rela- 
tions as the currents. That is 


Vio= Viop'-”™. (15) 


Since the constant C, in (8a) has Vio as a factor when 
it is evaluated, it follows that multiplication of (8a) by 
p*-»™ on both sides changes it to an equation for an- 
tenna i instead of for antenna k. 

The integral equation for the current in the upper 
half of each antenna in the symmetrical array is: 


h 
f I(z')K2n(z, 2’)ds! 
—jir 


$0 





[C cosBoz+$Vo sinBoz |, (16) 


with Ks,,(z, 2’) given in (14). This equation is formally 
exactly like that for two coupled antennas.’ However, 
the kernel is more complicated since it involves V terms 
instead of two. The solution of (16) evidently is the 
same as for two antennas with Ks,,(z, 2’) substituted for 
K,(z, 2’). By mere changes in notation an expression 
for the current is obtained with an expansion parameter 
defined in terms of Kz,,(z, z’) instead of K,(z, 2’). The 
current so obtained applies to any one of the N units, 
say antenna 1. Currents in the other units are obtained 
by multiplying this current by p™*~” with 7= 2, 3, ---N. 

It has been shown that the general problem of N- 
coupled, parallel, identical, non-staggered antennas re- 
duces to a single integral equation that is like the equa- 
tion for an isolated antenna provided the antennas are 
all located at the corners of a regular polygon and 
provided they are individually excited by generators 
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or transmission lines that maintain voltages across their 
terminals that are equal in magnitude and vary progres. 
sively in phase by a constant angle from unit to unit 
around the polygon. For an array of N antennas the 
constant phase angle may have any one of the values © 
m@ where 6=2x/N and m is an integer less than NV. 
Since m=0 is a possible value, it is seen that there are 
N available and different angles for each of which a 
single integral equation governs all currents. These V 
possible values of m are called phase sequences, as jg 
customary in the well-known method of symmetrical] 
components. They may be defined as follows: 


Zero phase sequence: 








m=0: Vio=V20=Vs0= --- =Vyo=V; 
(17a) 
Thio= Too= Ig0= --- = Ivo= I. 
2a/N phase sequence: 
m=1: Vi=V™; Voo=pV™ ; Vso=p°V™ ; } 
eee : Vyo=p*"'V ; i 
(17b) 
To=I; Ioo=pI™ ; Ig0=p*I; 
tees Iyo=p* I. 
4n/N phase sequence: 
m=2: Vio=V®; Voo=p?V™ ; Vso=p'V™ ; 
ae Vyo=p?)V® ; 
(17c) | 
Ipo=I; Iy=pI ; I39=p*I® ; ; 
tees Ivo= pI. 
2mn/N phase sequence: 
m=m: Vio=V™ . Voo=p"V™ : Vi=p?"V™ ; 
eee : Vyo=p™-"V™ ; | 
(17d) 
Io=I™ ; Ino=p”I™ ; In=p?"l™ ; i 
tees Ivo=p™*—-"I™. 
2(N—1)x/N phase sequence: 
m=N—1: Viy=VO-; Voo=p* VO? 5 
Vi0=p?X2VN-D, .. 
Vyo= pr*2N+iyin—p . 
(17e) 


Tio= 1-0 ; Ino=p*14—-» . 
Is0=p?*1- ; tees 
Ivo=pX* 24 HN-v, 


Note that superscripts on p are powers, superscripts 
on V and [ are written in parentheses and denote phase- 
sequence numbers. Note also that 


p’ =e?*=1; p¥?#=eir= —1; 
(18) | 


N/4— pit/2— 7+ ppNA pr /2— — 7 
iit: tie eee 4 


The current I™ in each antenna can be determined 
independently for each phase sequence with an arbi 
trary value of driving voltage V’” using (16). If each 
antenna is imagined to be driven by all voltages in all 
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phase sequences simultaneously, with the .V voltages 
in each unit in series, the following driving voltages 


apply: 
N-1 
Vig VO 4+VO+V9+ oe ef YON—-D = ps Vo 


(19a) 
i=0 
Von = VO+pV +p°V@ + +++ pA-Iyn-)) 
N-1 
< > pv (19b) 
i=0 
V9 =VO+p?°V +p*V+ Pare +p?4—yir—-» 
N—1 
= > pv (19c) 
i=0 
Vyp=VO+p¥ VO 4+ p42 4 ae 
N—1 
+p¥—2N+HYN—) = : py-v, (19d) 


i=0 


Similarly the resultant currents in the antennas are: 


N—1 
Tho= 2 I (20a) 
i=0 
N-1 
=> pi (20b) 
i=0 
N-1 
Ivo= bm 9? -q®. (20c) 


i=0 

Since the N voltages V“, 1=0, 1, 2, --- N—1, are ar- 
bitrary, it is possible to determine a set of NV such volt- 
ages which satisfy (19a-d) for all possible values of 
Vio, Vo, -* *Vwo. That is, the general problem of solving 
for the V currents in NV coupled antennas located at the 
corners of a regular polygon may be carried out by first 
solving for the NV independent currents due to voltages 
chosen to satisfy the conditions of the N phase se- 
quences. An appropriate superposition of these NV 
solutions yields the currents and impedances in all 
units due to an arbitrary set of driving voltages. 

As a simple illustration, let the general theory be ap- 
plied to two coupled antennas. In this case V=2 and m 
is restricted to the values 0 and 1. That is, there are two 
phase sequences, the: zero phase sequence previously 
called the symmetrical case, and the 7 phase-sequence 
previously called the antisymmetrical case. 

Equations corresponding to (19) and (20) are 


Vip=VO+V =VI+V, 
V29=VO+pV® =VO—VO=Ve—Ve, 


(21a) 
(21b) 
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The corresponding kernels for the integral equation are 
obtained from (14) with m=0 and 1 to be 


K>,(z, z’)=K.(z, 2’) 


7 exp(— jSoR11) 4 Pl eRe) 
Ri, Ry» 





(22a) 


Ks,(z, 2’ )=K,(z, z’) 


= exp(— j8oR11) Pa satan 
Ry Ry» 





(22b) 


These results are the same as previously obtained.’ The 
theory for V antennas in terms of V phase sequences is 
a simple generalization of the theory developed by Tai 
for two and three antennas with two and three phase 
sequences. Its application to four antennas follows. 


2. FOUR ANTENNAS AT CORNERS OF A SQUARE 


The integral equation for the current in the upper 
half of each of four identical, parallel, non-staggered 
antennas placed at the corners of a square of side b:2.=5 
and diagonal b,;;= bv2 is the same as (1.16). The kernel 
in this case is obtained from (1.15) with n=4. It is 

exp(—jBoRiu) —_ exp(— jBoRi2) 
Kz,(z, 2’) = +p” 














Ry Rie 
’ exp(— 78oRi1s) exp(— j8oR14) 
+p" +p*™ 
13 Ru 
where 
p=e*; 0=2/2 (2a) 
so that 
p=j; p= —1; P= —j; p*=1. (2b) 
With n=4, it follows that 
m=0Q, 1, 2, 3. (4) 


The four phase sequences are illustrated schemati- 
cally in Fig. 1. They include the zero-phase sequence 
(m=0) with all antennas in phase; the 7/4 or positive 
phase sequence (m=1) with antenna k+1 leading 
antenna k by 7/4, k=1, 2, 3, 4; the w-phase sequence 
(m=2) with currents alternating in direction around 
the square; and the 37/4, —7/4, or negative phase 
sequence with antenna k+1 leading antenna k by 
3x/4, k=1, 2, 3, 4. 


a. ee: a limemanncaaniite 

2 3] fe 3] le 3} 12 3} 
i | 

| MODE 0 | ! MODE | | Move 2 MODE 3 | 
! | 

| | ! 1 | 

y—-— $2 tLe) es 

yior yet) } y2) ya) 4 


Fic. 1. The four sequences of voltages occurring in four 
coupled antennas. 
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The four kernels are 











exp(— 7BoRi1) exp(— jBoR 2) 
seni: Mighgdl eaten jt 
Ry Rie 
exp(—jBoRis) exp(—joRu) _ 
+— + — (Sa) 
Ri; Ris 
exp— (780Ri1) exp(— jBoRi2) 
m=1: Ks,(z, 2’)=—— j-————- 
Ry Rie 
exp(—jGoRi3) exp(— JBoRus) 
_ ——___—_—_- - } —_———- (5b) 
Ri; Ris 
exp( BoRi1) exp(—7PoR12) 
m=2: Ks.(z, 2’)= pe ncocecel nen 
Ry Rie 
exp(—jGoRis) exp(—jBoR1) 
+ ——_-—_—__—- — ——_-——_——__ (5c) 
Ris Ris 
exp(—j8oR11) exp(— 76oRw) 
m=3: Kzs;(2,2')= ad mss 
Ry Rie 
exp(— JBoRis) exp(— j8oR14) 
— —————_-+ j ———-._ (5d) 
Ru Ris 


These expressions can be simplified if use is made of 
the geometrical condition Rj2=R,, with which (5) 
becomes 


exp(— j8oRi1) 
m=0: ae ae ent contd 


11 


exp(—jBoRiw2) exp(— 7BoR13) 
42 Gta nc niztinonee 








Seen (6a) 
Rie Ri; 
m=1,3: Kes,(z, z’)=Ks;(z, 2’) 
exp(— 78oR11) exp(— 78oRi;) 
dhentinn aa (6b) 
Ru Ris 
exp(— 78oR11) 
m=2: Kzs,(z, Faas eatin 
Ru 
exp(— jBoRi2) exp(— 780R13) 
i, ace eee qantas ° (6c) 
Rie Ri; 
If these three kernels are substituted in 
Wrn(z) sinBo(h— | 2] ) 
h 
-{ Kesm(z, 2’) sinBo(h—2’)dz’, (7a) 
a ' 


the corresponding expansion parameters may be evalu- 
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ated from 


[Wzm(0)| ; BhSx/2 
m=) (7) 
Wsm(A—do/4)|; BohZx/2 
with 
Wz0(z) sinBo(h—2z) 
=(C.(h, z)+2C,(h, 2) +C.(h, z) ] sinBoh 
+[Sa(h, z)+2Ss(h, 2) +S-(h, 2) ] cosBoh. 


Is,(z) sinBo(h—z) =[(Ca(h, z)—C.(h, 2) ] sinBoh 
+[Sa(h, z)—S-(h, 2) ] cosBoh (8b) 
Iz0(z) sinBo(h—z) 


=(C.(h, z)—2Cr(h, 2) +C-.(h, 2) ] sinBoh 
+[Sa(h, 2)—2Se(h, 2)+S(h, z)] cosBoh. (8c) 


The function C.(h,z) and S.(h,2) are like the corre. 
sponding functions with subscript a defined by Taj? 
with ¢c substituted for a, where c= },3= bv2. 

With the expansion parameters for the four phase 
sequences evaluated, the corresponding currents and 
impedances may be determined just as for two and 
three antennas. 

The general case in which each of the four antennas js 
driven by an arbitrary voltage may be solved by 
superposition using the following relations: 


(8a) 


Vi0o= V+ V+ VO4V% (9a) 
V29= V+ jV —V — jv (9b) 
V39=VO—VO+LVO—V@ (9) 
Vio= VO — jV® -—VO+jV®. (9d) 


Alternatively, solving for the phase-sequence voltages, 


VO =1(V 9+ V20t+V30t+Vio) (10a) 
V® =1(Vio— jV20—V0+ jV 40) (10b) 
V® =4(Vio—V20+ Vs0— V0) (10c) 
V® =} (ViotjV20—Vs0—j V0). (10¢) 


The same equations apply to the currents if I is sub- 
stituted for V in (9) and (10). By setting 


VO =IOZ, YH=IWZ, 
V2 =1OZ®. YO =]OZ® 


in (9) and substituting (10) with I written for V in the 
resulting equations, the following results are obtained: 


4 
Vio= >> 1 oZi;; 


7=1 


i=1, 2, 3, 4. (12) 


The evaluation of the self-impedance Z;; and mutual 
impedances Z;; is facilitated if note is taken of the 


following relations which are a consequence of geomet: | 


rical and electrical symmetry and the reciprocal 
theorem: 


Z0) = Z® (13a) 
Z11= Z22= Z33= Zs (13b) 
Z12= Zo3= Z3s= Za = Zu = Z32=Za3=Zi4 —(13¢) 
Z13= Zu =Z31= Za. (13d) 
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With (13a-d) the following impedances are obtained 
directly : 


Zn=}LZ%+2Z9+4+Z | (14a) 
Z12= 1fZ© —Z? | (14b) 
Z13=4(Z —2Z+Z® }. (14c) 


Alternatively, solving for the sequence impedances, 


Z =Z1+2Z12+-Zis (15a) 
Z =Z—Zis (15b) 
Z® = Zy1—2Z12+-Zis. (15c) 


The symmetry between the phase-sequence impedances 
and the self- and mutual impedances in (15a-c) and 
the phase-sequence kernels and the exponential terms 
in (6a-c) is apparent. 

With (14a-c) used in (12) with (13), the currents in 
the four antennas due to arbitrary driving voltages 
may be determined. 


3. CAGE ANTENNAS 


Cage antennas are arrays of N closely spaced parallel 
antennas excited in the zero phase sequence so that all 
currents are in phase. The kernel for an N unit array is 

<< e exp(— j8oRi) 
K3(z, 2)=>0 (1) 


i=l li 





and the expansion function is 


h 


w(o)= f g(z, 2’) Kso(z, 2’)dz’, (2) 
h 


where g(z, 2’)=sinBo(h—z’)/sinBo(h—z). This may be 
expressed as follows: 








Wso(2)= Weis) t+ Prn)= Wosle)+--- 3) 
where 
’ eXp(—jBoRu) 
Wx(2)= J Pr, de: 
hh Ry 
Ru=((s—2')?+a")? (4a) 
. exp(— jBoR12) 
winte)= f g(z, 2 —___—dz’ 
—_ Ry» 
Ry2= ((2—2')?+-b42")! (4b) 
‘ exp(— 76 R43) 
waste)= f g(z, Meso tnsttont © D 
—h Ris 
Ri3= ((s—2')? +513")! (4c) 
. exp(— jAoR.y) 
Piiy(z)= f g(z, FC nT ccoetncsnd  S 
—h Rw 
Riw=((2—2')?+b,y*)?. (4d) 


The distance between centers of antennas 1 and 2 is 
bis, between antennas 1 and N it is buy. 
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For antennas sufficiently closely spaced so that 
Bobi], (5) 
Won (z-) =Wxi(z,)—2 In(bin/a), (6) 
where z,=0 for BohS2/2, z-=h—Xo/4 for Boh=r. 
Hence, 


(7a) 
(7b) 


N 
Vro= (Wx0(z-) | = | NW xi(z-)—2 ¥ Ind,,/a| 
i—2 
= |N Wri(z,)—2 In(babisbig: - -byw/a*—)| - 


Using this formula for the expansion parameter, the 
current in and impedance for each of the NV antennas 
forming the cage may be determined just as for a single 
antenna. 

For antennas that are not too long, a satisfactory 
approximate value of the expansion parameter for a 
single antenna is 

Wxi=2[In2h/a—1]. (8) 


Since the contribution to Vx; by the imaginary part of 
Wxi(z,) is not great, an approximate formula for (7b) 
is obtained by replacing 4x,(z,) by Vx: as given by (8). 
The result is 


WVso= VVx1—2 In(by2b:3b14- . *biy/a%—") (9a) 
= 2[In(2h)*/aby2bi3° - - bin]. (9b) 


It is a simple matter to determine the radius a, of a 
single antenna carrying NV times the current of each 
unit in the cage and having 1/N times the impedance. 
It is necessary merely to set a=a, in (8), multiply (8) 
by N, and equate the result to (9b). Thus solving for a, 


ae= (aby2bisbi4° , ‘biy)"%, (10) 


Therefore, a cage antenna consisting of WN closely 
spaced, parallel, identical units arranged at regular 
intervals around a circle is approximately equivalent 
to a single antenna of much larger radius, in the sense 
that the total current and its axial distribution are 
approximately the same, and its impedance is 1/N 
that of the individual units if these are all driven 
separately. 


4. CORNER REFLECTOR ANTENNAS 


The obvious application of the general theory of .V 
antennas to the corner reflector antenna using the 
theorem of images has been carried out by Tai’ in 
general, since his analysis did not exclude the case of V 
antennas when the phases alternate. 


5. PARALLEL ARRAYS WITH ALL ELEMENTS DRIVEN; 
BROADSIDE AND END-FIRE ARRAYS; 
CIRCUIT PROPERTIES" 


The most important arrays of identical, parallel, non- 
staggered, center-driven antennas consist of NV units 


" The three-element broadside array was analyzed by C. W. 
Harrison, Jr., Proc. I.R.E. 34, 204 (1946) using a method which 
did not take account of the coupled antennas in the kernel but 
only in a correction term. By limiting himself to the three-element 
broadside array, Harrison had to deal with only two simul- 
taneous integral equations which he solved approximately. 
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spaced at equal intervals } along a straight line as shown 
in Fig. 2. In one class of arrays, the V currents are made 
equal in magnitude by appropriate driving voltages, 
and it is the phase relations which determine the differ- 
ent field characteristics of different arrays. For ex- 
ample, in the broadside array all currents are in phase; 
in the end-fire array the phase of the currents increases 
from one antenna to the next by an angle fob. In an- 
other class of arrays, the magnitudes of the currents 
decrease in a prescribed manner from the center of the 
array outward in both directions. 


5 


bel 


Fic. 2. Five-element parallel array. 


Since there are no conditions of symmetry in an 
array of antennas uniformly spaced along a straight 
line which make it possible to reduce the NV simul- 
taneous integral equations given in (1.7) to a single 
equation, the conclusion is inevitable that the de- 
termination of the N currents and N impedances in 
terms of arbitrary driving voltages cannot be carried 
out with available mathematical techniques. For- 
tunately, an approximate solution of the important 
inverse problem of determining the .V voltages required 
to maintain N currents with specified relative magni- 
tudes and phases is possible. 

The integral equations for the currents in the upper 
halves (0=z=h) of the V coupled antennas are given 
by (1.7). They may be expressed as follows: 


A 
f Lins(Sm )Kp(Sm, 2m )dZm 
-h 


— jar 
= ———[C,, CosBoZm+ $V om SiNBo2m_] ; 


fo 
m=1,2,---N, (la) 


where the kernel is 


N I. ’ —j oR mi 
K(c., 20')=5 (2') exp(— 7BoRmi) | 
i=l Rultin ) Rai 


m=1,2,---N, (1b) 





and where 
Rni= ((2m—2;/)*+ bmi); Rum= ((Zm—Zm’)-+a")!. (1c) 


The distance between the centers of antenna m and 
antenna i is b,;= |m—i|b, where b is the equal distance 
between adjacent units. 
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The N kernels K,(2m, 2m‘) are functions of the distri. 
butions of current in all antennas and of the distances 
Ri. They are not independent. However, an approxj- 
mate solution of (la) may be obtained by assuming 
that the distributions of current as functions of 2’ are 
the same in all NV units, but without thereby restricting 
the magnitudes or the phases of the input currents at 
z=0. It is readily agreed that this is a reasonable as. 
sumption if the antennas are identical. Indeed, it has 
already been shown in the analysis of two coupled 
antennas’ driven either in phase or 180 degrees out of 
phase that the distributions of current do not differ 
significantly from each other or from the distribution 
along an isolated antenna provided Soh does not greatly 
exceed 4/2. When Boh is near 7 the distributions differ 
considerably for very closely spaced antennas, but as 
the separation is increased, the currents become more 
and more nearly alike. Let it be assumed, therefore, 
that it is a good approximation to set 


I,,(2;’) 
L(t ) 


where km; is the specified real ratio of magnitudes and 

5mi the specified phase difference between the currents 

in antennas k and m except when the antennas are 

close together and have half-lengths / near \o/2. 
Substitution of (2) in (1a) gives: 





=k»: exp(JOmi), (2) 


Ny —_exp(— jBoRmi) 
BR Asa, lm =), Rimi exp(JO mi) scacalee 7 Sere pmaaatin 
i=1 


m=1,2,---N. (3) 
The NV kernels defined in (3) are not alike. They are not 


and cannot be made independent of m since for geo- 


metrical reasons, 
Rn iF Runta, i+@) (4) 


where g is an integer for all values of m and q from 
1 to NV. 

However, since all quantities in (3) are assumed to be 
known for all values of m, the V kernels can be evaluated 
independently. In particular, (1a) can be solved sepa- 
rately for I,,.(z) for each value of m. Thus, it is seen 
that the restrictions on the current contained in (2) 
have reduced the NV simultaneous integral equations for 
determining NV independent currents, to V independent 
integral equations for determining the N voltages Vax 


that are required to maintain the N specified currents. | 


Since (1a) differs from the corresponding equation 
for two antennas only in the number of terms in the 


kernel, the formal solution for the current and the im- | 


pedance as a function of the driving voltage may be 
carried out directly.? The expression for the input im- 
pedance of antenna m in the presence of N—1 parallel 
antennas all so driven that they have pre-assigned cur- 
rents is like that for two antennas’ with additional P 
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(7 on en ee), a 








eee 


and Q terms each multiplied by the appropriate ratio factor and phase factor for the current. Thus, 











pica it0V pm V pm COSBoh+F 1(h)+Piz(h) 
ce 20 ([Wpm+F(0)+P12(0)] sindoh—[G1(0) +Q,2(0) ] cosBoh+[Gi(h)+Qiz(h)]) 
yhere h zi — 18 Rimi) 
WwW Orm:(2)= -f 6, jJPo de! 
Vom= |W pm(0)|; BokhSx/2 (6a) a Rus 
= —Sbmi(h, 2) + Ebmi(h, 2) sinBoh (8b) 
V pm = |F pm(h— o/4) | ; Boh= 7/2 (6b) 


N 
W pm(z) sinBo(h—2z)=[Calh, 2)+ LY kmi 
i=1 
im 


Kexp(JOmi)Comi(h, 2) | sinBoh 
N 
—[Salh, z)+ XS Rmiexp(JOmi)Somi(h, 2) ] cosBoh. (6c) 


#=1 
im 


Also, 


P,(2)= X bmi €XP(JOmi)Pimi(2) 





(7a) 

joan 
N 

Q:(z)= a Rimi CXP(JOmi)Q imi(Z) (7b) 

iene 
* exp(— jBoRmi) 
Pini(z) = -{ F,.. : dz’ 
—h Rai 
= —Comi(h, 2)+ Eomi(h, z) COSBoh (8a) 





+=1 


N 
Calh, h)+ 2) mi CXPGOmi)Comi(h, h) 


Rni=((Sm—2i')?+bmi)!. (8c) 


F,(0), F,(4), Gi(0) and G,(A) as well as C(A, z), S(h, z) 
and E(h, z) are as in reference 7 with V,,, substituted 
for Y. Note that 5,,; is the distance between centers of 
antennas m and i. Note that when V=2, 0,;=0, 
kmi=1, (5) reduces to the previous formula’ for two 
symmetrically driven antennas. Alternatively, when 
N=2, Oni=7, kmi=1, (5) reduces to the formula for 
two antisymmetrically driven antennas. 

By evaluation of the functions Piz and Qi: together 
with the expansion parameter Vp», for each value of m, 
the input impedance of each antenna in the presence 
of the others may be evaluated. Note that, in general, 
the antennas are in identical pairs except for the central 
unit for V odd, so that the number of different values of 
these functions is V/2 for N even, (V+1)/2 for N odd. 
Multiplication of the impedances so determined by 
the appropriate, assigned, input current gives the driv- 
ing voltages required to maintain these currents. 

In practice, antennas in parallel arrays usually have 
electrical half-lengths Bok that are 7/2 or near 7/2. 
Significantly, this is precisely the value of 89% for which 
the initial assumption of identical distributions (but not 
magnitudes or phases) of current is best satisfied and 
for which a maximum simplification of the intricate 
formula (5) is possible. With Bok= 2/2, (5) becomes: 





a) em itm 


1— 








a pm 


Except for antennas that are extremely closely spaced, 
the expansion parameter Y,,, cannot differ greatly from 
the value Vx, for each of the antennas when isolated. 
In most driven arrays of the types considered in this 
section, 6 is not less than Ao/4 and frequently is Ao/2. 
Since the term with 1/2, as a factor in the denomina- 
tor of (9) necessarily is small compared with unity for 
antennas of small radius it may be neglected. That this 
is indeed a good approximation already has been demon- 
strated for two coupled antennas’ with Boh=7/2. If 
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N 
[Ca(h, 0)+Sa(h, h)—Ealh, h)+ X mi exp(JOm){Comi(h, 0) +Sbmi(h, h—Evmi(h, h)}] 
#=1 
ixém 


nee &* CP) 








J 





this term is neglected, (9) reduces to 


it x 
n)in=—LCalh, h)-+ & ki €xp(JOmi)Comi(h, h)]; 
T i=1 
im 


m=1,2,-+-N. (10) 
Multiplication of (10) by Ino, noting that 

Tio= ITmokmi CXP(JOmi), (11) 
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reveals that (10) is equivalent to 


Vio = T0211 +T20Z 12 +-T0Z 13+ - - - +I voZiy, 
V20=Ty0Z21+-T20Z22+Ts0Ze3+ + >» +I voZen, 


V wo=TpoZyitlTooZwetlTsoZn3t+---+InoZnn, (12) 


where 


jo. 
Zu=Z2=Z33= atin ‘Zyn=—C,(h, h)=Zy (13) 


T 
jSo 
Z12= Zn =—C12(A, h) (14a) 
2x 
I§0 
Z13=Z:=—Cd,3(h, h) (14b) 
2x 
jSo 
Swe Lm~ 7 Cunt, h). (14c) 
T 


Note that the self-impedances Z;; of the coupled an- 
tennas are all the same as the self-impedance Zo of an 
isolated antenna. Moreover, the mutual impedances 
Z,; are the same as if only antennas i and j were present. 
Therefore, it may be concluded that for parallel arrays 
in which antennas of half-length near h=Xo/4 are 
coupled, the self-impedance of an isolated antenna may 
be used for each antenna and the mutual impedance 
between any pair taken to be the same as for that pair 
when isolated. Accordingly, the self-impedance and the 
mutual impedance may be obtained from first-order 
curves of Z,1,’ for the appropriate value of 2=2 In2h/a. 

It is significant to note that in spite of the initial 
general statement to the contrary, the Eqs. (13) may be 
solved for either the driving voltages given the current 
or the currents given the driving voltages. However, 
this is true only approximately and only in the special 
case of antennas for which 8o4= 2/2 and Vz is not too 
small. 

The simple method of analyzing N coupled antennas 
in terms of self-impedances of isolated antennas and 


=O me 





| 





<— 2 
Fic. 3. Three-element broadside array. 
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mutual impedances of two coupled antennas obviously 
is not valid for antennas with half-lengths that exceed 
Ao/4 considerably. Specifically, when Boh=-z, (5) be. 
comes 


I50V¥ pm’ 


2r 


(Zm)in= 





1—(1/Y pm) [Fi(h)+Pi(h) J 
(Gi(0)+Qiz(0)+Gilk)+Qiz(h)] 





(15) 


Since the term inyolving the most significant contriby- 
tions from the coupled antennas now appear in the 
factor V,,,” and in the terms in Q in the denominator, 
it is not possible to express Vno=Ino(Zm) in aS a simple 
sum of self- and mutual terms. (Zm)in can be evaluated 
from (16) and V,»o evaluated for each antenna if the 
currents are known. The reverse is not possible. 

For the broadside array, kmi=1, 9mi=O with Bob=z, 
For the end-fire array, 0;=-—(m—i)Bob with Bob= 2/2 
for the unilateral end-fire, + for bilateral end-fire. The 
analysis in this section has demonstrated that common 
assumptions, such as that equal driving voltages will 
produce equal currents in all units of a broadside array, 
are erroneous except for the two-element array. The 
different impedances of the differently situated units 
require different voltages if the currents are to be the 
same. 

Conventional methods of driving parallel arrays in 
which currents in the units are assumed to be respec- 
tively in phase (broadside array) or alternately 180 
degrees out-of-phase (bilateral end-fire array) are shown 
in Fig. 3 and Fig. 4 for three-element arrays. The trans- 
mission line connecting the units in the broadside array 
is assumed to be spiraled and not crossed-over as shown 
in the figure so that it is the equivalent of a smooth line 
one-half wave-length long. Actually, the currents in the 


three antennas in Figs. 3 and 4 are neither all equal in - 


magnitude nor all in phase (broadside) or alternately 
180 degrees out-of-phase (bilateral end-fire) for two 
reasons. These are, (1) the input impedance of the 
central unit differs from that of the two outer units 
since this unit is not in the same position relative to the 
other antennas in the array; (2) the transmission-line 
end-effects and coupling effects are different for the 
central unit from what they are for the two outer units. 


ul Y. = 
t ~ 


rT? 
<< — -—_ > 


Fic. 4. Three-element bidirectional end-fire array. 
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Let the problem of transmission-line end-effects and 
coupling effects between each antenna and the feeding 
line be sidestepped in this paper by assuming that the 
distance 6 between the conductors of the line is suff- 
ciently small to make these effects negligible. If this is 
done, formulas for the ratio of the current in antenna 
1 or 3 (which have equal currents) to the current in the 
central unit 2 are obtained readily for Bok= 2/2 since 
the simple formula (13) with V=3 is a good approxima- 
tion. With negligible terminal-zone effects, the two 
sections of line of length Ao/2 are one-to-one trans- 
formers so that the same voltage is applied to each of 
the three units. That is 


Vs0= V2o= Vio. (16) 


Moreover, since antennas 1.and 3 are geometrically 
and electrically identical, it follows that 


I30= 110; Zi2= Zs. (17) 


With (13) and (12) the following relations are obtained 
directly when V=3: 


Vi0= V20= Tio(Z11+Zis)+ LooZ12= 2110Z 12+ TooZ20. (18) 
The solution of (18) for the ratio of currents is 
Ioo/Tio= (Zut+Zis—2Z 12), (Zo2—Zi2). (19) 


The expressions for the impedances are 








Vio Ziu1t+Z13—2Z12 
Lain Dass =D Ziv Zi} (20) 
10 22— 412 
V20 Z22—Zi2 
Lain =Zunt Wl | (21) 
20 Ziut+Z12—2Z12 


If all antennas are identical and have no series im- 
pedances, 


Z33= Zo= Zin =Za. (22) 


In this case it is evident that I3p=I;o must differ con- 
siderably from Io, and Zsin=Ziin from Zein since Zi; 
and Z,. are far from the same. For example, 
Q=10, bD=Ao/2, Zn =73+731; 
It is possible to make the currents all equal when the 
driving voltages are the same by connecting an im- 
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pedance in series with the central unit, antenna 2. 
Specifically, let 


Z33= Zu=Za1; Z2=ZantZe. (24) 


Upon setting the currents equal in (19) and using (24), 
the result is, 


Z2>2Z3—Zi2. (25) 


It is seen that Z, is quite a large impedance with a sig- 
nificant real part so that appreciable ohmic losses are 
involved which lower the efficiency of transmission. 
Since the electromagnetic field of a three-element array 
in which the current in the central unit is greater than 
that in the outer units may be more desirable than when 
the currents are all equal, it is seldom advantageous to 
use Z» as specified in (25) in series with the central unit. 
An alternative procedure is-to connect reactances in 
series with the ou/er units in order to make the phases 
of all three units the same. That is, in place of (24), let 


Z33= Zu=ZatjX1; Z22= Zui. (26) 


The values in (16) now must be substituted in (20) and 
X, adjusted to make the expression real. That is, 


Ino (Rei t+ Ris—2Ri2)+9(X1 + Xr +X 13— 2X 2) (27) 
lio (Rai— Riz) +7(Xa—Xw) 
must be real. This is true when 


Xi +X a+ X13—2X 12 Xi-X 
RutRis—2Ri2 Ru-Ri2 








: (28a) 
or when 

Xa X 2 
s-(E=2) 

Ruy — Ry» 


X (Rai t+Ris— 2Ri2)— Xa — X 13+ 2X i. 
Evidently 


(28b) 


Ix RatRis— 2Ri2 
Tio Ru-Ri 





(29) 


This ratio may be considerably greater than one. 
Similar analyses may be carried out for arrays of 
any number of parallel units. 
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A Dimensional Analysis of Metal Cutting* 


D. C. Druckert anp H. Exstemt 
Armour Research Foundation, Chicago, Illinois 


(Received June 30, 1949) 


Dimensional analysis is used in a study of the behavior of metal when it is cut. Present theories are de- 
scribed and some additional significant variables are found. The analysis provides a basis for the inter- 
pretation of known experimental results, and should serve as a guide for future experimental and theo- 


retical investigations. 





INTRODUCTION 


F a problem is so complicated that a sufficiently 
comprehensive theory cannot be developed at the 
time, a very useful approach to a solution is to write 
down the independent variables of the problem and 
form their dimensionless combinations.' The signifi- 
cance of each independent dimensionless variable can 
then be determined from prior knowledge, reasoning, or 
experiment, and usually many of the dimensionless 
combinations can be ruled out as insignificant, that is, 
having no noticeable influence upon the result. Then, 
if the important independent combinations are the 
same, all dependent dimensionless variables will also 
be the same for both experimental and production 
runs. This means that practical predictions, such as of 
power requirement and chip continuity or surface 
finish, can be made from a limited set of experiments 
or field information without actually testing or ever 
having tested the proposed set-up. As the dimensionless 
combinations are not unique, a rearrangement is often 
worthwhile, for in this way the number of physically 
important variables may be materially reduced. This 
procedure has had widespread application in fluid 
mechanics and associated problems and is well stand- 
ardized. Its use in mechanical problems is increasing 
as its value becomes more evident.” 
Another, and more subtle, use of dimensional analysis 
is to check the physical completeness of a theory before 


* Based on a research program sponsored by Shell Oil Company, 
Inc., and performed at Armour Research Foundation, Chicago, 
Tilinois. 

t Formerly on the staff of Armour Research Foundation, 
Chicago, Illinois. Now Associate Professor of Engineering, Brown 
University, Providence, Rhode Island. 

tSenior Physicist, Physics Research Department, Armour 
Research Foundation, Chicago, Illinois. 

1 The reviewer of this paper brought to the authors’ attention 
the excellent article by F. F. P. Bisacre and G. H. Bisacre, “Life 
of carbide-tipped turning tools,” Proc. Inst. Mech. Eng. War 
Emergency Issue No. 35, 157, 452-469 (1947). A dimensional 
analysis is included which in certain respects is more complete 
than ours. However the approach and the objective are quite 
different and a few variables important here are not included. 
The reviewer also pointed out that Dr. B. T. Chao has submitted 
a paper to the Institution of Mechanical Engineers in which, fol- 
lowing Bisacre and Bisacre, considerable use is made of K/V cpt. 

2 For a particular example in which there are very many inde- 
pendent variables but only one is found to be of real importance 
in the practical range, see D. C. Drucker and H. Tachau, “A new 
design criterion for wire rope,” J. App. Mech. XII, No. 1, A-33- 
A-38 (1945). 
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embarking on the arduous task of grinding out mathe. 
matical formulas and numerical calculations. This, too, 
is illustrated in the following discussion and extension 
of present theories of metal cutting. 


IDEALIZED METAL CUTTING 


All theory must involve approximation to, or idealiza. 
tion of, actual behavior. Metal cutting offers a very 
difficult problem even for the two-dimensional case, 
Fig. 1, and the description proposed by Piispanen? and 
independently by Ernst and Merchant‘ was a tre. 
mendous forward step. The chip is assumed to come 
off continuously and there is no built-up edge. The 
fundamental action is a plastic shearing of each plane 
as it passes OA, the final appearance being similar to 
that which would be obtained with an inclined deck 
of very thin cards. 

The resultant force R exerted by the tool on the chip 
per unit width of cut, Fig. 2, its horizontal or power 
component H, the shear angle ¢, the chip thickness, 
and so forth, are dependent variables determined by 
the properties of the material being cut and by other 
independent variables. No one has yet devised a general 
theory which takes all into account. The major question 
is which variables are most important and how do they 
enter. In the simplest theory it is assumed that the 
independent variables are only the rake angle a, the 
depth of cut ¢, the cutting speed V, a constant friction 
angle between tool and chip 8, and a fixed yield stress 
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in shear t,. Once this initial step has been taken, R, | 


y, H, and so forth can be found; Ernst and Merchant 
have written down the results. However, a dimensional 
analysis will show that despite its great value there are 
practical physical limitations for any theory, elaborate 
or simple, of the form 


¢ or H a function of a, t, V, B, ty. 


¢ is dimensionless as are a, and 8, but H is a force per 


*V. Piispanen, “Lastunmodostumisen teoriaa (Theory of chip 
7 anal Teknillinen Aikakauslehti XXVII, No. 9, 315-322 

‘H. Ernst and M. E. Merchant, “Chip formation, friction, and 
finish,” The Cincinnati Milling Machine Company (1940); (also 
“Surface treatment of metals,” Symposium, Trans. A.S.M.E., 
299-378 (1941) ; M. E. Merchant, “Mechanics of the metal cutting 
process”; I. “Orthogonal cutting and a type 2 chip,” J. App. 


THOG |, 


Phys., XVI, No. 5, 267-275 (1945); II. “Plasticity conditions in | 
orthogonal cutting,” J. App. Phys., XVI, No. 6, 318-324 (1945). 7 
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unit length, ¢ is a length, V is a length over time, and 
1, is a force divided by length squared. The first step 
is the formation of the independent dimensionless 
combinations of the independent variables. It is easily 
seen that only a and 8 remain. V alone contains time 
and 7, alone contains units of force so that a dimension- 
less combination cannot be formed with either, and 
both must be eliminated. Then ¢ remains as the only 
independent variable involving length, and it must 
also be dropped. Therefore, any dimensionless quantity 
containing a dependent variable must turn out to be a 
function of a and 8 only, for example, 


¢g= (a, B) 
and 
H/tr,= H/tr,(a, B). 


This is illustrated by the formulas given by Ernst 
and Merchant for these conditions, for example, 


g=45°— (B—a)/2. 


More elaborate theories are possible and other results 
can be obtained, but if they are based upon the same 
five independent quantities only, no formula developed 
can contain either the speed or the depth of cut as 
independent variables. As both are known to be im- 
portant in several ways, such theories, although very 
useful, are definitely incomplete. Also, the predictions 
for different materials appear too similar. The calculated 
shear angle ¢ will be the same if the friction and rake 
angles are the same, no matter what the properties of 
the material. 

The most general theory now in use includes the ma- 
terial to the extent of considering the variation of the 
yield stress in shear with the normal stress o on the 
shear plane. The change is generally negligible at ordi- 
nary stress magnitudes, but the stresses encountered 
in metal cutting are extremely high, exceeding 200,000 
p.s.i. for mild steel. If the relation is linear, of the form 
ty=Totko, the previous dimensional analysis must be 
modified by replacing 7, by the new independent vari- 
ables 7) and k. As k is dimensionless, the result can be 
written immediately as 


o= (a, Bk) 
H/tro= H/tro(a, B, k) 


which is shown by Merchant’s modified expressions,‘ 
for example 


¢=C/2—(B—a)/2, 


where C is arc ctnk. There is still no influence of depth 
or speed of cut. 


NEW CONCEPTS AND VARIABLES 


The necessity for new concepts and the accompany- 
ing variables is thus made clear by the dimensional 
reasoning. It is known that as the speed is decreased 
or as the depth is increased, the chip will gradually 
change from the continuous type to the segmental. 
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Present theories therefore cannot indicate under what 
conditions they break down, that is, when the picture 
they postulate is no longer valid. Furthermore, the 
shear angle and the specific cutting force generally do 
vary with V and ¢, which was shown to be incompatible 
with any theory using only the variables mentioned 
above. Therefore, there is a strong suggestion that a 
variable T) with the dimension of time be introduced. 
Such an independent variable with physical meaning 
would include the cutting speed by adding the dimen- 
sionless group VT>/t. Ty) could be a time required for 
the material to fracture. It would not be valid to intro- 
duce such a variable unless J) would be of the order of 
magnitude of the essential time interval in the cutting 
operation. However, a simple calculation shows that 
the time in which the shearing action takes place in 
actual cutting is extremely short and furthermore the 
time in the ideal case, Fig. 1, is zero. Thus, dimensional 
analysis can lead to new and useful concepts; in metal 
cutting the transition from the continuous to the 
discontinuous chip apparently is governed by the time 
available for fracture. The transition value of VTo/t 
will, of course, depend on the shear strain, which in 
turn depends upon a and £ only. If the additional vari- 
ables which will be considered later are of minor sig- 
nificance, then the dimensional analysis shows that a 
given percentage increase in ¢ requires the same per- 
centage increase in V to obtain the same degree of chip 
continuity and, therefore, approximately the same sur- 
face finish. 

Another important omission in the idealized picture 
of cutting is the lack of prediction of any effect of depth 
of cut on the specific cutting force. It is always ob- 
served in practice that when ?¢ is small, the value of 
H/tro rises very sharply as ¢ decreases. This fact leads 
to the consideration of lengths which might be signifi- 
cant in cutting. The nose radius of the tool ry, which 
was assumed as zero, could account for this phenomenon 
qualitatively and would appear in the variable ry/t. 








Vv WORKPIECE DECK OF CARDS 
(THICKNESS OF CARDS -- 0) 
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Fic. 1. Two-dimensional cutting. 
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TABLE I 








Vari-— 
able Units 


¢ FLM~67/J 


Description 





specific heat, for example, B.t.u./lb.mass/ 


deg.F 

d L spacing of disturbances in crystal structure 

G FL? x see modulus of elasticity 

K FT~@"/J thermal conductivity, for example, B.t.u./ 
sq.ft./deg.F/hr. for a unit thickness. 

k none slope of curve of yield point in shear vs. nor- 
mal stress on the shear plane 

rN L nose radius of tool 

To i time required for fracture 

t L depth of cut 

V LT cutting speed—relative speed of tool and 
workpiece 

a none rake angle 

YL none ductility—a limiting value of shearing strain 

m none a coefficient of rubbing friction—not neces- 
sarily simply tan 6 described previously 

ve 6 a transition temperature of the metal, for 
example, melting point 

Vw 0 workpiece temperature 

p ML“ mass density 

To FL? yield stress in shear 








However, it is found that the major part of the depth 
effect is independent of this ratio; a sharp tool taking a 
shallow cut is not equivalent to a more rounded tool 
at larger depths but instead will give a much higher 
specific cutting force. The effect is, therefore, apparently 
not one that would be observed in a perfectly homoge- 
neous material. A grain size or, possibly better, a mean 
distance between imperfections of the metal, seems to 
provide a reasonable choice. 

The preceding additional variables might be termed 
borderline because they apply or become important 
when the ideal picture starts to break down visibly. 
While they are very important, it is also true that the 
experimental results often do not agree well in detail 
with the present limited theory even when the chip is 
definitely continuous and the depth of cut is large 
enough to avoid the equivalent of a size effect. This is 
not surprising because no mention has been made so 
far of temperature changes, which are always large 
locally and usually have an appreciable influence 
throughout. The tangential force between tool and 
chip is certainly markedly dependent upon tempera- 
ture; the yield point in shear will also be affected al- 
though the enormously high strain rate may nullify 
much of the temperature change; ductility will be 
radically altered ; and so on. Again dimensional analysis 
can point the way. 


THE GENERAL CASE 


For the analysis of the general case, it is desirable to 
list all of the independent variables that are to be con- 
sidered, with their units of force F or mass M, length L, 
time 7, and temperature 6. Both F and M will be used 
for convenience, F=MLT~*. The mechanical equiva- 
lent of heat, J, is included to emphasize that a con- 
version of heat to mechanical units will be necessary at 
times (see Table I). 
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If this were a complete list of the independent yay. 
ables, a functional form of the solution could be ob. 
tained easily. There are sixteen quantities and foy; 
fundamental units so that twelve independent dimep. 
sionless groups exist. If, for example, the shear angle ¢, 
the horizontal force per unit width of cut H, or the 
temperature rise at the shear plane y, is being invest}. 
gated, then g, H/tro, or ¥/(¥:—Yw) can be expressed as 
a function of [a, u, yz, k, VT 0/t, rv/t, d/t, 70/G, pV?/r, 
K/Vepl, ro/Jcp(vi-—Wuo), Vi/Ww J. 

The groupings are arbitrary within a very wide 
choice. Some of the dimensionless variables have been 
discussed already, the others were chosen because 
physical meaning could be attached to them easily, 
The variables a and » which appear in the idealized 
theory are definitely important, and & will always have 
influence. Borderline variables VT o/t, d/t, and yz be. 
come important as the continuity of the chip decreases, 
The ratio ry/t can usually be ignored for a properly 
sharpened tool. 

More analysis is required for the temperature vari- 
ables. The shear strain (a function of the independent 
variables) multiplied by ro/Jcp would be the tempera. 
ture rise at the shear plane if & were zero and if the 
heat generated were convected but not otherwise con- 
ducted away by the metal. K/Vcpt is essentially the 
ratio of the heat conducted from the shear plane to 
the heat convected by the moving metal. If the tem- 
perature rise at the shear plane should be small com- 
pared with all significant temperature rises, ¥:—y», for 
the metal being cut, then the three-temperature vari- 
ables can be neglected. 

The two remaining groups would seem to be border. 
line variables, but controlled experimentation is neces- 
sary before a definite statement can be made. 70/G is 
the maximum elastic shear strain (the resilience could 
be used in a somewhat more complicated group). 
pV?/ro is essentially the ratio of inertia stress to the 





yield stress in shear and is always extremely small. 

So far, the positive aspects of dimensional analysis 
have been emphasized. Unfortunately, it, too, has its 
drawbacks. The list of variables may not be suff- 
ciently complete, nor, what is far worse, truly inde- 
pendent. The matter of completeness is rarely obvious, 
significant omissions may show up when an exper: 
mental program cannot be correlated with the use of 
variables already written down. However, this same 
trouble must be cleared up before an analytical ap- 
proach can be successful. 

Some of the difficulties can be seen by a re-examina- 
tion of the list. Quantities like specific heat, thermal 
conductivity, ductility, coefficient of friction, and yield 
stress vary not only from one material to the other 
but, unpleasantly, also in a given material as the cut- | 
ting conditions vary. The symbols must therefore be | 
interpreted as the (fixed) values for a given material | 
under a specified set of conditions. If these initial values | 
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and the remaining variables completely determine the 
yalues for all other sets of conditions, then the list of 
yariables is complete. This will require at the very 
least a number of coefficients similar to k, for example, 
4 set of constants for the non-linear variation of specific 
heat and of thermal conductivity with temperature. 
If independent quantities of this type exist, no matter 
how many there may be, there is no essential addi- 
tional complication as far as an experimental program 
is concerned although theoretical solutions may be 
practically ruled out. The metal being cut enters in so 
many ways that only in the simplest fundamental work 
will it be possible to substitute other materials, as can 
very often be done in fluid mechanics problems. There- 
fore, in most cases, the large number of required con- 
stants which should be added to the list of variables 
will automatically be the same in model and prototype, 
experiment and production, or two production runs. In 
fact, some of the dimensionless combinations already 
considered are similarly fixed. Therefore, at appreciable 
depths of cut, probably only 


(a, VTo/t, K/Vcpl) 


are of major significance for a given material and lem- 
perature of workpiece. 

It is interesting that almost as in the Reynolds and 
Froude numbers for fluids, V and ¢ appear in ratio in 
one-dimensionless variable and as a product in the 
other. Therefore, complete similarity between two ex- 
periments cannot be obtained using one material and is 
rarely practicable. This discouraging result is almost 
always found when the list of variables is reasonably 
extensive. However, it may be true, as for fluids, that 
the range of importance of each dimensionless group 
containing V, ¢ is markedly separate, or that the 
phenomena they control are quite distinct. There is a 
strong probability that this is true for metal cutting. 
VT,/t seems to control the degree of continuity of the 
chip while K/Vcpt should be of major importance in 
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the definitely continuous range. Only careful experi- 
mental investigations of many different metals will 
provide the answer. 

In the previous discussion, the tool itself has hardly 
been considered. Here, again, it is likely that in only a 
few cases can information be obtained with one tool ma- 
terial and applied to another in a quantitative manner. 
Also, the use of a cutting fluid or coolant would add 
many variables. All of these difficulties merely empha- 
size the impossibility at present of developing a mathe- 
matical theory which could quantitatively cover even 
a small section of the complete problem, and demon- 
strate the necessity of carefully conceived experimental 
investigations based on dimensional analysis. 


CONCLUSION 


The best procedure to obtain a clear picture of metal 
cutting would seem to be an experimental analysis of 
dry two-dimensional cutting on the basis of the dimen- 
sionless variables already discussed. Despite the very 
large volume of data on the cutting of metals there is 
only a little information that is directly useful for this 
particular fundamental purpose. 

The two main variables, V and ¢, appearing in 
VT,/t and K/Vcpl, are of prime significance because 
they can be varied in a known and simple manner, 
but most of the others are of equal physical importance 
and may merit careful study. Those involving work- 
piece temperature directly can also be varied without 
too much difficulty and offer interesting possibilities. 

It is quite likely that additional variables will be 
found necessary to explain all results and that a re- 
arrangement of some of the suggested dimensionless 
groups will be advantageous. 
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The Current Build-Up in a Planar Diode 


Epwarp H. GAMBLE* 
Polytechnic Institute of Brooklyn, Brooklyn, New York 
(Received June 29, 1949) 


A theoretical study has been made of the initial electron flow when a signal voltage V(t) is applied across 
an idealized planar diode. The analysis is based upon three fundamental postulates: Poisson’s equation 
Newton’s equation, and the continuity equation. This quasi-stationary study includes both the growth and 
motion of the space-charge cloud of electrons across the interelectrode space and the transient build-up of 
the current in the external circuit. The analytical forms and numerical plots of the current build-up under 
space-charge-limited and temperature-limited operation are compared for various “large” and “small’’ 


signal voltages. 


, 





STATEMENT OF THE PROBLEM 


STUDY of the initial electron flow when a signal 

voltage V(t) is applied across a planar diode has 
been undertaken. This problem may be attacked from 
two possible directions. One can make a study of the 
way in which the space-charge cloud of electrons forms 
and determine the motion of this charge under the ac- 
tion of the electric field due to the applied signal and 
the counter effect of the charge upon this field. The 
other approach is that of studying the transient build-up 
of the current in the external circuit. 

This latter approach is the one which will be adopted 
to secure the immediate results of interest to the elec- 
tronics engineer. By analogy to hydrodynamics, one 
may specify the quantities describing the moving elec- 
tron either in the Lagrange variables (¢,r) or the Euler 
variables [t,x]. ¢ is the clock time measured from the 
instant when the voltage is applied to the diode, and 
r denotes the instant when a particular group of elec- 
trons is emitted from the cathode surface. r is referred 
to as the “emission” time. 

The diode configuration is shown in Fig. 1. 


DETERMINATION OF THE DENSITY OF THE 
SPACE-CHARGE CLOUD 


The symbol ® denotes the scalar potential, E the 
electric field density, and p the space-charge density. 

If one makes the assumption that any signal voltages 
which one may apply across the electrodes of the vac- 
uum diode do not change significantly in the time re- 
quired for an electromagnetic wave to propagate the 
interelectrode space, one may treat the entire problem 
as quasi-stationary. The three basic electronic equa- 
tions reduce to Poisson’s equation, Euler or Newton’s 
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Fic. 1. Planar diode configuration. 
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equation of motion, and the continuity equation. The 
formulation of the important physical quantities then 
becomes 


Vit) 1 ¢ 
E({t,x]=———+—] (h—£)pelt,€ ]dé 


1 LEQ” 0 


1 z 


€0 


x x f* 
#f4x}=-VQ-— f (h—eolne ue 
h heo 0 


1 z 
+-f (x—E)pLt,E }dé (2) 
€o%0 
€o d 1 7’ Ox 
1)=-—Vvot-f | ota} |ax and 
h dt hd, at 


€o. 
= Ot Tinald, (3) 
1 


where the subscript ind signifies that the quantity is 
related to the current induced in the external circuit 





due to the motion of the electrons. 





e t 
x(t,r) = u(r,7)[t— 7 ]+— } (t—n)V(n)dn 
mhdJ, 
e é » : 
_ in} f (h— Bol nse Me dy 
mheo , 0 


e t z 
+— | (t- | iE at | dn, (4) | 
n fm Jdé jt dy 


még , 


where u(7,7) denotes the initial velocity of the r-group 
of electrons. 

If one restricts the problem to the initial electron | 
flow and hence the period of time to that of the transit 
time of the first electron, 


O0<t<t,, 7r=0, (5) 
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SPACE -CHARGE-LIMITED OPERATION 


Vit) = Vo 











Eq. (4) becomes 


c40)= M0004 f (t—n)V(n)dn 
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Equation (6) may be considered as an integral equa- 
tion for p[ t,x ] when one specifies the position x and the 
time 4. Knowing the form of p[t,x], this quantity may 
be substituted into Eqs. (1)-(3) to determine the other 
desired quantities. 


DETERMINATION OF THE EXTERNAL CURRENT 


If one chooses the total current J(/) as the unknown 
quantity to be found, the important equations are 


V(t) 1 
E(t,r) = EAr,7) ee { Gina(t) — Jina(T) 
h €9 
Vi) 1 ¢t 
= Err)-———- f Tina(n)dn, (7) 
h €0" + 


where E.(7,7) is the field at the cathode at the instant r, 
and 


aii f Putte (8) 
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+— ] (t—n)V(n)dy 
mhJ, 
‘ (t—n)? 
—Tina(n)dn. (10) 


me’, 2 
SPACE-CHARGE-LIMITED CURRENT BUILD-UP 
If one applies the boundary conditions 

E.(7,7) = E{t,0]=0, u(r,7)=0, (11) 


the relations given above reduce to those found previ- 
ously by Wang! for the space-charge-limited planar 
diode. For conditions (5), the basic integral equation 
becomes 


h e€ ‘ (t—n)* 


V(t)= — ——q(n)I(n)dn. (12) 


€0 Meg 2 





Differentiating Eq. (12) twice with respect to /, one 
finds that 


eV ih 


—=- g(t) +—_#(t 13 
6) i H+ #0. 








on SPACE -CHARGE-LIMITED OPERATION 
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1C, C. Wang,‘ ‘Large signal high frequency electronics of therm- 
ionic vacuum tubes,” Proc. I. R. E. (April, 1941). 
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The solution of Eq. (13) for (d/dt)g(t)=I(d) will 
give the current build-up for the space-charge-limited 
diode during this initial period before the electrons 
strike the anode. 


TEMPERATURE-LIMITED CURRENT BUILD-UP 


The conditions for temperature-limited operation 
may be defined as 


Ox 
7)=saturation current = | — pl t,x }— (14) 
ot 


E(t,“ ]=—V()/h= E(t) (15) 
[t,x ]=[x(t,7)/h]V (0). (16) 


For the period before any electrons strike the anode, 


é 
x(t,r) = u(7,7)[t—7 ]+— 


(t—n) V (q)dy (17) 
mh/, 


u(r,7) 


V(t) ¢* 
(t,r) =——_[t—r]V ()+—_ ] (¢—0) Vn) dn (18) 
h mi? J, 


10) = "V+ u(eCt—F] 
h h 


Tce 
+ (Vaan. (19) 


m 


SOME SPECIFIC CASES 


We now have all of the basic formulas necessary to 
determine the initial current build-up. It will be ad- 
vantageous to compare the space-charge-limited and 
the temperature-limited cases. These are the solutions 
of Eqs. (13) and (19), respectively, for conditions (5). 

Let V(t)=Vo, so that the build-up for a constant 
applied signal with its application to pulses may be 
determined. Figure 2 shows an enlarged plot of the 
solutions for this case. This plot shows the final current 
rising to the same value for both classes of operation. 
This will, in general, not be true. The functional form 
of the current as a function of time is of importance. 
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The temperature-limited current according to Eq. (19) 


is 
Tina(t) = (Loe/mh?) Vo(?/2) (20) 
for negligible initial velocity «(r,7). 
The position of the leading edge of the electron cloug 
is given by Eq. (17). 


x(t,0) =u(r,r)-t-+(Vo/2mh)e. (21) 


The current and space charge always build up as the 
same power of time ¢ for the temperature-limiteq 
operation.’ 

The numerical solution of Eq. (13) indicates that the 
space-charge-limited current rises much more rapidly 
than a square of the clock time. An accurate empirical 
formula for this current is given by Eq. (22) 


t 10 
Ina) =o 30.121( ~) 
ty 
$y\° t\§ 
-51.000(-) +21.889(-) . (22) 
ty ty 


The complete analytical solution of Eq. (13) for 
this case is an elliptic integral 


Tall) =Ginall)= f If Tna(#46] dn, (23) 


For this case, Eq. (7) reduces to 


Vo ina(t) er as 
¢—=- = f radar 
h €o“ 0 


€0 


1 i, i \10 
= ~=Tane| 39.405( ~) a 73.406( ~) 
€0 ty ty 
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SPACE-CHARGE-LIMITEO OPERATION 
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Fic. 6. 


2B. Salzberg, “Large signal high frequency theory of the 
vacuum tube,” dissertation for D.E.E. at the Polytechnic Insti- 
tute of Brooklyn, Brooklyn, New York (1941). 


JOURNAL OF APPLIED PHYSICS i 








fe 


1e 
ly 
al 


24) 


the 
nsti- 


ICS | 








Hence, a plot of g(t), as shown in Fig. 3, is also a 
plot of the electric field as a function of time. For the 
determination of the leading edge of the electron cloud, 
one must employ Eq. (10) 





e t 
x(t,0) = 30.121 om f (t—n)*F(m)dn, (25) 
2mey r=0 
where 
(t—n)" (t—n)° (¢—n)* 
F(n)= |—— —— 1.6935————+ 0.7267 + 
t,'9 t,? t,8 


e Nas t\?° 
X,0)=—15.06Fna] (~) = 1.6935( +) 
ME, ty ty 
l 58 
-0.7267(~) Jr (26) 
ty 


A plot can be made of E(x) by a comparison of 
E(t,0) given by the uppermost plot of Fig. 3 and the 
data computed from Eq. (26). This is shown in Fig. 4. 

For the applied signal 

V(j= Vo- Vi sinw/ (27) 
for 


V;i> Vo, w> 1/t1, (28) 


the functional forms of J(¢) and (d/dt)7(¢) are shown in 
Fig. 5. The function 


[ E(t,0)+(V(t)/h) | 


is also plotted in Fig. 5. The electric field E(#,0) for the 
applied voltage given by Eq. (27) is 


Vo V; sinwt 1 
E(t,0) = ——-+————--- f Tina(n)dn. = (29) 
h h €0 


r=) 


The actual value of the ratio Vo/V, is not deter- 
minable from the numerical solution of Eq. (13) since 
only the second time derivative of the applied signal 
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enters into the equation. However, experience has 
shown that if this ratio becomes too much smaller than 
one, the field will be negative and the electrons will 
never reach the anode. The period of the applied signal 
is clearly shown on the graph in order that one may 
visualize the time sequence. For the particular case 
where V»o/V,=1, Fig. 6 shows the form of the current 
and the electric field as functions of time. A comparison 
of Figs. 5 and 6 for J(¢) indicates that the period of time 
during which the current is constant has been lengthened 
and the build-up time extended when the full modula- 
tion effect takes place for the amplitude ratio one. 

It was considered advisable to make a direct compari- 
son of the current build-up for space-charge-limited 
operation and temperature-limited operation for the 
applied signal given by Eq. (27) and conditions (28). 
Figure 7 shows this comparison. Several values of the 
ratio Vo/V, were chosen and plots made. The formula 
for the temperature-limited current is found by the 
substitution of Eq. (27) into Eq. (19). 

sinwl 
ro 


Vi 2 w? w? 








€0 Te(Vot t 
T(tj)=Viy— coswt-+- 


mh? 


The uppermost plot of Fig. 7 shows directly the com- 
parison of the space-charge-limited current and the 
temperature-limited current for the case Vo/V\=}. 
Another interesting plot is given in Fig. 7 which shows 
the variation of the build-up current with changes of 
the ratio Vo/V;. This covers most of the range of large 
signals. 

When the frequency of the time-varying component 
of the signal voltage is nearly equal to the reciprocal 
of the transit time, one finds that the build-up time is 
lengthened since the electric field is negative for a 
longer period of time. One point of interest is the large 
difference in the period of oscillation of the electric 
field and the current and the period of the signal com- 
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ponent. This is clearly shown in Fig. 8. The basic form 
of the signal voltage is 


V (t)= Vo(1—sint/t,). (31) 


CONCLUSIONS 


The initial current build-up of thermionic vacuum 
tubes under space-charge-limited operation is a func- 
tion of higher powers of time than under temperature- 
limited operation. The build-up may be considerably 
delayed or shortened when sinusoidally varying signals 
whose amplitude is comparable to the constant signal 
voltage are applied. The results shown in this paper 


should be of particular interest to engineers studyin, 
microsecond pulsing of thermionic vacuum tubes, 
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Thermocouples of the Refractory Metals 


F. HaypN MorGANn AND W. E. DANFORTH 
Bartol Research Foundation of The Franklin Institute, Swarthmore, Pennsylvania 


(Received July 13, 1949) 


The thermoelectric power of several refractory thermocouples was investigated, W-Ta for temperature 
measurements up to 3000°C, W-Mo up to 2600°C, Ta-Mo up to 2600°C and W-W/Mo (alloy 50 percent 


Mo/50 percent W) up to 2900°C. 


Basic calibration was carried out using several melting points and the results were verified and interpolated 


by means of an optical pyrometer. 


The couples W-Ta and W-Mo have been applied in this laboratory to the temperature measurement 
requirements in high temperature vacuum furnaces and determinations of spectral emissivity. 


N order to satisfy the need for accurate measure- 
ments of high temperature in electronic research, 
the thermocouples of the refractory metals have been 
investigated. Existing literature did not exceed 2000°C, 





ae pee ee ee ee ee ee ee 


“a 
~ se 4 
4 
6 ¥ 
> Pp 
4 
2 “Pr “7 
3 — PT MELTS 
3b J 2 
* 
2 “ 
te + 











x» 
abe o 


iL i 1 i i L i 1 
600 1000 1200 = «41400 1600 18600 2000 2200 2400 2600 
c oO 





Fic. 1. Composite calibration data for W-Mo thermocouple. 
The different types of points represent different runs with optical 
pyrometer. The solid triangle represents melting point data taken 
with platinum in a vacuum furnace. 
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with the exception of Morugina,'! who studied W-Ta; 
and Pirani and Wagenheim,? who reported on W-W/Mo 
(75 percent W/25 percent Mo). 

For the optical pyrometer comparisons the thermo- 
couple wires 0.005 in. or 0.002 in. diameter were spot- 
welded to a 0.030-in. tungsten wire, which was heated 
by passage of current. This was placed in a bell jar and 
evacuated to 10-*° mm Hg. A Leeds and Northrup Type 
K potentiometer was used to measure the e.m.f. and 
a Leeds and Northrup Optical Pyrometer to measure 


the brightness temperature. Using 0.43 as the spectral | 


emissivity® the brightness temperature was converted 
to true temperature. The cold junction was held at 
room temperature. 

The melting point calibrations were obtained by 


spot-welding the thermocouple to the midpoint of a | 


2-cm length of 0.030-in. wire of the standard metal. 
The following metals were used: Gold 1063.0°C 
+0.0°, Nickel 1455°C+1°, Platinum 1773.5°C+1°, 


Molybdenum 2625°C+50°, and Tantalum 3000°C | 


+ 100°. An optical pyrometer would detect no tempera- 
ture differences in the vicinity of the couple. The po- 


1S. Morugina, Zeits. f. Tech. Physik 7, 486 (1926). 


2M. Pirani and G. Wagenheim, Zeits. f. Tech. Physik 6, 358 f 


(1925). 
3W. F. Roeser and H. T. Wensel, Handbook of Chemistry and 
Physics (1947), thirtieth edition, p. 2246. 


4National Bureau of Standards Miscellaneous Publication 
M183. 
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TABLE I. E.m.f. (millivolts). 











T(°C) Ta-Mo W-Ta W-Mo W-W/Mo 
800 12.20 10.65 — 1.32 —0.50 
900 13.60 12.20 —1.15 —0.30 

1000 14.80 13.72 —0.80 0.00 

1063 14.70 

1100 15.95 15.25 — 0.60 0.30 

1200 16.90 16.65 — 0.20 0.70 

1250 17.32 17.32 0.00 

1300 17.70 17.95 0.30 1.35 

1400 18.35 19.05 0.85 1.65 

1455 19.65 

1500 18.80 20.05 1.50 2.25 

1600 19.25 20.90 2.18 2.85 

1700 19.45 21.65 2.95 3.45 

1773 22.12 3.54 

1800 19.45 22.25 3.73 4.00 

1900 19.25 22.70 4.50 4.60 

2000 18.85 22.90 5.30 5.20 

2100 18.35 6.05 5.80 

2200 17.70 6.80 6.40 

2300 16.90 7.35 6.90 

2400 15.90 7.48 7.35 

2500 14.90 8.00 7.70 

2600 7.95 

2625 20.90 

2700 8.08 

2800 8.12 

2900 8.18 

3000 18.50 








tentiometer was kept in balance as the temperature was 
slowly raised. When the wire melted, permitting the 
thermocouple to cool, the potentiometer would suddenly 
go out of balance. The last point of balance was taken 
as the melting point. 

Considerable time was spent verifying the repro- 
ducibility of the present results. Wire stock from dif- 
ferent spools and of different sizes was tested. Figure 1 
shows composite calibration results in the case of the 
W-Mo couple. Similar sets of data were taken with the 
other couples and the resulting average curves are 
plotted in Fig. 2 and presented in Table I. 

W-Ta (contrary to Morugina’s findings of a straight 
line) gives a curve which rises from 14 millivolts at 
1000°C to a maximum of 22.9 millivolts at 2000°C and 
then decreases as the temperature is increased. The 
slope of the curve between 1300°C and 1800°C is 8 
microvolts per degree. The couple was found to be 
reproducible up to 2000°C, for which the graph shows 
pyrometer data. Above this temperature the pyrometer 
data showed excessive spread and, for some reason 
that was not determined, did not agree with the melting 
points of Mo and Ta which have been plotted. 

The W-Mo curve has negative values below 1250°C, 
where it passes through zero and then rises to 8 milli- 
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Fic. 2. Calibration curves of four refractory thermocouples. Melt- 
ing point data are indicated on the W-Ta and W-Mo curves. 


volts at 2500°C. The average slope of the curve be- 
tween these temperatures is 6.5 microvolts per degree. 
The scatter of the data in this case was relatively 
small, and agrees with literature published by B. Osann 
and Schroeder,’ which gave the W-Mo curve up to 
1850°C. 

The W-W/Mo (50 percent W-50 percent M) curve 
is of very similar form to the W-Mo curve. It passes 
through zero at 1000°C and rises to 8 millivolts at 
2600°C where it tends to saturate. The slope of the 
curve is 5 microvolts per degree. 

The Ta-Mo curve crosses the W-Ta curve at 1250°C 
or 17.3 millivolts. This temperature value agrees, as it 
should, with the temperature for zero output of the 
W-Mo couple. It reaches a maximum of 20.2 millivolts 
at 1700°C. Due to this maximum at such a low tem- 
perature, it has not been used for practical applications. 

The W-Ta couple is being used for spectral emissivity 
determination of different materials. The couple is 
spot-welded to a 0.030-in. tungsten wire which is coated 
with the material being investigated. The W-Mo couple 
is being used for temperature measurements in a vac- 
uum furnace, where optical pyrometry is difficult. 


5B. Osann and E. Schroeder, Arch. f. d. Eisenhuttenwesen 
7, 89-94 (1933). 


113 











Interaction of a Spiral Electron Beam and a Resonant Microwave Cavity* 


F. K. WILLENBROCK AND S. P. CooKE 
Cruft Laboratory, Harvard University, Cambridge, Massachusetts 


(Received July 18, 1949) 


The interaction between the electromagnetic field in a cavity 
and an electron beam projected along the axis of the cavity is 
examined. The particular cavity considered here is of the cylin- 
drical TElin, type in a steady axial magnetic field. If the cavity 
is excited in a linearly polarized mode, the electromagnetic field 
will drive the electrons in a helical trajectory with an expanding 
radius, and the electrons will excite and transfer energy to a 


degenerate mode oriented spatially at right angles to the driving 
field. In the driving plane of polarization (both planes of polariza. 
tion if the cavity is excited in a circularly polarized mode), the 
electron beam will excite a field in phase opposition to the driving 
field in a manner analogous to the counter e.m.f. in an electro. 
mechanical generator. The converse case of a TElin, cavity 
excited by a spiral beam of electrons is also considered. ’ 





I. QUALITATIVE DISCUSSION OF SPIRALING 
ELECTRON BEAMS 
HE behavior of a beam of electrons in a crossed 
electric and magnetic field has been widely dis- 
cussed. In the recent literature,’~ several different uses 
of spiraling beams have been suggested. Malter' ex- 
amines the impedance change in a parallel plate con- 
denser through which an electron beam is projected in 
the presence of a steady magnetic field. Smith and 
Schulman? discuss the effect of spiraling electron beams 
on the frequency and Q of resonant systems. Spiral 
beam control has been used for frequency and ampli- 
tude modulation in several experimental magnetrons.*~® 











Fic. 1. Coordinate system. 


* This material was adapted from Cruft Laboratory Technical 
Report No. 79 entitled, “Modulation, generation, and frequency 
multiplication of microwave oscillations by a spiral beam of 
electrons. I.” The research was made possible through support 
extended Cruft Laboratory, Harvard University jointly by the 
Navy Department (ONR), the Signal Corps of the U. S. Army, 
and the U. S. Air Force, under Contract N5ori-76, T.O. 1. 

1L. Malter, “Deflection and impedance of electron beams at 
high frequencies in the presence of a magnetic field,”” RCA Rev. 
5, 439-454 (April, 1941). 

2 L. P. Smith, and C. I. Schulman, “Frequency modulation and 
control of electron beams,” Proc. I.R.E. 35, 644-657 (July, 1947). 

3 R. Truell, “A method of measuring the field strength of high- 
frequency electromagnetic fields,” Proc. I.R.E. 36, 1249-1251 
(October, 1948). 

‘Kilgore, Schulman, and Kurshan, “A frequency-modulated 
magnetron for super-high frequencies,” Proc. I.R.E. 35, 657-664 
(July, 1947). 

5 Donal, Bush, Cuccia, and Hegbar, “‘A 1-Kilowatt Frequency- 
Modulated Magnetron for 900 Megacycles,” Proc. I.R.E. 35, 
664-669 (July, 1947). 

* J. S. Donal, Jr. and R. R. Bush, “‘A spiral-beam method for the 
amplitude modulation of magnetrons,” Proc. I.R.E. 37, 375-382 
(April, 1949). 
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Truell® considers the possibility of measuring the am- 
plitude of an electromagnetic field by the deflection of 
an electron beam in the presence of a steady magnetic 
field. 

The present investigation is a study of the interac. 
tion of an axial beam of electrons with a cylindrical 
cavity oscillating in a TE11», mode with a steady mag. 
netic field superimposed along the axis of the cavity, 
The theory of the interaction is presented both from 
the standpoint of energy transfer from the electro- 
magnetic field to the electron beam and from the beam 
to the field. 

To simplify the analysis, the trajectory of a single 
electron is considered first. A single spiraling electron, 
unlike an electron beam, does not cause a significant 
change of the r-f field in the cavity, and does not ex- 
tract an appreciable part of the power driving the 
cavity. The electron follows a helical trajectory with an 
increasing radius in a cavity driven by a linearly or by 
a circularly polarized field. Linear polarization is ob- 
tained when the cavity is driven through a single coup- 
ling iris; circular polarization is obtained when the cav- 
ity is driven through two coupling holes located at right 
angles in space with equal input-signal amplitudes in 
time quadrature. 

For a given cavity, the two parameters that can be 
readily varied are the magnetic field strength which 
determines the cyclotron angular frequency, w.= eBo/m, 
and the axial velocity of the electron beam, %, which 
determines the transit time of the electron through the 
cavity. It is found that for a cavity of length d,/2, 
maximum energy is transferred to the electron when 
w@-=wo, the resonant angular frequency of the cavity. 
For a cavity of length A, with wo=w,, all or nearly all 
the energy gained by the beam during the first half- 
wave-length will be returned to the r-f field during the 
second half-wave-length; and there will be a negligible 
amount of rotational energy in the beam at- exit. 
The deflection of the electron varies inversely with 1. 

The treatment of the trajectory of a single electron 
in a cavity excited in a linearly polarized mode is also 
valid for an electron beam if (1) the effect of space 
charge is neglected; (2) the degenerate mode at right 
angles to the driving mode is suppressed; (3) the de- 
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crease of the effective driving field to compensate for 
the energy transferred to the electron beam is taken 
jnto account. 

The effect of space charge can be neglected because 
of the relatively low charge densities in the beam and 
the presence of the steady axial magnetic field. The 
beam in the cavity is not bunched as in a magnetron, 
but is a steady stream of electrons. Although the cross 
section of the beam is assumed to be small, the total 
beam currents considered are also small. For these 
reasons, high charge densities are not obtained. In 
any event, the presence of the strong axial magnetic 
field prevents defocusing of the beam. 

Unless the perpendicular mode which is degenerate 
with the driving mode is suppressed, it will be excited 
by the spiraling electron beam. The r-f field in the cavity 
js, therefore, a superposition of a linear driving mode 
and a mode at right angles driven by the electron 
beam. This results in an elliptically polarized r-f field. 
If this degenerate mode is suppressed, the trajectory 
of the beam is the same as that of a single electron 
provided the decrease of effective driving field is 
considered. 

The electron beam also excites a mode of oscillation 
in the original plane of polarization in phase opposition 
to the driving field. This “counter” E-field reduces the 
effective amplitude of the driving field and is analogous 
to the counter-e.m.f. in an electromechanical generator. 
With this reduced driving field, the losses in the cavity 
walls are also decreased. The remaining r-f input power 
is transferred by the beam to the other plane of polariza- 
tion and appears as rotational energy in the beam at 
exit. 

For the circularly polarized mode, there is a field 
driven through an iris by the external generator in 
each plane of polarization, and in each of these planes 
there are two counter-fields in phase opposition to the 
externally driven field. The first of these counter-fields 
is the same as that described for the linear case and is 
analogous to the counter-e.m.f. in an electromechanical 
generator. This is the “direct” counter-field -which 
would exist even if the mode in the perpendicular 
plane were suppressed. 

The second counter-field is cross-coupled by the 
electron beam from the driving field in the perpendicular 
plane of polarization. In the linear case this cross- 
coupled field drives the other degenerate mode and 
produces elliptical polarization. In the circular case, 
this cross-coupled field appears in opposition to the 
phase of the externally driven field if the latter has 
been chosen to add energy to the beam. The two 
counter-fields reduce the effective field more than the 
single counter-field in the linear case, and there is a 
correspondingly greater energy transfer to the beam 
for circular polarization. 

If a spiraling beam of electrons is projected along 
the axis of the second TE11», cavity, the cavity is 
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Fic. 2. Projection on the transverse plane of the trajectory of a 
single electron. TE: cavity excited in a linearly polarized mode. 
x= 1, n»=0.1, and ¢=0. 


excited, and energy is transferred from the beam to 
the r-f field. With the proper choice of parameters, it is 
possible to extract all the rotational energy from the 
beam. However, if the transit time is too long, the 
electron beam regains rotational energy from the r-f 
field in the cavity. 


II. TRAJECTORY OF AN ELECTRON IN A 
TE1in, CAVITY IN A MAGNETIC FIELD 


The transverse E-field in a perfectly conducting 
TE11», cavity can be represented as E(r,6) sin27z/d, 
coswof. For small deviations from the axis of the 
cavity E(r, #) can be written, by proper choice of the 
x axis, as E,=E,, E,=0, where Eoz is a constant. For 
velocities small in comparison with the velocity of light 
and for small r-f power inputs, the effect of the r-f 
magnetic field is negligible. The nonrelativistic equations 
of motion can be writtenf (see Fig. 1), 


x=—e&,/m—(e/m)Boy (a) 
y= —e&,/m+ (e/m) Bot | 
2=0 (c) 


where the dot notation indicates derivatives with re- 
spect to time, and e/m is the charge-to-mass ratio of the 
electron. The steady magnetic field, Bo, is directed 
along the positive z axis. 

A linearly polarized mode as seen by the electron in 
its transit through the cavity can be written as 


&.= Eoz sin(24z/d,) cos(wol+ ¢) 


(1) 


(2) 


for the interval O<i<t;. Here, \,= wave-length in the 
cavity, fo=wo/2r=resonant frequency of the cavity, 
= transit time of the electron through the cavity, and 
$=phase angle of E-field at time of entrance. 


6,=6.=0 


t Rationalized M.K.S. units are used in this report. 
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The solution of Eq. (ic) is simply z= tf where 7p is 
the longitudinal velocity of the electron, and z=0 at 
t=0. Substituting this expression in the above equa- 
tions will lead to solutions for x(t) and y(¢) in terms 
of the parameters x=wo/w, and =%/v,, where 
we=(e/m)Bo is the cylotron angular frequency, and 
vp is the phase velocity of the r-f wave in the cavity. 
The solutions are for x=1 (see Appendix A), 








eEoz (sinl(1+7)wol+¢ ] | 
x(t) = — ——-} ——________-— | 
2mw" n(2+n) 
sinL(1—n)wol+¢ | 2 
= mutubstbeutatinsinerenn =a ‘és | 
n2—) (4H?) | 
X[(2— n°) sinwot cosp+ 2 coswot sing] 
| (3) 
. eK oz 2ncos cos{(1+n)wot+¢ ] 
¥($) = ————{ ——____4.-—_ —— 
y 2m" 1—7 n(2+n)(1+) 


cos[ (1— nwo] 2 | 
n(2—n)(1—n) = n(4— 9”) 





} 
| 
| 
X[(2—n*) coswot cosp— 2 sinwol sing } | 


The electron traces a trajectory in the form of a 
helix with an expanding radius. Figure 2 shows a 
projection on the transverse (x, y) plane of the trajec- 
tory of the electron as it travels longitudinally through 
the cavity. For the chosen direction of the B-field, the 
electron spirals in a clockwise sense. The axes of the 


| ~ 


Fic. 3. Projection on the transverse plane of the trajectory of a 
single electron. TE; cavity excited in a circularly polarized mode. 
«=1, »=0.1. 
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figures are 
eEoz 
=x) /- 
2m" 
and 
eEoz 





yO=r0 /- 
2mw¢" 


This curve is plotted for 7=0.1, which corresponds ap. 
proximately to a 4000-volt electron. This high value of 
voltage was chosen to facilitate the calculation ang 
plotting. For a more efficient transfer of energy to the 
beam, accelerating voltages of the order of 100 volts or 
less should be used. 

Similarly, a circularly polarized mode as seen by the 
electron in the cavity can be written as 


62= Eoz sin(22/X,)2 Coswol 
&,= Eoz sin(21/Xg)z sinwol 
&,=0 


for the interval 0</<4,. The direction of the B-field js 
taken the same as in the linearly polarized case. The 
circularly polarized field is chosen so that the E-field 
vector rotates in the clockwise sense. The solutions of 
the equations of motion for the same conditions are 
(see Appendix A), 


(4) 














eEor {2 1 | 
x()=— |- sinwot — - sin(1+ 7)wot, 

2mwo" n n(1+7) 

— sin(i— noe 
n(1—7) 

eKoz 2n 2 
y(t) = — =" — —— COSWolt - (5) 

2m" 1— n° n 


1 
+— cos(1+ 7) wot 
n(1+7) 


1 
+— cos(1—1)wot 
n(1i—n) 





Figure 3, shows the projection on the transverse 
plane of the trajectory of a single electron for this case. 

For x= wo/w-=1, the maximum transverse deflection 
is obtained for both the linearly and circularly polarized 
fields. For a cavity of length \,, the electron gains 
energy during the first half-wave-length and loses it 
during the second half-wave-length.{ If the transit 
time is chosen so that 1/7 is an integer, all the rota- 
tional energy is lost during the second half wave-length. 
If 1/n is not an integer, there is a small amount of 


rotational energy left in the beam at exit. The deflection | 


of the beam at z=), is of the order 1/7? smaller than 


t There are two unique cases, x=1/(1+7), for which there are 
equal increases in transverse deflection for each half wave-length 
traveled until relativistic effects become significant. 
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the deflection at z=,/2. The deflection varies ap- 

aproximately as 1/n. The transverse deflection for the 

circularly polarized case is approximately twice as great 

as the deflection for the linearly polarized case. For the 

same value of Eoz, it would require twice as much in- 
ut power to drive the cavity in circular as in linear 
larization. 

For the x=1 case, there are three sinusoidal terms in 
the expressions for x(¢) and y(¢) with frequencies 
(1+n)wo, (1L—n)wo, and wo. The transit time, 4, for a 
length d,/2 can be written as +/nwo. Then, at time 4 
the arguments of these sinusoidal terms become 


(1+-)woli=2/nt+7 
(1—)wol)=2/n—7 
Wwoli = 1/n. 


The first two terms, (1+7)wo and (1—7)wo, which 
describe the time dependence of the r-f driving E-field, 
differ by 7-radians from their phase at =0. Energy is 
gained by the electron in its transit from z=0 to 
z=\,/2 but is returned to the r-f field in the transit 
from 2=A,/2 to z=Ag. 

By calculating the square root of the sum of x” and ¥° 
as given by Eq. (3), an expression is obtained for the 
radial deflection of the electron in terms of the entrance 
phase angle, ¢, of the linearly polarized field. It is 
found that the terms independent of ¢ are of the order 
of 1/? larger than those containing ¢. For values of 
7<0.1, which are of the greatest practical interest, 
the radial deflection is effectively independent of ¢. 
There is also a small spatial deviation of phase: while 
two electrons entering the cavity 90 degrees out-of- 
phase in time will still be 90 degrees out-of-phase in 
time at exit, they will not be 90 degrees out-of-phase 
in space. This bunching is negligible for values of 
1<0.1. 

For a circularly polarized mode, each electron has the 
same trajectory through the cavity except for the rota- 
tion of the coordinate system about the cylindrical 
axis. 

In the solutions of the equations of motion for a 
single electron, the following approximations were 
made: 


1. The E-field magnitude is constant for small deviations from 
the axis of the cavity. 

2. The effect of the r-f B-field is negligible for velocities small 
with respect to the velocity of light and for small r-f power 
inputs. 

3. The relativistic increase in electron mass is negligible. 


For the choice of axes specified in Eqs. (2) for the 
linear mode, the expressions for the transverse E-field 
in a perfectly conducting TE11», cavity are 


E,=—A o(1/k-r)J i(k) _ 
Eg= AoJ\'(kr) sin@ , 


where J,=first-order Bessel function of first kind, 
J;'=first derivative of J;, k-=2m/d. where X, is the 
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cut-off wave-length of the cavity, Ao=2Eo.=ampli- 
tude constant. 

Using the coordinate system of Fig. 1, the E-field 
can be written as 


E.= Ao{[+(1/ker)Ji(Rer) 
Aisi $Jo(ker) | cos20+3J(k.r)} | 
E,= Agi — (1/ker)Ji(Rer) +4Jo(k.1) | sin26. 


For small values of the argument (k-r), 
(1/ker)Ji(k.r)—4J (kr) =0 
and these equations reduce to 


E,=4AoJ (kr) = FAo 
E,=0. 


This approximation is valid to within 1.2 percent for 
values of the argument up to 0.3. Values of the argu- 
ment up to 0.6 introduce errors of less than 5 percent. 
In a cavity designed to resonate at 9000 mc/sec., an 
argument of 0.5 corresponds to a deflection of one- 
quarter of the radius of the cavity, and, for wo=we, 
corresponds to a tangential velocity of the electron 
roughly equal to the velocity of light. 

The second approximation depends on the velocity 
of the electron and the r-f power input to the cavity. 
If the ratio of the transverse velocity of the electron is 
small with respect to c, the velocity of light, the force 
on the electron exerted by the E-field is large with 
respect to the force exerted by the B-field. If the power 
input to the cavity is large (above a kilowatt for an 
X band cavity), the magnitude of the r-f B-field ap- 
proaches the magnitude of the steady B-field and there- 
fore becomes appreciable. 

The relativistic increase of mass is negligible if the 
ratio of the total velocity of the electron to the velocity 
of light is small with respect to one. For electrons of less 
than 5000 volts energy, relativistic effects introduce an 
error of less than 1 percent. 


Ill. TRAJECTORY OF AN ELECTRON BEAM IN A 
TElin, CAVITY IN A MAGNETIC FIELD 


The theoretical treatment of the trajectory of a 
single electron in a cavity must be modified when a 
beam of electrons is considered. If the cavity is cylindri- 
cally symmetrical, two degenerate TE11n, modes can 
exist having mutually perpendicular orientations. The 
spiraling electron beam serves to couple energy between 
these two modes, and this coupling must be taken into 
account in the calculation of the beam trajectory. 

The azimuthal position angle, #, of the electrons in 
the cavity is related to the deflections by tand=y/z. 
For linear polarization with x=1 and <1, the ap- 
proximate expression for @ (after several r-f cycles) is 


6=wltot+n/2. 


In this expression each electron has its own local time 
which is taken to be zero when the electron enters the 
cavity. 
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Fic. 4. a; = Eey2/Eiz as a function of Yo. 
X band TE, cavity with «=1. 


If electron 1 enters at ¢=0, its azimuthal angle (6,) 
is, after a time interval At, 6;,=w-At. If electron 2 
enters at = ¢2, its azimuthal angle (62) is, after a time 
interval Als, 02= w- Alot do. Since o2= w-Al;— w-Ale, 
6,=6.. A projection on the transverse plane at any 
instant of a succession of electrons traversing the 
cavity would show a line of electrons each having the 
same azimuthal angle, but with greater radial deflec- 
tions for the electrons which had been in the cavity for 
a longer interval of time. Accordingly, the beam of 
electrons has the form of a straight pencil at an angle 
to the axis of symmetry of the cavity rotating with an 
angular frequency w,..ff 

For circular polarization with x= 1 and 7<1, the suc- 
cessive electrons will have the same azimuthal angle, 
as in the linear case. The beam has the same form of a 
straight pencil rotating around the axis of symmetry 
with an angular frequency w.. 

For linear polarization, the spiraling electron beam 
drives a counter E-field in phase opposition to the 
original driving field. If the original r-f driving field 
is polarized in the plane containing the x axis, its 
amplitude Eo, is reduced by the counter E-field. This 
counter E-field is called E»,, since it is directed along 
the x axis and is produced by the driving field in the 
plane of the x axis. With the reduction in the effective 
driving field, the losses in the cavity walls are decreased 
and the balance of the r-f input power appears in the 
rotational energy of the beam. The amplitude of the 
effective or reduced field is | E,z| = | Eoz| — | Eezz|. 

The spiraling beam also excites the degenerate mode 
in the plane of the y axis. The amplitude of this cross- 
coupled field is called E22. It is directed along the 
y axis, but is caused by the driving field in the plane of 
the x axis. 

The differential equations of motion (1) for the elec- 
trons in the beam are unchanged, assuming the same 
approximations. For x=1 and 7?<1, the r-f field in the 





tt A graphical analysis indicates that the 7 <1 restriction is 
stronger then necessary and that a pencil beam is formed for 
<1. 
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cavity as seen by the electron beam can be written as 


&:2= Ej, sin(24z/A,) coswot 
Sey2= — Enyz sin(27z/d,) sinwol 
6,=0 


for the interval 0</<t,. The time dependence chosen 
for the Ex,z field is valid since the electron beam igs q 
straight pencil beam rotating around the axis of sym. 
metry. The phase angle of the Ei, field at entrance js 
omitted since »*<1. The solution of the equations of 
motion is for x=1 (see Appendix A), 


(6) 


eFi, [ 4— 27° 


x(t)=— 
2m? n(4— 7”) 


SINWol 





sin(1+7)wot sin(1—7)wot 
n(2+n) n(2—n) 
—4 sin(1+ 7) wot 
+a1;— - sinwof+ 
n(4— 7) n(2+n)(1+ 7) 
sin(1— )wot ] 
n(2—)(1—7n) 
4—2r? 
™ COSWol | 
2m 1— 9 n(4— 1”) 
cos(i+n)wot cos(1—7)wot 
n(2+n)(14+n) (2—n)(1—n) 
+ cos(1+ 7) wot 
+ a1{ ———- coswof — ———_———— 
n(4— 7°) n(2+7n) 
cos(1— n) wo 

















* (7) 
i €~2e | 
[ 





y(t)=— 





n(2—n) 


This solution is written in terms of a; which is defined 
as the ratio of the E-field amplitudes, E2,./Ei:. 

For a cavity excited in a circularly polarized mode, it 
is necessary to introduce E-field amplitudes for each | 
plane of polarization corresponding to those defined | 
for the linear case. The original driving fields in each 
plane have the amplitudes Eo, and Eo, when no energy 
is transferred to the beam. The reduced amplitudes are 
Euz and Ey. 

There are two counter-fields in each plane: The first 
is the counter-field produced by the driving field in the 
same plane; the second is the counter-field cross- 
coupled from the driving field in the perpendicular 
plane. The first counter-field is analogous to the counter- 
e.m.f. in an electromechanical generator. The amplitude 
of this field is E2,, in the x axis plane and Eoy, in the 








y axis plane. It acts in the same plane as the driving [ 


field by which it is produced. ; 
The second type of counter-field, the cross-coupled 
field, acts in the plane perpendicular to the driving 
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as field by which it is produced. The field E22 acts in the 
axis plane, but is caused by the driving field in the 
6) taxis plane. The field E>,, acts in the x axis plane, but 
is caused by the driving field in the y axis plane. 

Both types of counter-fields act in opposition to the 
































en phase of the driving fields if these original fields are 

a chosen to add energy to the beam. Therefore 

m- 

ig | Eiz| = | Zoz| — | Zezz| — | Easy] (8) i | : 

of | E1y| = | Eoy| — | Zoyy| — | Zoye! - r | | | 1 

The differential equations of motion (1) are un- i /, | oe i a es mh », oil 

changed assuming the same approximations. For «=1 . - <= > . - 
and ni, the r-f field in the cavity as seen by the Fic. 6. Distribution of power between the electron beam and 
electron beam is the driven plane of polarization. X band TE, cavity with 


x= 1, 
612= Ez sin(2742z/dy) coswot 
61,= E,z sin(272z/),) ina (9) for the interval O<¢<¢,. The trajectory of the beam can 
&1.=0 be obtained from the solution of the differential equa- 
for the interval O<‘<t). Except for the change in tions of motion (1). The solution is for «=1 (see 
amplitude these expressions are identical with those for Appendix B), 

a single electron (4). Therefore, the solutions for a 







































































single electron (5) will be valid for the electron beam if diene eine eE>, | 4—2r? — 
E,; is substituted for Eoz. wo 2men? | n(4— 7?) 
‘ IV. TRAJECTORY OF A SPIRAL BEAM EXCITING a . en 
(7) A TE1in, CAVITY IN A MAGNETIC FIELD _sin(1+a)eo  sin( | 
If a spiraling beam of electrons is projected into a n(2+ n) n(2—n) 
TE1in, cavity in the presence of a steady axial magnetic : 
= . ° ° ° eK, 4 
field, the cavity is excited, and energy is extracted from ; 1 sinwol 
the electron beam. It is assumed in this discussion that 2mw? | n(4— 7?) 
a steady state condition has been reached. It is also 
assumed that the spiraling beam is a straight pencil of sin(1+n)wot — sin(1— n)wot 
electrons rotating about the axis of symmetry at an ad I4-n) 2n(1—n\(2— 
angular frequency w,. The phase of the E-field in the Ml+M2+n) nl—n)2—n) 
cavity is determined by the phase of the electrons upon Xo Xo 
entrance (t=O). If the phase of the entering beam is y(t) = yot-——— Coswol > (11) 
chosen so that 2»=0, #%o=0, Z has its maximum nega- — 
tive value, and yo has its maximum positive value, cE. 2 4—2n? 
2z n n 
ned then the r-f field as seen by the electron beam for x=1 + | _ —_ COswot 
and 7°<1 is 2maert 1-7 7(4—7n?) 
e, it | &0:= — E2; sin(27z/dy) Coswol 1 _ 
ach | &0)= — Eny sin(2x2/Ag) sinaool (10) a 
ined | b2.= n(1+n)(2+n) (1—n)(2—n) 
-ach : = ’ T T T F alee te aa el 4 T tT TT E 4 
; 4 > so a » ele omni 
re) : | = —— = — : | COSwot 
“Tb Ae Re Taz mat | n(4—n") 
| . lO.) t/2 on 
first — oi {f+ ; a cos(1i+ n)wot cos(1 -_ ~| 
. the [ | \ : <_ 
rOSS- L | Se) | (2+ n) n(2— n) 
X80 4 
ular : q a V. COUPLING BETWEEN OSCILLATIONS IN 
iter- c Me 7 MUTUALLY PERPENDICULAR PLANES OF 
tude 5 Te. . POLARIZATION IN A CAVITY DRIVEN 
the Ty. J IN LINEAR POLARIZATION 
. ‘\ 
ving a at Nd The power input (Pj,) to the cavity excited in linear 
, ~~ / . — ;, , polarization in the x axis plane is partially dissipated 
| IG. 9. Distribution of power between the driving plane o . a . a 
= . polarization and the electron beam. X band TEin cavity with in the walls of the cavity (Pez) and partially trans 
ving =I, ferred to the electron beam (Pg). Pg is determined from 
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Fic. 7. Distribution of power in the plane of polarization driven 
by the electron beam. X band TE, cavity with «=1. 


the beam current and the driving field along the tra- 
jectory of the beam, 


Pu= f beam current X driving field. 


The trajectory of the beam of electrons in a linearly 
excited cavity is given in Section III in terms of EF, 
and a= Eoyz/ Ez. 

P.z is obtained with the usual expression for Q, 


Energy stored 
Q=wr ’ 
Average power loss 





in terms of Pin, E12, and the properties of the cavity. 
From these two expressions, Pg and P,, can be written 
in terms of a; and the physical constants of the cavity. 

To find a, the power coupled from the electron beam 
to the second plane of polarization, P,z, must be evalu- 
ated. P,z is found by taking the line integral of the 
product of the beam current and the driven E-field, 
Evyz, along the trajectory of the beam. With the expres- 
sion for the Q in the driven plane, another relation 
between E>,, and P,z is available. These two expressions 
can be solved simultaneously to give a; in terms of the 
beam admittance, VYo=Jo/Vo, and cavity constants. 
With a, determined, Pg, P.2z, Pyz, and the rotational 
power left in the beam at exit can be written in terms 
of the r-f power input, Pj,. If there is an iris coupled to 
the second plane of polarization, the power transmitted 
through the iris (Po,) and the power dissipated in the 
cavity walls in the y axis plane (P.,) can also be de- 
termined. 

In the following treatment, a; is obtained first. The 
general power expressions are specialized to the case of 
a cavity of length A,/2 with c=1 and 7°<1. The result- 
ing expressions are plotted for a 9000-mc/sec. (X band) 
TE cavity. 

The power coupled to the plane containing the y axis 
is given by 


Py.= Ne f E:-ds, (12) 


120 


where VN =number of electrons entering per second, 


2= — y Eye sin2az/Xg Sinwol, 
ds=xidt+yydi+zzdi=path element of the tra. 
jectory. 


Since both & and s can be written as functions of ; 
only, using z= vol, the limits of integration can be taken 
as t=0 and ‘=4,, where ¢; is the transit time of an elec. 
tron through the cavity. 

For the case of a cavity of length \,/2 with «=1, ex. 
pression (12) becomes with (7) since n? < 1, 


TyeE 22,7 (1 = a) V ody? Eoy2" (1 — @) 
Py ey 


2mwey ay 167° ay 





where J5=Ne=beam current, Vo=Jo/Vo=beam ad- 
mittance, and Vo= mz "/2e= beam accelerating voltage, 
With the usual definition of the cavity Q, 


Prem wo( def Ezdr/Qus) 


= wo€oy2"To/ 20 Ly 


, (14) 


where Q;,=the y plane Q loaded by the coupling iris, 
€9=dielectric constant of free space, dr=element of 
volume in the cavity, t>=volume constant (see Ap- 
pendix C). From expressions (13) and (14), the desired 
result is obtained: 


1 
a,= c 
ies (82? woeoTo)/( YQ iyAz”) 





(15) 


To relate P,yz to Pin, it is first necessary to evaluate 
the power coupled into the electron beam, Pz. 


P= —Nef E,-ds, (16) 

where E’=xE;, sin(27z/X\,) coswol. For the case of a 
cavity of length \,/2, with x=1 since 7’°<1, 

TpeE,27 1 


Pz,= —(1—a;)= 
2mw” 7° 167 


- 9m 9° 
} oAg? E42" 





(1—a). (17) 


The power driving the cavity, Pin, is partially dissi- 


pated in the walls of the cavity and the rest is con- | 
verted into rotational energy of the electrons. The | 


power dissipated in the walls of the cavity in the x axis 
plane, P.z, can be written as 


P.2= wo€ol12°T0/2Q0oz2, (18) 


where Qo,= unloaded Q of the mode in the x axis plane. 
Defining &; as the ratio Pg/P-z, 


ki=Pp/P = V Qordg?(1— a1)/8*woeoTo (19) 7 


for the case of x=1 and a cavity length of A,/2. Sub- | 
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stituting the expression for a, (15) results in 











k= (Qoz/Q ry) a1. (20) 
Since Pi.= Pt Ps, 
ky 1 
Pz= P\,.=——_—_ Pin 
1+k, 1+ (O1,)/(Qoza) 
and (21) 
1 1 
P2=——P n= Pin 
1+k, 1+ (Qoz/Q1y)o ? 





By defining two more coupling coefficients 
ko=P,-/Pp and ks= Poy /Pyz, 


where Poy is the power coupled out through an iris in the 
y axis plane, it is possible to write Po, in terms of Pin. 

The coefficient ks; depends on the properties of the 
coupling iris and can be written as 


ks=1—Q1,/Qoy, (22) 


where Qo, is the unloaded Q in the y axis plane. From 
expressions (13) and (17) 
ko= ay 
and 
Pyz ay 


Pin 1+(Qt)/(Quserr) 


Then, by the definitions of the coupling coefficients 


Poy kykok3 a1 ( “*) 
———= SS = 1——— . (24) 
Pin (+k, 14+(Qu,)/(Qozar) Qoy 


Thus, the ratio Po,/Pin is specified in terms of the beam 
admittance and the physical characteristics of the 
cavity. 

The rotational power remaining in the spiral beam 
at the cavity exit, (Pz)exit, can be obtained by sub- 
tracting Pyz from Pg. It is also possible to obtain 
(Ps)exit from kinetic energy considerations: 


(Ps)exit= Nm/2[(@)* =ty+ (y)« 7 ty] 
Tek? 


= 1— a)? 


2mw"n* 








(23) 





1—a, 


Pin 
1+ (Q1y)/(Qoze) 


for a cavity of length A,/2 with x=1 and 7°<1. 

The amplitudes of the E-fields defined in Section III 
can now be readily evaluated in terms of Pin for a 
cavity of length A,/2 with x=1. By definition of Qo., 


(25) 











Eoz:= (2Q02P in/wo€oTo)?. (26) 
From (18) and (21), 
2Qoz I in ; 
E=| - 7) 
wo€oTo 1+ (Qoz/Ory)ar 
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From (27) and the definition of aj, 
Bye=[ a'P in -. 
wo€oTo 1+ (Qoz)/(Qiy)ar 


The “counter” E-field, E2,, defined in Section III, is 
obtained from (26) and (27), 


2QozP in 1 ’ 
pan (OP, _* ay 
Wo€0TO 1+ (Qoz/ QOry)or 





(28) 





The actual field present in the cavity is elliptically 
polarized and rotates in the sense opposite to that of the 
electrons. 

In order to plot some of the foregoing expressions as 
functions of Yo, the following values are assumed for an 
X band TE; cavity with two coupling holes: 


wo= 247 X9X 10° c.p.s., 

A\g=4X10- meter, 
Qoz=Qoy= 2X 108, 
Qw= 10%, 

To= 2.2810 meter’ 


(see Appendix C). All plots are for 7’<1 and «=1, 
which corresponds to a B-field of 0.32 weber/meter’ 
(3200 gauss). A practical range of values for the beam 
admittance, Yo, is 10-* to 10-7: Y»>=10~* mhos corre- 
sponds to currents of the order of 10 or 100 ma, and 
voltages of the order of 1 to 10 volts; Yo=10~’ mhos 
corresponds to currents of the order of 10ua, and volt- 
ages of the order of 100 volts. 

Figure 4 shows a plot of a1= Eeyz/Fiz as a function 
of Yo, Eq. (15). 

Figure 5 shows a plot of the distribution of power 
(Pin=Pp+P.2) between the driving (x axis) plane of 
polarization and the electron beam as a function of Yo. 

If the mode in the y axis plane is suppressed (Q;,=0), 
the approximate expressions (21) become indeterminate 
and it is necessary to let a vanish in the expression 
for Pz (17). Then 


Pz= YAP Ei2/167°. 


(30) 

















Cl 


Fic. 8. Power transfer from a spiraling beam of electrons to an 
X band TEin cavity. <=1 and Q2z¥Q zy. 
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Since P., remains the same, 


Pp 1 


Pin 1+ (82*woeoTo) ( V oAy"Qoz) 


and | . (31) 


Prez 1 
Pre 1+ ( Y oAy"Qoz) (827 woeoTo) 


These curves are also shown on Fig. 5. 

Figure 6 shows the distribution of the power coupled 
into the beam (Pg=P,,+Ps) as a function of Yo. 
If the mode in the y axis plane is suppressed, (Q1,=9), 
P,z=0, and (Pa)exie= Po. 

Figure 7 shows the distribution of power in the 
driven (y axis) plane of polarization (Py:= P+ Poy) 
as a function of Yo. P., is the power dissipated in the 
walls of the cavity by the oscillation in the y axis plane 
and can be written 


woroTole,2" 
>. 2 
I on : a 
20, \ 


ay Vly 


14 (Qty)/(Qoser) Oop 


- 
n 





by making use of (28). Since critical coupling (Qo,=2Qz,) 
was chosen, Po,= P.,. It is of interest to determine the 
dependence of P,, as a function of Q,,. Using expression 
(15) for a, and differentiating the power ratio Pyz/Pin 
(23), with respect to Qz,/Qoz, the following condition 


results for maximum P,,/ Pin, 
ey] 
Ay V Qoz 


Substituting this expression in (23), the optimum power 
ratio P,z/Pi, is obtained. This optimum power ratio 
and the ratio Qz,/Qoz are also plotted in Fig. 7. 

The value of Q:, can be decreased by increasing the 
size of the coupling hole in the y axis plane. Since it is 
not possible to enlarge the hole very much beyond criti- 
cal coupling without materially decreasing the values of 
Qo, and Qo,, the maximization condition (33) has a 
limited validity. 


Qty ad ee (33) 


Ooe Ldj2¥ von 


VI. COUPLING BETWEEN OSCILLATIONS IN 
MUTUALLY PERPENDICULAR PLANES OF 
POLARIZATION IN A CAVITY DRIVEN 
IN CIRCULAR POLARIZATION 


Since all the power in the beam appears at exit for 
the case of circular polarization, Pg=(Ps)exit. From 
kinetic energy considerations, 


Pp=Nm/2((4)t=n+(y)*=4], 


where z and y are found by differentiating expressions 


122 


(5) with £;, substituted for Eo,. For a cavity of length 
\,/2 with x=1 for 7<1, 


P,= (VY oF12"A,”), 4r*. (34) 
For a cylindrically symmetrical cavity, one-half of the 
power in the beam is coupled from the driving field jn 
each of the two planes of polarization. Thus it is possible 
to define coefficients, similar to k; (19), 


kie= P 3:/ Pas 
and 
ky,= Pad Pap 


where Pg.= Pp,=3P x. Then kiz= hiy. Using (18) for P., 


Y odg"Qoz 
kis= - (35) 


9 
Ar wo€oTo 





is obtained. By analogy with the expressions (21), 


Pz2= [Riz/(1 es ag : 


P..=[1 /(A+kiz) |(Pin)z (36) 





Similar expressions hold for the y axis plane. 
From (36) and (18), Zi, can be written explicitly as 





. 20oz (Pin): 3 
E,,=|—— — - (37 
WoENTO 1+hk:- 
and by definition 
200. ' 
Eu=| — (Ps-| ‘i 
Wo€0TO ' 
From expression (8), ; 


ky, 








20or(P in)z : 
Fort Ean Bar Eue=|—— —“( -)| - (38) 
WoE€OTO 1+: } 


Similar expressions hold for the y axis plane. 


VII. EXCITATION OF A TElin. CAVITY BY A 
SPIRALING BEAM OF ELECTRONS 


Since the transient case is of little practical interest, 
it is assumed that steady-state conditions have been 
reached. 

In Section IV, the expressions for the trajectory oi 
the electron beam were determined for the case of a | 
cavity excited by a spiraling beam. The power trans- 
ferred to the cavity is found by taking the line integral 
of the product of the beam current and the E-field along 
the trajectory of the beam through the cavity. If the 
Q’s of the two modes are not the same, it is convenient 
to evaluate separately the line integrals of the x and 7 
y components of the r-f field. The general expressions 
are specialized to the case of a cavity of length ),/? | 
with h=1 and 7’*<1. ; 
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The power transferred to the cavity, Pr, is given by 
the integral 
Pr=+Nef E.-ds, (39) 
where 


»= —XE», sin(242/A,y) Coswol—yE», sin(27z/d,) sinwol 


and 


ds= xidi+yydl. 


Considering first the case where Q,;:~Qz,, it is 
convenient to write Pr as the sum (P7r,+P7r,) of the 
powers transferred to the two modes. Then 


Pr:= —vef xE»,-ds| 


| 
Pr,=—Ne f yk», -ds | 


The evaluation of the first of these integrals for a cavity 
of length \,/2 with x=1 results in since 7°<1, 


and (40) 








NeE2, N@E2? Ne@EwEy 
Pr.=— ie - —-- (41) 
won 2mwo?n? = 2mao?n” 
With the usual expression for the cavity Q, 
P7,= wo€oT of22"/ 20 iz. (42) 
These expressions determine E»,, 
— 21 oXo/won 
k., = —____—- ——————————————-_ (43) 
(wo€oTo /Qiz)+ (Yo? /8m°)\A+Q1, /Qtz) 
where i is negative. Using (42) 
WoeoTo 
Pig. ti enetaen 
201 
— 21 oko/won 1 
x -— = = -_____-- ——]- (44) 
(wo€oTo/Orz)+(¥ od,?/82")(14+01,/QOrz) 
Defining the driving power as 
Pp= (Nm/2)a¢, (45) 
it is possible to write (44) as the power ratio, 
Pr, O1:¥ od," 
Py 2 woeoro 
1 2 
1+[} org? (OQrz+Q1y) / [82 woeoro | 


Similar expressions hold for the y axis plane. 
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If the cavity has one iris which couples to the y axis 
plane, Qzz will be greater than Q;,, and more power is 
coupled to the unloaded plane of polarization. 

For the special case where Q01;=Q1,, E22:= Es, and 
the total power transferred is 2P 7,, 


1 2 
|. (47) 


Pr | 
Tw€oT) 1+(Q 2) od,7] [42° woeoro | 


Pp 





Figure 8 shows the power ratio Pr/Pp (47) as a 
function of Yo for a cylindrically symmetrical X band 
cavity having the same physical constants as used in 
Section V with Q;, taken equal to Q,,. Above the 
critical value of Yo for which P7/Pp equals unity, 
the power transferred to the cavity drops off rapidly. 
The physical explanation is that for higher values of 
Yo, the electrons lose all their rotational energy to the 
r-f field before they complete their transit through the 
cavity, and start to regain rotational energy from the 
field. 

Figure 8 also shows Pr;/Pp (46) and P7,/Pp (46) 
plotted as functions of Yo for the case where there is a 
single iris critically coupled to the y axis plane. Then 


OL:= Vor= 20 Ly. 
The total power transferred to the beam (P7:+P1,) is 


Pr Y oA," 
P, =(07:+01, ———- : 


D 2 wo€oTo 


1 2 
i+ [ } ody (Q Lat QO ty) | / [82woeoro | 
Maximizing this ratio with respect to Yo determines 
the critical value of Yo, 
82 EqwoTo 


Yo= 
d, (Q Lzt Q a 





VIII. CONCLUSIONS 


Several possible applications of the interaction be- 
tween the resonant cavity oscillations and the spiral 
beam of electrons are evident. First, this interaction 
could be used as the basic energy interchange mecha- 
nism in a microwave generator. Second, the coupling 
between oscillations in the two planes of polarization 
in a single cavity or the coupling between two cavities 
by an electron beam could serve as a method of ampli- 
tude modulating a microwave signal. Modulation could 
be effected by varying either the beam current or 
voltage. A tube called the Electron Coupler, which 
uses a two-cavity system for amplitude modulation, has 
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recently been described in the literature.’ Third, the 
resonant cavity driven by an external oscillator could 
be used as a microwave circular sweep generator. This 
sweep would be particularly useful for measuring ex- 
tremely short pulses. For example, a spiral beam formed 
in the X band cavity described would make one com- 
plete revolution in about 10- second and could there- 
fore be used to measure time intervals up to the order of 
10-" second. 

Experimental X band tubes have been constructed in 
this Laboratory. The experimental results obtained 
will be published in a later paper. 


APPENDIX A 


Solution of the Equations of Motion in a 
TE11n, Cavity 


The equations of motion (1) can be written using the 
Laplace transform notation® for O0</<h,, 


#X(s)+w.sY(s)= —(e, eee) 
SY (s)—wsX(s)= —(e/m)L£(8,) }’ 


where s=variable in the complex plane, £= Laplace 
transform of, X(s)=Laplace transform of x(t), Y(s)= 
Laplace transform of y(¢). 

The initial conditions assumed are that x=0, 7=0, 
y=0, and y=0 at ‘=0. Then 


ecko: W- 


2m $(s°-+-w,2) 
XK L{cosl (1+ 9) wot+¢ |—cos{ (1— 9) wol+¢ }} 
cE oy 1 


2m 2?+w2 


L{sin[ (1+ n)wol+¢]—sin[(1—n)wol+¢ J} 


X(s)=— 











2m s(s?+w,”) 
XL{sin[ (1+ n)wot+¢]—sin[(1—n)wott+¢o]} 
eEoy 1 


2m 2?+wa2 
XL{cos[ (1+ n)wot+ ¢ ]—cos[_(1— 








n)wol+ ¢ |} 


For the linearly polarized mode, Eo,=0. Then, for 
~ (1+)wo, 


7C. L. Cuccia, “The electron coupler—A developmental tube 
for amplitude modulation and power control at ultra-high fre- 
quencies,”” RCA Rev. Vol. X, 2, 270-303 (1949). 


8M. F. Gardner and J. L. Barnes, Transients in Linear Systems 


(John Wiley and Sons, Inc., New York, 1942). 
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) eEo: (1+ 7)we cos@+s sind 
xH=- 7 - 
2m (s?+- w.”) (s?-+ (1+ 7)*wo*) | 
(1— 7)wo coso+ s sing 
(s?+ w,?)(s? +(1—»)? wo’) a] 
eEo- (1+ )wo cosp-t Ss sing |’ 
y(t) = ——w-£- |— | 
2m s(s°+ w,”)(s* + (14+) 2wo 





(1—1)wo cosd+s sing | : 
































s(s*+-w2)(s?-+ (1—n)*a) 
where £~' means the inverse Laplace transform. By 
taking the inverse and letting wo=w., i.e., kx=1, the 
Eqs. (3) are obtained. 

For the circularly polarized driving field, Ey,#0 and f 
@=0, then ; 
eEoz (1+ n)wo | 
x(t) = -——£71 
2m (s?-+-w.")(s?-+ (1+ 9)?wo?) . 
(1—n)wo 
(s?-+-w.*)(s?— (1— n)?wo?) 
eEoy, We 
el 7 
2m (s?+- w.”)(s?+ (1+ 9)?wo") 
We | 
~ (4402)(8+ (1— 9)¥ae?) 
, eEor w(1i+ n)wo 
y(t)= -—£" — 
2m | s(s?-+w.2)(s?-+ (1+ 1)%an?) 
w-(1 a 1) wo | 
$(s?+-w,?)(s?-+ (1— 7)*ea9?) 
eKy, $ 
a -£ | 
2m (s? neal (s+ (14-9)? wor 


A) 
® 24 2) +( | 
(s?-w2)(s?-+ (1— n)?we?) 


By taking the inverse of these expressions, and letting 
wo=We, i.e., <=1, and Eo,=Ep,, Eqs. (5) are obtained. 
Equations (7) are obtained when £,, is substituted for 
Eo; and — E»,z is substituted for Eo,. 


APPENDIX B 


Solution of the Equations of Motion in a TEi, : 
| Cavity Driven by a Spiraling Electron Beam 


The equations of motion (1) can be written in| 
Laplace transform notation*® for O0</<h, 


8X (s)—ato+w-sY (s)—weyo= — (e/m)£(62) 
SY (s)—yos—wesX(s)= — (e/m)£(&,) J’ 


JOURNAL OF APPLIED PHYSICS 


' 
' 
| 


wh 


yl 


wh 


m i 


Ra 


Vc 


Zo 


eEo: (1+ n)wo 
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(t+w2)(sk+(1+n)%we?)  (s-tw2)(s2+(1—n)?w0?) 


| here the initial conditions at ‘=O are: x=0, y= yo, =o, y=0. Then, 
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wYo+ Wo 


s(s?-+w,?) 


Yos 


we(1 + n)wo 
2+? 

















| =e} 








: cE 
| Pt, 
By | 2m 
the i ‘ 
| By taking the inverse and letting wo=w., ie., x=1, 
and | gs. (11) are obtained. 
: 
: APPENDIX C 
Evaluation of }e J E*dz in TE1in. Cavity 
| The E-field in a TEiin, cavity is given by® 
1 2112 
E,= —Ao—J (kr) sin@ sin-—— 
; ov Ag 
? (C-1) 
27n.2 


Fe= AoJ 1'(k.r) cosé sin—— 


| ry 


where #, is an integer. Then 


1 eAg? (ro!) ; 2112 
“of E%dr= f sin® —dz 
2 2 vo Ag 


a 2r 1 
x f f Fee °(k.r) sin? 
Py 0 kr 


+J,(k.r) cos fra 


| €oA 0° ~t- 
| 2 4keld, op 











1 
J? (p)dp 





tting 
ined. 


+f odode (C-2) 
d for 0 


*S. Ramo and J. R. Whinnery, Fields and Waves in Modern 
Radio (John Wiley and Sons, Inc., New York, 1944). 
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4 . = oak cated 
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=| 
2m Ls(s?+w,2)(s?-+ (1+ 7)*w0?) 








we(1—n)wo 
5(s?-+-w,”)(s?+ (1—)*ao?) 
$ Ss 


(S+o2\(E+(ltn)ed) (¢+w2)(8+(I— a | 











where a is the radius of the cavity, and p=k-r. The last 
integral in (C-2) becomes 


See J (ka) 
f pJ \"*(p)dp= —— “4 +k.aJo(k.a)J (ka) 
J ?(k,a) 1 ka? 
+——--- Ly (k.a) 
2 2 2 
—Jo(k.a)J (ka) |. (C-3) 


The first integral in (C-2) cannot be integrated in a 
closed form, but the integrand can be expanded in a 
series and then integrated. For an upper limit of inte- 
gration less than 2, only the first six terms are required 
for three-place accuracy. Thus 








kea 
f -J7(p)dp 
0 p 
p> pt 5p° 7 p® 10 kea 
+|—-—4+—_-—__ —| + (C-4) 
8 64 4608 147456 737,2801o 


Then the stored energy integral can be written 
sof Edt = 260A Pt 9 = }€oE0*T0 


where 79 is found from the evaluation of (C-2) using 
expressions (C-3) and (C-4). Then to=4r7 9’ because 
Aop=2Eo. 

For an X band TE cavity, where f>=9000 mc, 
a=1.75X10- meter, and \,=4X10- meter. Then 
k.a=1.85, and the approximation condition is satis- 
fied. For these numerical values, ro>= 2.28 10~-* meter.* 
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By applying Stokes’ Fourier transform method for the analysis 
of diffraction maxima it is shown that the pure diffraction contour 
generated by a crystallite size distribution is apt to be approxi- 
mated rather closely by the function 1/(1+-4%@*). In the case of 
the x-ray spectrometer this pure diffraction contour is broadened 
significantly by the action of the following five geometrical factors: 
(I) the x-ray source width, (IT) flat rather than curved sample 
surface, (III) vertical divergence of the x-ray beam, (IV) pene- 
tration of the sample by the beam, and (V) the receiving slit width. 

The broadening of the pure diffraction contour due to the action 
of each of the five factors and the breadth of the final contour 
generated by the instrument can be deduced by employing the 
convolution approach suggested by Spencer. The effect of each 


I. INTRODUCTION 


N addition to its theoretical interest this subject 
commands attention because of the very general 

employment of the diffraction contour width as a 
criterion of crystalline size. The problem is essentially 
that of deducing the nature of the pure diffraction con- 
tour free of instrumental contributions. Several in- 
vestigators have suggested methods of attacking the 
problem,'~* the most directly applicable one being 
that of Stokes.° 

In the present paper each of the geometrical factors 
causing significant broadening will be discussed sepa- 
rately, and it will be indicated how the net broadening 
can be estimated as a result of the combined action of 
the several factors. In the following paper (this issue) 
these findings are applied to the problem of more ac- 
curately determining the crystallite sizes of powders 
from contour broadening measurements. 

When freed of instrumental effects, the breadth of a 
contour approaches zero for the case of crystallite di- 
mensions greater than 1000A and for moderate Bragg 
angles (such as must be resorted to in conventional 
spectrometers). However, at Bragg angles close to 90° 
the pure contour breadth is measurable for crystallite 
dimensions as large as 2000A. 

For a powder spectrometer in good adjustment the 
instrumental factors causing appreciable broadening 
are the following: (I) width of x-ray source (or “source”’ 
slit if two slits are used), (II) flat rather than curved 

* Presented in part before the American Society for X-Ray 
and Electron Diffraction at Cornell University, Ithaca, New York, 
on June 25, 1949. For Paper No. I, “Factors Causing Asym- 
metry,” see J. App. Phys. 19, 1068 (1948). 

' Roy C. Spencer, Phys. Rev. 38, 618 (1931). 

2 Roy C. Spencer, Phys. Rev. 55, 239 (1939). 

? Roy C. Spencer, J. App. Phys. 20, 413 (1949). 

'C. G. Shull, Phys. Rev. 70, 679 (1946). 


5 A. R. Stokes, Proc. Phys. Soc. 61, 382 (1948). 
6 A. Kochendorfer, Zeits. f. Krist. 105, 393 (1944). 
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Geometrical Factors Affecting the Contours of X-Ray Spectrometer Maxima. 
II. Factors Causing Broadening* 





instrumental factor is expressed by a convolution equation of 
the form 


fil) = J | Wi fi-lo—Hdk, 


in which @ is the angular displacement from twice the ideal 
Bragg angle, 26, f;_, is the contour before the action of the ith 
geometrical factor, W’; is the form of the ith geometrical facto, 
and f; is the contour after the action of W; on fi_. Starting with a 
pure diffraction contour of the form 1/(1+%$*), generalized 
broadening curves are derived for the effect of each of the fiye 
geometrical factors. Using these curves it is possible to predict the 
breadth of the final diffraction contour generated by the spec- 
trometer from an initial contour of any breadth. 


sample surface, (III) vertical divergence, (IV) pene- 
tration of the sample by the beam, and (V) width of 
the receiving slit. In the older Norelco model in which 
Soller slits are not employed, factor (I) is usually 
dominant while (IV) and (V) may or may not be in- 
portant. In the newer models vertical divergence jg 
practically eliminated by the use of Soller slits, while 
at the same time very narrow sources are employed, 
For this case factor (I) becomes less important and (III) 
can be neglected. 





II. THE MATHEMATICAL EXPRESSION OF 
INSTRUMENTAL EFFECTS 


Spencer** has pointed out that the effect of an ap- 
paratus is to transform a function f(x) into a function 
F(x) which is directly observable. Assuming that the 
superposition theorem holds, F(x) is the convolution 
(Faltung) of f(x) and the weight function, W(x), of the 
apparatus, v72., 


+00 
r= f W (u)f(x—u)du. (1) § 


—D 





coaeeitel Meat 


This expression has also been derived by Jones’ for the | 


special case of Debye-Scherrer powder diffraction con- : 
' 
t 











! 
i+h®o? 
cristobalite 
e-* ? ma. = 


-¢ to) +¢ 








Fic. 1. Comparison of the pure diffraction contour of cristobalite 


with the functions 1/(1+-4¢?) and exp(— k¢?). . 


7F. W. Jones, Proc. Roy. Soc. A166, 16 (1938). 
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tours. The auxiliary variable u has the same dimensions 
as x and its introduction in Eq. (1) is a characteristic 
feature of the superposition theorem. The weight func- 
tion, W(x), is to be regarded as a function which ex- 
presses the sum total of the apparatus effects upon the 
pure function which is being measured. Alternately, 
the instrumental weight function may be split up into 
each of the several instrumental factors, which it may 
be more convenient to analyze separately. The ulti- 
mate response curve of the apparatus may then be 
obtained by the successive operation of each specific 
weight function upon the response curve generated by 
the action of the preceding specific function. Thus, for 
» instrumental factors and weight functions W;, Wz, 
Wr1,:::W,», we would have the generation of the re- 
spective contours f1, fe, fs,°*+, fu=F, according to the 
successive action of these weight functions: 


+h 
nwo= f W7(u)f(x—u)du, 


zx 


xz 


f= f Wirlu)fi(x—udu, 


Zz 


x 


jca= f Wrrr(u)folx— udu, 


—s 


+z 


fulx)= PO) = f W',.(u)fn1(v— udu. 


Zz 





It should be borne in mind that in Eqs. (1) and (2), 
f(x—u) is the pure function which we are seeking to 
measure and which was originally written simply as 
f(x). It must be kept in mind that the symbol f denotes 
a specific function, regardless of the notation used for 
the independent variable (x or x— 1). 

The elucidation of contour broadening in an x-ray 
powder spectrometer, then, resolves itself into the 
twofold task of (a) deducing or assuming satisfactorily 
the nature of the pure diffraction contour, f(x), and 
(b) determining the proper forms of the five instru- 
mental weight functions W;, Wiz, Wirz, Wry, and Wy, 
corresponding to the five factors listed above which 
contribute to contour breadth. Once this has been done, 
Eqs. (2) can be employed to synthesize the final con- 
tour generated by the instrument starting from any 
original pure diffraction contour. 


Ill. THE PURE DIFFRACTION CONTOUR 
Case I. Crystallite Size >1000A 


For moderate Bragg angles the pure contour width 
is imperceptible and may be neglected. Hence, in Eq. 
(2) f(w—u) is effectively a constant and f;(x)=W7(x), 
so that for this case the first convolution equation drops 
out and we start with the action of Wz,, the flat sample 
factor, on W,, the x-ray source contour. 
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TABLE I. Pure diffraction contours of miscellaneous materials 
showing crystallite size broadening. The first five were analyzed 
by the Fourier method of Stokes. Degree of resemblance to 
—k2g2 1/ 1 B, . . li ° 
e or 1/(1+*¢?) is indicated as an approximate percentage. 


Percentage resem- 
blance to 











No. Material Origin e ~h*O? 1/(1 +k2g?) 
1 MgO Decomposition of magnesium car- 20 80 
bonate at 600°C. 
2 CaF: Presumably precipitated from 50 50 
aqueous solution. 
3 Cristobalite Thermal treatment of diatomaceous 20 80 
earth (amorphous SiOz). 
4 Basic Precipitated from aqueous solution. 10 90 
calcium 
phosphate 
*5 Cold worked Specific information not published. 20 80 
copper 
**6 Nickel Alkaline treatment of Raney alloy. 10 90 
catalyst 








* This contour published by Stokes. 
** This contour not analyzed by the Fourier method because its width 
was so great as to render the instrumental contributions negligible. 


Case II. Crystallite Size< 1000A 


The pure diffraction contour is a function of the 
mean crystallite shape* and of the size distribution. 
Obviously these factors will vary widely with the chemi- 
cal constitution and origin of any particular powder 
sample. The investigations of Jones’ tend to show that 
for a crystallite size distribution, the diffraction contour 
is given more closely by the function 1/(1+£°x*) than 
by a normal distribution curve (e~***). Stokes® has re- 
cently described a Fourier transform method for de- 
ducing the nature of the pure diffraction contour free 
of instrumental contributions. This method makes it 
possible for the first time to replace the somewhat 
speculative notions of the past with dependable in- 
formation about the nature of the pure diffraction 
contour. 

Using a Patterson-Tunell® set of strips and stencils 
for the rapid summation of Fourier series, the pure 
diffraction contours of a number of materials have been 
determined by the procedure of Stokes with the results 
summarized in Table I. In Fig. 1 the rather typical 
case of the cristobalite contour is portrayed. Its com- 
paratively close coincidence with the function 1/(1 
+k") is evident, and it will be noted from Table I 
that five of the six materials showed equally good or 
even better agreement with this function. Only in the 
case of CaF, was the agreement poorer, and even then 
the pure diffraction contour did not resemble e~*’* 
more closely than 1/(1+’¢). The most fundamental 
point of difference between these two mathematical 
functions is the much more gradual decrease in magni- 
tude of the latter as @ becomes large. As suggested by 
Jones,’ it is not surprising that this function should 
more accurately fit the case of the diffraction contour 
of a crystallite size distribution. There are theoretical 
reasons for e~***? being the better choice if all the 


8 A. R. Stokes and A. J. C. Wilson, Proc. Camb. Phil. Soc. 38, 
313 (1942). 
9A. L. Patterson and G. Tunell, Am. 


Mineralogist 27, 655 
(1942). ; 
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crystallites are of the same size, whereas for a distribu- 
tion of sizes the large crystallites will tend to sharpen 
the peak while the small ones will broaden the base of 
the contour. 

In view *of the above considerations together with 
the experimental data of Table I, there appears to be 
good justification for choosing the simple mathematical 
function 1/(1+%’¢?) to approximate the pure diffrac- 
tion contour generated by a typical crystallite size 
distribution. ' 

Having thus decided on a suitable form for the 


2,2 
Source contour (e~": § ) 





| 
Diffraction contour 1+ (0-27 





\ «+<---- Resultant contour (f, (%)) 








Fic. 2. Schematic representation of the convolution of the 
source contour and a pure diffraction contour: 
_ proexp(— kg?) dt 
The case pictured is that of w/w;=0.85 and w,/w= 1.80. 


pure contour function, f(x—«), of Eqs. (2), we now 
proceed to evaluate each of the five weight functions 
corresponding to the five geometrical factors which 
act to modify it. In order to retain maximum generality 
in the following analysis, we shall discuss Case II, in 
which the pure diffraction contour possesses appreciable 
breadth. In the ensuing treatment as well as in the 
preceding three paragraphs the generalized parameter 
x of Eqs. (1) and (2) is replaced by the appropriate 
quantity ¢, which is the angular displacement from the 
theoretical angle, 20, of a given reflection. Unless other- 
wise indicated the term width, or breadth, of a contour 
will refer to the width at half maximum intensity. 


IV. EFFECT OF THE X-RAY SOURCE WIDTH (W,) 


In the past it has been customary to assume that the 
distribution of energy across the focus of the x-ray 
tube is either uniform or of the form e~***.” Pinhole 
photographs of tube foci usually reveal a more or less 
irregular intensity distribution which does not conform 
to either of these assumptions, although it commonly 
approaches the exponential state more or less closely. 
With a focusing powder spectrometer possessing a rela- 
tively wide source (of the order of 0.20°28), it is possible 
to observe the effective source contour with little dis- 
tortion by scanning a diffraction contour produced by 


10 A. Taylor and H. Sinclair, Proc. Phys. Soc. 57, 108 (1945). 
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some material of large crystallite size in order to elim; 
nate the pure contour breadth. At the same time it is 
necessary to keep the x-ray beam divergence smal} 
and to employ a narrow receiving slit. Under these 
conditions the factors other than source width become 
of minor importance in influencing the observed cop. 
tour. Using a Norelco Geiger-Counter Spectrometer 
Type No. 12021, the copper and iron anode tubes useq 
in the present investigation were thus shown to possess 
source configurations approaching the normal dis. 
tribution curve, e~"***, very closely. Such an intensity 
distribution will be assumed in the present paper 
although it must be remembered that a radical de. 
parture from this type of configuration, which might 
well be found for some particular x-ray tubes, would 
lead to a corresponding modification of the analysis to 
follow. 

We may write for the weight function of the source 
contour 

W1(¢)=exp(—k¢’), (3) 

in which the value of k; determines the width of the 
contour and from which we have eliminated any ampli- 
tude coefficient since it has no bearing on the contour 
shape. The pure contour is assumed to be of the form 


f(@)=1/(1+F'9"), (4) 


so that we obtain for the convolution of W; and f 


= f Wi)f(—Dat 





i= ky°§*)dgé 
2 1+R(G—6)? 


In terms of the widths of the W; and f contours at 
half maximum intensity, wy and w, we find for ky and 
k respectively : 

(W1)5= (Wr) o/2=3 =exp(— kr’o}’) 


“T 


(5) 






Lf Blor td) 
YX talPlor 6506) 




















Fic. 3. Representative effects of the five instrumental weight 
functions upon a diffraction contour. The solid and dashed lines 
ae pase | depict the diffraction contour before and after the ac- 
tion of each weight function. The effects of the following functions 
are portrayed : (I) the x-ray source, (II) flat rather than curved sam- 
ple surface, (III) vertical divergence, (IV) penetration of the sam- 
ple by the beam, and (V) the receiving slit. 
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or 


kr= (loge2)?/@4= 2(log.2)!/wr = 1.67/wz, (6) 
fy=fo/2=3=1/(1+Fo;’) 
k=1/$,=2/w. (7) 


Using the procedure described above for determining 
the approximate form of the source intensity distribu- 
tion, it was found that w; for the copper anode tube 
was about 0.20° (in A286, or ¢, units). This agreed sub- 
stantially with a geometrical deduction of the angular 
source width from the manufacturer’s specifications for 
the size of the focus. In the improved spectrometers 
with Soller slits and vertical focal spots, W, is ordi- 
narily very much smaller. 

An attempt has been made in Fig. 2 to picture the 
meaning of the convolution equation, (5). The source 
contour acts as the envelope for an infinite number of 
diffraction contours (represented by a finite number in 
Fig. 2) all of the same shape but differing in amplitude. 
The resultant intensity at any point ¢ is the sum of 
the intensities of the various diffraction contours at 
this point. In Fig. 2 the amplitude of the resultant con- 
tour has been greatly scaled down to permit plotting 
it in the same diagram with the source and diffraction 
contours. It will be observed that the resultant contour 
is much broader than the original diffraction contour. 

Equation (5) cannot be integrated readily, but suffi- 
ciently accurate solutions can be obtained by evaluating 
the equivalent summation at small intervals: 


and 


or 


+xexp(— k7*¢?) 
filo)= pall ; (8) 
S1+k(—-i) 

The calculations are facilitated by graphing the de- 
nominator function for values of (¢—¢) and by utilizing 
standard tables of the normal distribution function, 
(2n)-4e-“=*| for obtaining the numerator. This is ac- 
complished by converting the exponential function from 
exp(—k7*¢?) to expl—}(2'kf)?], permitting the value 
of the numerator to be obtained as a function of the 
argument 24k. When w;=0.20° the interval A¢ should 
be about 0.01°. Figure 3(I) depicts the action of a 
source of breadth wr=0.20° in broadening a pure dif- 
fraction contour of breadth w=0.20° to a resultant 
contour for which w;=0.327°. 

The relative broadening of the pure contour is a 
function only of the ratio of the breadth of the pure 
contour to the breadth of the x-ray source contour, 
w/w. The relative broadening is the ratio of the breadth 
of the contour after the action of the source factor, 
which we may denote by w, to its original breadth, w. 
Figure 4(I) shows this broadening ratio, w;/w, as a 
function of w/w, the location of the curve having been 
precisely determined by the application of Eq. (8) to a 
number of pairs of values of w and w,; [and, therefore, 
also of k and k; by Eqs. (6) and (7) ]. 
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V. EFFECT OF FLAT RATHER THAN CURVED 
SAMPLE SURFACE (W,,) 


From Fig. 5 it is seen that an x-ray beam of hori- 


zontal divergence angle a and impinging upon a flat 
sample surface at the angle 6 (as in conventional spec- 
trometers) will irradiate a length of sample which is 
approximately given by 


2s=ad/sin@, (9) 


where d is the distance from source to sample. This 
formula is very accurate for the usual small values of 
a of not more than 2° or 3°. In actual practice the 
effective beam divergence at low Bragg angles is 
limited by the length of the sample, /, so that for 
sind<ad/l the effective divergence is a=(l/d)sin6@. To 
simplify the present discussion, however, the sample 
surface will be assumed to be very large so that (9) 
holds at all values of 6. We shall first investigate the 
effect of sample flatness in broadening the focus of the 
diffracted rays at the receiving slit. 


Figure 6 shows how this happens. The flat sample, 


Si—S2, is tangent to the focusing circle at its midpoint, 
So. A central ray F.So, which impinges at the Bragg 


angle 6 upon the surface, is diffracted (also at the Bragg 
angle @) to the theoretical focus at G. But a non-central 
ray, FS’, impinging at an angle 6+ Ad, is diffracted at 


4 





Wi /bm OF Wo/bm 


wa/ ws 





kry/ ks 


ws/we 2 


1?) | 


% /Ws 


Fic. 4. Broadening ratios for the five instrumental weight 
functions, including (I) the x-ray source, (II) flat rather than 
curved sample surface, (III) vertical divergence, (IV) penetration 
of the sample by the beam, and (V) the receiving slit. Curves (a) 
and (b) apply respectively to exp(— 4g?) and 1/(1+-4%¢?) contours. 
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Fic. 5. Irradiation of a flat sample surface by a beam of 
divergence angle a. 


the angle 6—A@, and arrives at some point G; which 
is displaced from the ideal focus by the linear interval 
GG,. This displacement is proportional to z, the dis- 
placement of the point S’ on the flat sample surface 
from the focusing circle. We now employ the approxi- 
mate formula which expresses the length of the sagitta 
in terms of the circle radius r and the ordinate h (see 
Fig. 6, insert) 


x=h*/2r, (10) 


which is rather accurate for kr. Applying this rela- 
tionship to the situation of Fig. 6, we find that 


z=h*/2R, (11) 
where h is the distance S,S’ and R is the radius of the 
focusing circle. Since R=d/2 sin6," this gives for z 

=h* sin@/d. (12) 
The displacement GG, from the ideal focus is then 


GG, = 22 cos(@+ A@) = (h*/d) sin26, (13) 


or in terms of the angular deviation from the theo- 
retical diffraction angle 26 


ce, = — (h?/d*)sin26 radians 
= —57.3(h*/d*)sin26 degrees. (14) 
The minus sign indicates that the displacement ¢ is 
in the —26 direction. 
The limiting displacement of the diffracted rays from 


the ideal focus G corresponds to rays diffracted from 
the points S, and S», for which h=s. Then 


m= — (s*/d*)sin2@ radians, 
or, since sad /2 sin@, 


a’ 





-2 sin@ cosé 


Om = ri 
4 sin?é 


= — $a’ coté radians. (15) 
" L. Alexander, J. App. Phys. 19, 1068 (1948). 
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For @ and @ in degrees this becomes 


a’® cotd 
Pon = -——— 
114.6 


degrees. (16) 
This equation shows that the sharpness of focus (as 
affected by the flat sample factor) improves rapidly 
with decreasing beam divergence and increasing dif. 
fraction angle. If the finite length, /, of the sample 
surface is also taken into account, at angles for which 
sin?<ad/l the limiting displacement of the diffracted 
rays from the ideal focus G is 


m= —}(P/114.6d")sin2@ degrees. (17) 


In practice, then, the sharpness of focus as a result of 
the flat sample effect is poorest (¢,, is a maximum) 
when sin@=ad// and it improves at both smaller and 
larger angles. We now need to determine the flat sample 
weight function, W7;(@). From Eq. (13) or from an in. 
spection of Fig. 6 it is seen that a displacement GG, 
(or ¢ae,) is proportional to the sagitta variable z. But 
the intensity at a displacement @ from the theoretical] 
focus is proportional to the energy diffracted in the 
interval Az, (or Ady). This energy is proportional to 
the amount of sample surface diffracting into the in- 
crement Az (or A@), which is Ah, (or Ahg). It follows, 
therefore, that the W7;(@) function is proportional to 
(Ah/Az). But it has already been shown that we make 
negligible error in using the sagitta relationship for ; 
(Eq. (11) ], so that in the limit 


Wir() © dh/dz= R/h=(R/2z)?. 


Since we are not interested in the absolute magnitude 
of the amplitude but only in the nature of the contour, 
and remembering that ¢ is proportional to z, we may 
dispense with a proportionality constant and write 


Wu(o)=¢". (18) 


This function has the objection of an infinite ordinate 
at ¢=0, but the difficulty can be circumvented by evalu- 
ating the resulting convolution integral as a summation 
and omitting the zero term. For the convolution of 


fil@) and W7(@) we then have 


TD 


jto)= f WilOfile—o dé 


—d 


0 


=f ise 
og 


m 


+ expl —kr(o—¢)? ld, (19) 


assuming the /; contour to approximate an error curve. 
To evaluate fo(@) we go to the equivalent summation 


fe (op) =>, ¢ 4 expl —kP(o—f)? Jag (20) 
f =m 


and sum at a relatively large number of ¢ values (small 
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Ag), omitting the ¢=0 term. This omission has the 
effect of shifting the center of gravity of the contour 
slightly, but it will furnish a rather accurate contour 
shape provided A¢ is kept small, e.g., of the order of 
n/40 or less. It will be noticed that ¢ has been as- 
signed to a range of negative rather than positive 
yalues. This is consistent with the sign convention of 
Eqs. (15) and (16) and is correct because the function 
Wy distorts a diffraction contour in the — 2é@ direction. 

As in Part IV, the computations for actual experi- 
mental conditions are facilitated by graphing one 
function, this time Wy7;(¢)=|¢|—}, and utilizing stand- 
ard tables of the normal distribution function to 
evaluate exp[l —k,*(@—¢)*], after first writing the ex- 
ponent as —3[2'ki(¢—¢) P. For illustration we may 
outline briefly the computations for a rather extreme 
case of broadening, which portrays the nature of the 
results to be expected in a striking manner. The case 
is one of large beam divergence (a=1.41°) and low 
Bragg angle (@=5°). From Eq. (16) we find for the 
greatest displacement of the diffracted rays from the 
theoretical focus: 


bo» = — (a? coté)/114.6= — 2 11.43/114.6= —0.200°. 


Assuming that the contour of the x-ray source is an 
error curve in form and that the width at half maxi- 
mum intensity is 0.200° (there being no pure diffraction 
broadening assumed in this case), we find for k; by 


applying Eq. (6): 
ky = 1.67 /w; = 1.67/w; = 1.67/0.200= 8.35 degrees“. 


When summed at intervals of A¢=0.005°, Eq. (20) 
becomes 


¢ = —0.005° 


h@®= Bw is 


¢ = —0.200° 


 exp[ —8.35°(@—¢)? | 0.005°. 


Dropping the constant factor 0.005° since it does not 
affect the nature of the contour, and converting the 
exponent into the standard error curve form, we have 


¢ = —0.005° 
i(g= DL ¢—bexp[—3111.8(@—-¢)}*]. (21) 
¢ = —0.200° 


Figure 3(II) shows the f2(@) contour as computed with 
Eq. (21) and compares it with the original contour 


fi(g@)=exp(—8.35°g”). The peak has been broadened 


from w,;=0.200° to w2=0.249°, which means a broaden- 
ing ratio of we/w;=1.245. In addition the resulting 
peak is seen to be decidedly asymmetric and the center 
of gravity and maximum point have been shifted in 
the — 26 direction by appreciable amounts. 

A consideration of Eq. (21) shows that the broadening 
ratio w2/w, is a function only of the relative sizes of 
w, and ¢,,. Accordingly if the fo(¢) function is computed 
for a number of values of the ratio w,/@,, which cover 
all anticipated experimental situations, another curve 
of perfectly general applicability is obtained which is 
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analogous to the curve of Fig. 4(1) developed in Part 
IV. This curve of w/w, as a function of w;/¢,, is shown 
in Fig. 4(II,a). When the function f/;(@—¢) of Eq. (19) 
has the form 1/[1+;(@—¢)?], curve (b) is obtained. 
Curve (b) is more appropriate than (a) for cases in 
which the pure diffraction contour is much wider than 
the x-ray source contour. When w and w, do not differ 
very greatly the broadening will be intermediate be- 
tween the values predicted by curves (a) and (b). 

For moderate values of the beam divergence, and 
Bragg angles of 10° or more, it is found that the broaden- 
ing ratio seldom exceeds 1.02. This permits us to con- 
clude that for ordinary experimental conditions the 
effect of flat sample surface is very minor. 


VI. EFFECT OF VERTICAL DIVERGENCE OF 
THE X-RAY BEAM (W,,;) 


In a preceding paper" the effect of vertical divergence 
and other third-dimensional properties of the spec- 
trometer in producing asymmetry was discussed in 
detail. Referring to Fig. 2 of this reference, in the older 
spectrometers without Soller slit collimators the usual 
working value of the x-ray slit height, 4,, is consider- 
ably larger than the source height, 4;. Under these 
conditions we make but little error in assuming that the 
x-ray source has negligible height and that the centers 
of the diffraction halos in the plane G’G (refer to Figs. 1 
and 3 of the above reference) are uniformly distributed 
over a vertical interval 


L=(hd/b)(1+cos26), 


b and d being respectively the distances from the x-ray 
source to the x-ray slit and sample. Defining the vertical 
divergence angle 8 by h,/b, this becomes 


L=£d(1+-cos26), (22) 


8 being expressed in radians. 

As a first approximation we may assume negligible 
receiving slit height. In that case, referring to Fig. 3 
of the above reference, the maximum displacement of a 
diffracted ray from the ideal receiver focus is given by 
the sagitta of the arc of height 3Z and radius r. Em- 
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Fic. 6. Displacement of a diffracted ray from the theoretical 


focus G because of the use of a flat rather than curved sample 
surface. 
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Fic. 7. Displacement of a diffracted ray from the theoretical 
focus G due to penetration of the sample to a depth z. 


ploying the approximate sagitta formula as was done 
in Part V, we find for this displacement 


x (cm) = (L/2)?/2r= L?/8r; (23) 


but from Fig. 1 of reference 11 it can be seen that a 
displacement x in the direction GG’ equals an angular 
displacement ¢ tangent to the spectrometer arc of 


=x (cm) X (cos2@)/d radians. 


Combining this with Eqs. (22) and (23) and noting that 
r=dsin20, we obtain 


m= — (87/8) (1+cos26)*cot26 radians, (24) 


the negative sign indicating that the displacement from 
the theoretical angle 20 is in the negative direction. 
For ¢, and 8 in degrees Eq. (24) becomes 


om = — (8?/8X57.3)(1-+co0s26)? cot2@ degrees. | (25) 


The preceding analysis demonstrates that, as in 
Part V, we are again dealing with an instrumental 
weight function, this time Wzr1(¢), which varies as the 
inverse square root of the displacement, ¢, from the 
ideal angle of deviation, 20. This follows in a manner 
parallel to that involved in the development of Eq. 
(18) since the intensity corresponding to a displace- 
ment ¢ from the theoretical focus is proportional to 
the energy diffracted in the interval Ax, [or (Ad), ], 
and this energy is proportional to (AL),. Thereupon in 
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Fic. 8. Representation of a receiving slit of width w, scanning 
a diffraction contour f,(@). The resulting intensity is proportional 
to the area of the contour intercepted (shaded zone). 
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the limit 
dL 2r\3 
Win(¢) « —= (-) : 
dx x 


and, neglecting the constant factor as in Part V, anq 
remembering that x is proportional to ¢, we again arrive 
at the weight function, 


Winlg)=o>. (26) 


Assuming f2(@) to approximate an error curve, we then 
find for the convolution, f3(¢), of Wirr(#) and fo(¢) 


pio)= f Wir(d)falo—Ddk, 


or 
f=¢1 
fs(@) = pm lf | ¥. exp — ko?(@—$)? JAs, (27) 
[=m 


which is identical in form to Eq. (20). 

It is evident that the remarks made in connection 
with Eq. (20) apply here, and also that curves (a) and 
(b) of Fig. 4 (II and III) apply directly in the present 
case for w3/we as a function of w2/m. The only dif- 
ference is that Eq. (25) instead of Eq. (16) is to be used 
to determine ¢,, for the particular experimental condi- 
tions under consideration. 

For Bragg angles of 10° or more and for vertical 
divergence angles less than 2.4° it is found that the 
broadening ratio is seldom greater than 1.10 and more 
commonly it is of the order of 1.05. Evidently vertical 
divergence is much more important than flat sample 
surface in producing contour broadening. 


Vil. EFFECT OF PENETRATION OF THE 
SAMPLE BY THE X-RAY BEAM (Wry) 


Consider a ray incident upon the sample at the angle 
6+ A@ and diffracted from a crystallite at a depth x 
(Fig. 7). If A@ is neglected because it is very small, the 
intensity of the emergent diffracted ray, J, relative to 
that of a ray diffracted under conditions of non-ab- 
sorption, Jo, is 


I/Ip=exp(— 2yux/siné), (28) 


u being the linear absorption coefficient of the powder. 
The linear displacement of this diffracted ray from the 
theoretical focus at the receiver is evidently 2x cos@, 
and the corresponding angular displacement, ¢z, is 


o:= — (114.6x cos@)/d degrees, (29) 


the negative sign denoting a displacement in the —2 
direction. Equation (28), then, is an expression of the in- 
strumental weight function, Wry, due to penetration of a 
thick powder sample by the x-ray beam, and when this 
is combined with Eq. (29) we obtain Wry expressed as 
a function of ¢: 


Wrv(o)=e1v?, (30) 
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in which 
kry = 4ud/114.6 sin26, (31) 
and @ varies between the limits 0 and — «. 

Assuming first that f;(@) approximates an error 
curve (i.e., that the pure diffraction broadening is 
slight and that the preceding convolution sequence 
has not greatly modified the original error curve con- 
tour of the x-ray source), we obtain for the convolution, 


fg), of Wrv(@) and fa() 


co)= f Wrv(O)fs(o— $d, 
or A 


fio)= f evd exp[ —k(o—¢)* de. (32) 
0 


By combining the two exponential factors and re- 
moving a constant factor from the integral, Eq. (32) 
can be put in the form 


kiv 
ile)=exo| br e+) | 
“a kivt+2k7o\? 
xf exp -(#s--——) Ji 
0 2k; 


A change of variable from ¢ to 


kiv+2k3"o 
w= 21( ka ——— ) 
2k; 


then leads to the result 


kry? | 
f(o)= exp (no+~) f 2 | 


xf exp[ —(u?/2) |du, (33) 
I 


in which the lower limit of the integral, /, is given by 
I= (kry/24k3)+ 2'kso. (34) 


The expression for the convolution f,(¢) has thus been 
reduced to the state of an integral (Eq. (33)) which 
can be evaluated directly by reference to tables of the 
normal curve of error. For any particular sample ma- 
terial of linear absorption coefficient » and for a given 
spectrometer setting 20 the value of kyy can be calcu- 
lated with Eq. (31), while k; depends upon the width 
at half maximum intensity of the error curve contour 
fs(@) according to a relationship identical with Eq. (6), 
or 

k3= 1.67/ws. (35) 


Figure 3(IV) depicts the effect of sample penetration 
upon a contour of the form /3(¢)=exp[_— (k3°¢") ] for 
the particular case of kyy/k3=1. This case was chosen 
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because it is typical of experimental conditions under 
which the effects of sample penetration are conspicuous. 
The given values of & are satisfied by either of the follow- 
ing sets of experimental conditions, the first correspond- 
ing to the old Norelco spectrometer with wide source 
(w;=0.20°) and the second to a spectrometer with a 
relatively narrow source (w;=0.07°): 

I. Width of source contour: w,;=0.20° 
Bragg angle @=15° 
Linear absorption co- n= 9 
efficient of powder 


0-—+45° 
p=18 


or 


(CuKe radiation and powders consisting of metal-organic 
compounds or mixtures of organic compounds and common 
siliceous minerals) 


II. Width of source contour: w ,;=0.07° 
Bragg angle @= 15° 
Linear absorption co- p=27 
efficient of powder 


{ 045° 
or Lem 56 


(CuKe radiation and powders prepared from common 
siliceous minerals) 
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Fic. 9. Inverse of Jones’ curve for correcting an observed 
contour breadth for Ka doublet broadening. Bo=observed 
‘breadth, B= breadth corrected for Ka doublet, d= angular separa- 
tion of a and ao. 


The broadening ratio for this case, w/w, is a function 
only of the ratio of the contour constants, kry/ks. 
Curve (a) of Fig. 4(IV) depicts this function for the 
case just discussed wherein the /3(¢) contour is given by 
exp[_ — (k3’f?) ]. When f3(¢) is given by 1/(1+-3°¢?), a 
condition approached by materials giving considerable 
pure diffraction broadening, the convolution integral 
cannot be evaluated directly as in the case of Eq. (32) 
but must be treated as the equivalent summation in 
the manner described in earlier sections. In this case 
curve (b) of Fig. 4(IV) is obtained. 

If the absorption coefficient of the sample is low and 
if @ is not very small, sample penetration can evidently 
be an important source of contour broadening. Thus, 
in the example cited above for a powder of large crystal- 
lite size the broadening ratio was found to be 1.40. In 
the newer spectrometers with narrow sources this 
instrumental factor is relatively much more important 
than in the old Norelco instrument. For example, if 
krv/kg= 2.86 for wr=0.20°, it will be decreased to 1.00 
for wy=0.07°, and reference to curve (a) of Fig. 4(IV) 
shows that this increases the broadening ratio from 1.14 
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to 1.40. When powders of moderate or large absorption 
coeficients are used, the broadening ratio for the old 
Norelco spectrometer using CuKa radiation is seldom 
in excess of 1.20 and it often is less than 1.10. Even so, 
this instrumental factor is more important, in general, 
than the flat sample or vertical divergence factor in 
causing contour broadening. 

The present analysis of sample penetration has pre- 
supposed the use of an infinitely thick sample. This 
condition is effectively realized under spectrometer 
conditions if the sample thickness, ¢, is great enough to 
satisfy the condition” 


3.2 p 
peer sind, (36) 
Mp 


in which » and p are respectively the linear absorption 
coeficient and density of the solid material composing 
the powder, and p’ is the density of the powder including 
interstices. The contour distortion due to sample pene- 
tration can be minimized if necessary in special cases, 
but at the expense of reduced intensity, by mounting a 
very thin layer of powder on a suitable flat substrate. 


Vill. EFFECT OF RECEIVING SLIT WIDTH (W,) 


Figure 8 illustrates diagrammatically the effect of 
the receiving slit upon the contour being scanned 
(f,(@) in our present notation). It is assumed that the 
sensitivity of all points within the slit area is uniform. 
When the center of the slit is set at an angle of devia- 
tion ¢; from the peak maximum (ideally 26), the slit 
intercepts a portion of the contour extending between 
the limits ¢,—w,/2 and ¢,+w,/2, w, being the angular 
width of the slit. The recorded intensity, f5(¢1), corre- 
sponding to this position is evidently proportional to 
the area intercepted. Hence, we can write directly 





o+ws/2 
fslo)=K f exp[ — (ket?) Wde, (37) 


@ -ww's/2 





assuming f;(@) to be an error curve in form. If we 
assume it to be more closely represented by the func- 


tion 1/(1+-R’¢?), 


o+ws di 
fulo)=K f —, (38) 
o —we/2 i+ kee? 


In Eqs. (37) and (38) the weight function Wy(¢) may 
be interpreted as a constant, K, between the limits 
f=$o—w,/2 and ¢+w,/2. Equation (37) can be readily 
evaluated by transforming the exponent to }(2?,¢)* 
and referring to tabulated values of the area of the 
standard error curve between definite limits. The proper 
value of ky is deduced, as explained earlier, by Eq. (6) 
or (7) depending upon which form of contour, fi(), 
' is assumed. The angular equivalent of the linear slit 


"L. Alexander and H. P. Klug, Anal. Chem. 20, 886 (1948). 
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Taste III. Application of the method of convolution _— sis 
to four representative cases:* Case (a) D>1000 A, w=0°, w, 
=0.20°. Case (b) D>1000 A, w=0°, w;=0.07°, ‘Soller slits. 
Case (c) D=300 A, w=0.305° by Scherrer formula, w;=0.20°. 
Case (d) D=300 A, w=0.305° by Scherrer formula, w,=0.07°, 


Soller slits. 


Values of the quantities listed 





Instrumental weight Quantity in column 2 
function tabulated Case (a) Case (b) Case (c) _Case (d) 
& Source u 0 0 0.305° 0.305° 
w/w 0 0 1.53 4.36 
w/w - 1.34 1.05 
Wy 0.2005 0.070° 0.409° 0.320° 
Il. Flat W/m 5.89 2.06 12.0 9.4 
Sample w/w, 1.01 1.06 1.00 1.00 
(@m = — .034°) ie 0.202 0.074° 0.409° 0.320° 
III. Vertical we/dm 2.77 5.6 
Divergence w/w. 1.033 1.016 - 
(¢m= — .073°) 2's 0.209° 0.074° 0.416°  0.320° 
IV. Sample Riy/ky 4.55 1.61 8.2 5.81 
Penetration w/w 1.035 1.20 1.02 1.05 
Ws 0.216° 0.089° 0.424° 0.336° 
V. Receiving w/w, 2.46 1.01 4.82 3.82 
Slit ws/ws 1.045 1.25 1.015 1.035 
it’s 0.226° 0.111° 0.430° 0.348° 


VI. Kae Doublet d/ws 0.354 0.721 0.186 0.230 
we/ws 1.135 1.36 1.04 1.06 
it's 0.254 0.151° 0.447° 0.369° 





*D yin to the crystallite size. Other conditions assumed are: » =40, 
20 =30°, \ =1.542A (CuKa), ws =0.088° 


width, w, (cm), is given by 
w, (degrees) =w, (cm) X57.3/ 


d being the sample-to-receiving slit distance. This 
angular value of w, is used in determining the integral 
limits ¢+w,/2 and ¢—w,/2. 

Figure 3(V) shows the effect of a receiving slit of 
width w,=0.045 cm=0.20° upon an error curve dif- 
fraction contour for which w,=0.20° (corresponding to 
ky=1.67/ws=8.35). The width of the resulting contour, 
fs(@), is ws=0.25°, which corresponds to a broadening 
ratio of ws5/w,=0.25/0.20=1.25. Figure 4(V) shows 
plots of the broadening ratio w;/w, for the two cases of 


(a) fa(h) = exp — (ha’p*) ] and (b) fal) =1/(1+2¢¢"). 
IX. EFFECT OF UNRESOLVED Ka DOUBLET (W,,) 


For Bragg angles to small to resolve the Ka doublet, 
the observed contour breadth will also be increased as 
a result of the superposition of the a; and a contours. 
The width of either contour will be ws as a result of the 
action of the five instrumental factors (see Part VIII). 
The broadening due to an unresolved doublet has been 
thoroughly analyzed by Jones,’ who developed a curve 
for correcting for this effect. For our purpose Jones’ 
plot of B/Bo as a function of d/Bp can be more readily 
used if transformed to a plot of Bo/B as a function of 
d/B (we/ws against d/ws in the present notation). 
This curve is shown in Fig. 9. Here ws and we represent 
respectively the contour widths before and after 
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+ + + + 
<—Ka,e2 resolution 
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Fic. 10. Predicted dependence of contour breadth upon 26 for 
spectrometers with x-ray source widths of (A) 0.20° and (B) 0.07° 
20. ws=width of a contour not resolving the Ka doublet; ws 
=width of a resolved line of the doublet. Conditions assumed 
are: u= 40, w,=0.088°, crystallite size greater than 1000 A. 


broadening due to the unresolved doublet, and d is 
the angular separation of the Ka doublet characteristic 
of the particular radiation and diffraction angle in- 
volved (see Internationale Tabellen zur Bestimmung von 
Kristallstrukturen, Vol. I1, p. 588 ff.). 


X. APPLICATION TO REPRESENTATIVE 
EXPERIMENTAL CASES 


Table II summarizes the results of the analyses pre- 
sented in the preceding sections. The five instrumental 
weight functions are presented in the order in which it 
is logical to apply them when making use of the broaden- 
ing curves given in Fig. 4. Although not strictly an 
instrumental factor, the effect of Ka doublet broadening 
is included (Wyr) because of the necessity of taking it 
into account in arriving at the actually observed con- 
tour breadth at low angles. Table III illustrates with 
numerical data the application of the analysis to four 
representative experimental cases. In each case it is 
assumed that 4=40 (moderate absorbing power for 
x-rays), 20=30°, A=1.542A (CuKa radiation), and 
the angular width of the receiving slit, w,, is 0.088° (a 
relatively narrow slit). The four specific cases carried 
through in the four columns of the table are: 

(a) Crystallite size>1000A, w—0°, w,;=0.20° (older spec- 
trometer). 

(b) Crystallite size>1000A, w—+0°, w,;=0.07° (newer spec- 
trometers with narrow source and Soller slits). 

(c) Crystallite size 300A, w=0.305° by Scherrer formula, 
w;=0.20°. 

(d) Crystallite size 300A, w=0.305° by 
w,=0.07°. 


Scherrer formula, 


A few important observations can be made. With a 
relatively wide x-ray source contour (Cases (a) and (c)) 








and assuming the use of a narrow receiving slit, the 
dominant instrumental factor causing broadening is 
the source width. All the other instrumental factors are 
inappreciable or nearly so, and the Ka doublet becomes 
significant only for the larger crystallite sizes. In par- 
ticular, the flat sample and vertical divergence effects 
are very slight. These become greater at small diffrac. 
tion angles since the contour widening increases with 
the absolute magnitude of $m for both effects (see Eqs, 
(17) and (25)), although flat sample broadening qj. 
minishes again when sin@ becomes less than ad/I (se¢ 
Part V). 

The same remarks apply to the case of a narrow source 
except that the source is relatively less significant ang 
the other factors more significant as causes of contour 
broadening. Except at low Bragg angles the flat sample 
and vertical divergence effects remain very minor. 
Penetration of the sample and Ka doublet separation 
both become important at the angle considered (24 
= 30°), particularly for contours displaying little crys. 
tallite size broadening. 

In Fig. 10 the convolution analysis is applied to the 
problem of predicting the observed contour breadth as 
a function of 26 (A) for the old Norelco spectrometer 
with a source width of 0.20° 26 and (B) for newer spec- 
trometers with an assumed source width of 0.07° 26 and 
Soller slits to eliminate vertical divergence. The curves 
are plotted for the typical case of large crystallite size, 
moderately absorbing sample (u= 40), and a relatively 
narrow receiving slit width of 0.088° 20. It is also as- 
sumed that the length of sample is sufficient to re- 
ceive the entire beam at the lowest angle indicated 
(26= 10°). It will be noticed that resolution of the Ka 
doublet is obtained below 50° for the newer design 
whereas in the older design the doublet remains unre- 
solved through the entire angular range. The failure 
of Curve B to make a sharp upturn below 20° such as 
occurs for Curve A is largely due to the absence of 
vertical divergence. 
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Determination of Crystallite Size with the X-Ray Spectrometer* 


Leroy ALEXANDER AND HAROLD P. KLuG 
Department of Research in Chemical Physics, Mellon Institute, Pittsburgh, Pennsylvania 


(Received July 25, 1949) 


The accuracy of the Scherrer crystallite size equation is limited in part by the uncertainty in 8, the ex- 
perimentally deduced pure diffraction broadening. Currently used procedures for estimating 8 from the 
observed breadth of a Debye-Scherrer line are not, in general, applicable to the x-ray spectrometer. 

By making use of a scheme of convolution analysis for analyzing the effect of geometrical factors in 
broadening the.pure diffraction contour, a correction curve is developed for determining 8 from the experi- 
mentally measured line breadths 6 and B (Jones’ notation). The degree of reliability of this correction pro- 
cedure is ascertained by applying Stokes’ direct Fourier transform procedure for determining the form of 
the pure diffraction contour free of instrumental effects. 

Suggestive procedures are given for crystallite size determination with the x-ray spectrometer in different 


size ranges, and several examples are described. 


I. INTRODUCTION 
, ‘HE accuracy of the familiar Scherrer equation, 


D=(Kh)/(6 cosé), (1) 


is limited by the uncertainties in K, the crystallite 
shape factor, and 8, the pure diffraction broadening. 
Theoretical work by Stokes and Wilson! has elucidated 
the relationship between K and the crystal shape to a 
degree not previously attained. However, for the usual 
applications to crystallite size measurement a large 
degree of indeterminancy in K, as much as 20 percent 
or even more, remains, and it is customary to let K=1. 
To gain optimum accuracy it remains to reduce the 
uncertainty in 8 as much as possible, preferably to a 
value much less than 20 percent. 

Considerable effort has been expended by a number 
of investigators in evolving expressions for readily de- 
ducing 8 from B, the observed breadth, for the case of 
Debye-Scherrer lines. The most widely applied are the 
procedures due to Warren? and Jones.* These published 
correction curves have also been applied to the analysis 
of spectrometer maxima, although no one has spe- 
cifically demonstrated their applicability to the par- 
ticular conditions governing the generation of spec- 
trometer contours. The formula of Warren, 


P= B—B, (2) 


where b is the observed breadth of a line produced by 
crystallites of sufficient size to give no diffraction 
broadening, applies only to the case in which the 8 and 
b contours are both true “error” curves of the form 
¢** Similarly Jones’ two correction curves (a) and 
(b) apply only to the cases where the 8 contour has 
the respective forms e~**** and 1/(1+ x”). The form 
of the b contour assumed by Jones was experimentally 
obtained by microphotometering a Debye-Scherrer line 


*Presented in part before the American Society for X-Ray 
and Electron Diffraction at Cornell University, Ithaca, New 
York, on June 25, 1949. 

'A. R. Stokes and A. J. C. Wilson, Proc. Camb. Phil. Soc. 38, 
313 (1942) ; ibid. 40, 197 (1944). 

*B. E. Warren, J. App. Phys. 12, 375 (1941). 

*F. W. Jones, Proc. Roy. Soc. A166, 16 (1938). 
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at a Bragg angle large enough to clearly resolve the 
Ka doublet. 

Recently Shull‘ and Stokes® have developed Fourier 
transform procedures for deducing the 8 contour from 
observed b and B contours. The method of Stokes is 
the more generally applicable but it requires a means 
for the rapid summation of Fourier series. More re- 
cently one of the present authors® has shown how the 
convolution, or Faltung, theorem can be used to syn- 
thesize the form of a 6 or B contour generated by an 
x-ray spectrometer starting with a pure diffraction 
contour of known dimensions. In the light of these 
developments it seemed that this was a propitious time 
to examine the problem of crystallite size determination 
with the x-ray spectrometer with a view to improving 
the accuracy with which the width of the pure diffrac- 
tion contour can be deduced free of the various in- 
strumental broadening effects. 

Since most of the commercial spectrometers in use 
today are of the older Norelco design which is limited 
to the @ range from 0° to 45°, it is felt desirable to con- 
centrate the present analysis on crystallite size deter- 
minations which can be carried out in this angular 
range. Hence, we shall consider size measurements 
mainly in the range 0 to 500A and particularly those 
between about 250 and 500A, where the errors due to 
improper correction of the instrumental contributions 
may be very large. With the older type of spectrometer, 
having a wide x-ray source contour and limited to 
angles below 6= 45°, it is futile to attempt size measure- 
ments for crystallites much larger than 500A because 
the mandatory precision of the experimental measure- 
ments becomes too great for practical work. 


II. COMPUTATION OF A CORRECTION CURVE FOR 
CRYSTALLITE SIZE DETERMINATION WITH 
THE X-RAY SPECTROMETER 


In reference 6 the broadening effects of the five 
significant instrumental factors, or weight functions, 


*C. G. Shull, Phys. Rev. 70, 679 (1946). 
5A. R. Stokes, Proc. Phys. Soc. 61, 382 (1948). 
*L. Alexander, J. App. Phys. 21, 126 (1950). 
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TasLe I. Data utilized in the preparation of the spectrometer 
correction curve. 6=30°, w;=0.20°, w,=0.088°. By convolution 
analysis b=0.210°. 











B(°) B(‘) 
(from Scherrer (from convolu- 

D(A) formula) tion theory) 6/B B/B 
2 0 0.210(d) _ — 
1000 0.102 0.272 0.773 0.375 
700 0.1455 0.300 0.700 0.485 
500 0.204 0.341 0.616 0.598 
300 0.341 0.444 0.473 0.769 
200 0.510 0.596 0.352 0.856 
100 1.020 1.061 0.198 0.962 

50 2.040 2.040 1.000 


0.103 














upon a pure diffraction contour were investigated. A 
scheme of convolution analysis was employed to de- 
velop generalized broadening curves for each of the 
factors, and it was shown that by successively employ- 
ing each of these curves the width of the diffraction 
contour generated by the spectrometer could be pre- 
dicted, starting with a pure diffraction contour of any 
assumed width. 

In reference 6 it was pointed out that with a proper 
choice of the experimental conditions three of. the 
five instrumental factors causing contour broadening 
become negligible and only the effects of (I) the x-ray 
source width and (V) the receiving slit width need be 
considered. The requisite conditions are that the linear 
absorption coefficient of the powder for the x-ray beam 
be not too small (u=40) and that the diffraction angle 
26 be 20° or greater. The first condition is met in the 
case of CuKa radiation for nearly all materials except 
organic and metal-organic compounds, and the second 
condition can nearly always be satisfied by the proper 
choice of a diffraction line. It will accordingly be as- 
sumed in the development to follow that these simplify- 
ing conditions obtain. 

The results of the convolution analysis can be easily 
plotted as a correction curve in the manner given by 
Jones’ wherein 8/B is plotted as a function of 6/B. In 
order to simplify the terminology the notation of Jones 
will be used as far as possible. However, as it will prove 
necessary to refer to the different symbols of reference 6 
occasionally, it will be helpful at the outset to compare 
the two notations: 


Function Jones Reference 6 
Pure diffraction breadth B w 
Observed breadth for large crystallites bo We 
(uncorrected for Ka doublet) 
Same (corrected for Ka doublet) b Ws 
Observed breadth for small crystallites Bo We 
(uncorrected for Ka doublet) 
Same (corrected for Ka doublet) B Ws 


It will be noticed that the contour breadths for small 
and large crystallites have not been distinguished in 
the notation of reference 6. This is because the analysis 
of reference 6 was of a general nature, applicable to 
contours of any breadth. Unless otherwise indicated 
the term width, or breadth, of a contour in the present 
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paper denotes the width at half maximum intensity, 
Jones’ analysis and correction curves apply to the jp. 
tegral breadth, which is defined by 8.= (f'I.dx)/(I,).., 

The present analysis will deal mainly with the cage 
of a relatively wide x-ray source (appropriate for the 
older Norelco spectrometer). For materials with crys- 
tallite size larger than 1000A the observed contoy; 
breadth bo will be due largely to the x-ray source anq 
to a lesser extent to the receiving slit (unless an ap. 
normally wide slit is employed). For materials smaller 
than 1000A the observed contour breadth Bo will also | 
be widened because of the width of the pure diffraction 
contour, 8. If the crystallite size is very small the pure 
diffraction broadening becomes the dominant factor jn 
determining the breadth of the observed contour, Ip 
addition to these effects, if the Ka doublet is not re. 
solved, the observed contour will in all cases be widened 
as a result of the superposition of the overlapping con. 
tours produced by the a and a: components of the 
radiation. / 

It will be assumed in the present paper that all ob. 
served contours have been corrected for Ka@ doublet 
broadening before the crystallite size correction curve 
is to be employed. The curve of Jones’ for correcting 
for Ka doublet broadening is satisfactory for use with 
x-ray spectrometers having wide sources (of the order 
of 0.20° 26). 
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Fic. 1. X-ray spectrometer curves for correcting the breadths 
of diffraction contours for instrumental broadening. Also shown 
are the curves of Jones and Warren for Debye-Scherrer photo- 


graphs. 


Our procedure will now be as follows: (a) Using Eq. 
(1) compute the pure diffraction breadth, 8, of the con- 
tour produced by a material of crystallite dimension D. 
(b) Using the convolution method of reference 6 com- 
pute the breadth B of the contour generated by the 
instrument without the added effect of the Ka doublet. 
(c) Similarly compute the breadth 6 of the contour 
generated for materials of large crystallite size (for 
which 8-0). (d) Following the appropriate scheme of | 
Jones, plot 6/B as a function of b/B. 

The success of this method of arriving at the correc- 
tion curve will be contingent upon our correct choice 
of mathematical functions to describe the pure dif- | 
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fraction contour and the x-ray source contour. A careful 
appraisal of these functions will be found in Parts III 
and IV of reference 6, so that it is necessary here only 
to repeat the final results, viz., that a typical crystallite 
size distribution tends to generate a pure diffraction 
contour which is closely approximated by 1/(1+-£°¢?), 
whereas an X-ray squrce contour is more nearly de- 
scribed by e~****. Accordingly, the derivation of the 
correction curve which follows will be based on the 
premise that these simple mathematical functions ac- 
curately describe the pure diffraction and x-ray source 
contours. 

The method of determining the curve of 6/B as a 
function of b/B will be illustrated in detail by the 
calculation of one selected point, after which the com- 
plete data required for locating the entire curve will 
be tabulated. We shall select the case 6=30° and a 
crystallite size of D=500A. The spectrometer is as- 
sumed to be of the older design with an x-ray source 
width (wy) of 0.200°, and a relatively narrow receiving 
slit width, w.=0.088°, is employed. The radiation is 
CuKa, for which A= 1.542A. 

Using the standard crystallite size equation with K 
set equal to unity, we find for the theoretical breadth 
of the pure diffraction contour 


Kr 1.542 X 57.3 
= =().204°. 


~ Dcosd 500K.866 





The ratio of the width of the contour to that of the 
source is w/wry=0.204°/0.200°= 1.02. Referring to Fig. 
4(I) of reference 6, we find for the broadening ratio 
w,/w= 1.62. Then the width of the resulting contour is 


w= w (w/w) =0.204°X 1.62=0.330°. 


This contour will be intermediate between e~*** and 
1/(1+%'¢") in form because it is the convolution of two 
functions which are of these two pure forms and of 
approximately equal width. 

We turn next to the action of the receiving slit in 
broadening this contour. The ratio of its width to that 
of the slit is w;/w,=0.330°/0.088° = 3.75. Since we are 
neglecting the instrumental weight functions II, III, 
and IV, this ratio becomes the abscissa, ws/w,, of Fig. 
4(V) of reference 6. The initial contour will be 
broadened by an amount which is approximately the 
mean of the values given by curves (a) and (b), hence 
ws/ws= (1.030+ 1.036)/2= 1.033. This leads to a re- 
sulting contour width of 


B=ws= wsX (ws/ws) = 0.330°X 1.033=0.341°. 


For the reference material of large crystallite size 
the pure diffraction breadth 8 is zero. Hence, we start 
with the source contour and determine the broadening 
ratio due to the action of the receiving slit upon it. 
We have then 


w/w,=0.200°/0.088° = 2.27, 
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TABLE II. Calculation of the crystallite sizes of four materials 
from spectrometer measurements after determining 8 (A) by 
Stokes’ Fourier method and (B) from the correction curve of 
Fig. 1 (widths at half maximum). 











Basic 
Cristo- calcium 
CaF: MgO balite phosphate 
Observed breadths wae 
Bo 0.500° 0.700° 0.470° 0.468° 
bo (quartz powder) 0.330° 0.330° 0.320° 0.330° 
Breadths after correcting for Kayaz 
0.460° 0.674° 0.462° 0.456° 
b 0.276° 0.284° 0.307° 0.314° 
Correction ratios 
b/B 0.600 0.421 0.665 0.689 
8/B (Fig. 1) 0.620 0.810 0.533 0.500 
Pure diffraction breadths 
B (Stokes’ method) 0.335° 0.530° 0.260° 0.215° 
B (Fig. 1) 0.285° 0.546° 0.246° 0.228° 
Calculated crystallite sizes 
D(A.) (Stokes’ method) 290 179 346 422 
D(A.) (Fig. 1) 342 174 366 398 








and from Fig. 4(V), curve (a), of reference (6), ws/ws 
= 1.05, and consequently 


b= W5= WaX (ws/ws) = 0.200°X 1.05=0.210°. 
From these calculated values of 8, b, and B we obtain 


b/B=0.616 and 6/B=0.598. 


By proceeding in a similar manner for a number of 
crystallite sizes ranging from 50 to 1000A the remaining 
data of Table I of the present paper were obtained. 
When plotted with 8/B as a function of b/B, the solid 
curve marked ‘Widths at Half Maximum” of Fig. 1 
is obtained. Although deduced specifically for the case 
of 6=30° and a receiving slit width of 0.088°, this 
curve is found to be perfectly general for all values of 6 
in the range 0-45° and for receiving slit widths ranging 
from 0 to about 0.20°. When the slit width exceeds the 
angular width of the source by an appreciable amount, 
the correction curve shifts to the right. The most satis- 
factory policy in this regard is to always employ the 
narrowest receiving slit that is compatible with the 
diffracted energy available. 

By a parallel set of calculations it can be shown, or by 
direct comparison of the geometrical conditions it can 
be inferred, that this same correction curve applies, 
within limits, to spectrometers with narrower sources. 
However, when the source width becomes much smaller 
than 0.10°, the several minor broadening factors be- 
come relatively significant, so that the premises upon 
which the present curve is based are no longer correct. 


Ill. EXPERIMENTAL SUBSTANTIATION OF 
THE CORRECTION CURVE 


In Part III of reference 6 the pure diffraction con- 
tours of six miscellaneous materials were investigated, 
five of them by the Fourier transform method of 
Stokes.® Four of these materials made excellent subjects 
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Taste III. Comparison of the crystallite sizes of four ma- 
terials as deduced by different correction curves. The figures are 
calculated crystallite sizes in A. 











Basic 
Cristo- calcium 
Method of correction CaF: MgO balite phosphate 
Stokes (Fourier) 290 179 346 422 
Curve of Fig. 1, widths 342 174 366 398 
at half maximum 
Jones’ curve (a) 285 162 284 301 
Jones’ curve (b) 414 201 448 491 
Warren’s curve 265 156 260 274 


[8/B= (1—b/B*)4} 








for a test of the spectrometer correction curve of Fig. 1. 
The widths of the pure contours deduced by the Fourier 
method can be considered to be the best obtainable 
and hence to also lead to the most reliable values of 
the crystallite sizes. In Table II the crystallite sizes 
are calculated using the curve of Fig. 1 marked “Widths 
at Half Maximum,” and the resulting values are com- 
pared with the presumably best values from the Stokes 
procedure. 

In every case an appropriate quartz maximum was 
measured in order to obtain the required value of bo 
for a material of large crystallite size. The contours 
were measured with a Norelco Geiger-Counter Spec- 
trometer, Type No. 12021 (with wide x-ray source), the 
spectrometer arm being set manually at appropriate 
intervals and the counting rates being recorded directly. 
In every instance except that of basic calcium phos- 
phate it was possible to reduce the probable statistical 
counting error in the peak height above background to 
1 percent or less. It is seen that in three out of four 
cases the agreement is highly satisfactory, and, further- 
more, that in the single case of less satisfactory agree- 
ment (CaF2) a greater deviation from the presumably 
best value (by Stokes’ method) is to be expected be- 
cause the pure diffraction contour is intermediate in 
nature between the forms 1/(1+’¢*) and e~**# rather 
than resembling more closely the first function (refer 
to Table I of reference 6). 

Table III compares the crystallite sizes of these 
same materials as calculated using various correction 
curves with the values arrived at by Stokes’ Fourier 
method. For the sake of ready comparison these cor- 
rection curves are also plotted in Fig. 1. An examina- 
tion of Table III shows that on the average the present 
curve gives much better agreement with the Fourier 
results than any of the other curves. Only in the case 
of the somewhat anomalous contour of CaF, would 
somewhat better results have been obtained by using 
other curves, e.g., by employing either Warren’s curve 
or Jones’ curve (a). It is interesting to note from Fig. 1 
that the new spectrometer curve agrees more nearly 
with Jones’ curve (b) at large values of 6/B (large 
crystallite sizes), while it approaches both Jones’ curve 
(a) and Warren’s curve more closely at small values of 
b/B (small crystallite sizes). However, as is well- 
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known, the choice of correction curve is unimportant 
for small crystallite sizes. 


IV. DISCUSSION OF THE CORRECTION CURVE 


In Part II it was emphasized that the derivation of 
the present correction curve is based on the premise 
that the functions 1/(1+#°¢*) and e~*** accurately de. 
scribe the pure diffraction contour and x-ray source 
contour respectively. These formulas should be re. 
garded realistically as being only limiting functions 
which are approached only more or less imperfectly jn 
any experimental situation. Consequently the most 
that should be claimed for the present correction curve 
is that the probability of its yielding an accurate valye 
of 8 is good and also much better than that of curves 
based on other pairs of simple mathematical functions, 

In particular, it is suggested that each investigator 
test the focal spot of the particular x-ray tube employed 
for agreement with the function e~**. A simple but 
sufficiently accurate method for accomplishing this jg 
described in Part IV of reference 6. If reasonably good 
agreement is found he may then use the present cor. 
rection curve with confidence. 

For a spectrometer with a wide source the correction 
curve of Fig. 1 will have rather general reliability pro- 
vided that the following experimental requirements are 
satisfied: (a) The linear absorption coefficient of the 
powder (including solid and interstices) should be ap- 
proximately 40 or larger. (b) The diffraction angle, 26, 
should be greater than 20°. (c) The receiving slit width 
should not exceed the width at half maximum intensity 
of the x-ray source contour (both expressed in terms of 
26 units). (d) By proper adjustment of the x-ray slit 
the horizontal and vertical divergence of the x-ray 
beam should preferably be limited to moderate values, 
say, 1° and 2° respectively. Under these circumstances, 
if we disregard the usual remaining uncertainty in K 
of Eq. (1), satisfactory measurements can be made of 
crystallite sizes as large as 500A provided that Bo and 
bp can be measured with an accuracy of +0.01° or 
better for the larger sizes. For the new spectrometers 


with narrower x-ray sources the present curve is fairly | 
reliable for crystallite size measurements below SQ0A. | 
However, although instruments of this design are theo- | 


retically capable of application in the size range 500- 
1000A, the novel geometrical factors involved are such 


as to require a special analysis in order that a correction | 


curve may be established for work in this size range. 


If it is desired to use integral contour breadths, de- 
fined by B2=(fJIdz)/(I2)max, rather than widths at [ 


half maximum intensity, the curve marked “Integral 
Breadths” in Fig. 1 should be employed. This curve was 
derived by substituting the functions 1/(1+-,°s”) and 
exp(—,?x") respectively for F(kx) and f(x) in Jones’ 
Eqs. (4) and (5).’ The integral breadth is more con- 
venient for mathematical analysis but less readily 


employed in the experimental measurement of crystal- 


lite size. 


JOURNAL OF APPLIED PHYSICS 











Ns, 
tor 
yed 
but 
3 is 


jon 
)r0- 
are 
the 


26, 
idth 
sity 
s of 

slit 
Tay 
ues, 
ces, 
n K 
e of 
and 

or 
ters 
airly 
DOA. 
heo- 


such 
ction 
ze. 

, de- 
1S at 
egral 
> was 
} and 
ones 
con- 
adily 
ystal- 


'SICS 








SS EN ree 





SS TT 


ae 





When measurements of the highest reliability are 
required, it is recommended that the Fourier transform 
method of Stokes be employed for determining 8. 
Once the equipment for the rapid summation of Fourier 
series has been constructed and the technique for per- 
forming the operations has been mastered, the time 
consumption per analysis is not excessive (possibly one 
or two hours). The Fourier method has completely 
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Fic. 2. Determination of the crystallite size of a nickel catalyst 
from an automatic strip chart record of the (111) maximum. 
CuKa-radiation; scanning speed 1° per minute; background 
measured at 20=36° and 56°. Neglecting bo, Di. =48 A. Using 
h=0.33° for the (220) reflection of NaCl powder, Din =49 A. 


general applicability regardless of the particular forms 
of the pure diffraction contour and the various instru- 
mental broadening functions. Furthermore Ka doublet 
broadening is automatically allowed for. 


V. PRACTICAL SUGGESTIONS FOR CRYSTALLITE 
SIZE DETERMINATION WITH THE 
X-RAY SPECTROMETER 


The following discussion applies to the older spec- 
trometer design incorporating a wide x-ray source and 
a working range of 20=0 to 90°. Three crystallite size 
ranges will be given special consideration, each amen- 
able to a somewhat different experimental approach. 

For all except the smallest crystallite sizes it is neces- 
sary to measure the contour widths of both the material 
being studied (Bo) and a reference material which gives 
no crystallite size broadening (bo). In order that the 
geometrical broadening effects may be as nearly identi- 
cal as possible, the two peaks should be situated at 
approximately the same diffraction angle. When the 
linear absorption coefficients for x-rays of the “un- 
known” and reference powders are both high (say, 
u=40 or more when the interstices of the powder are 
included in the calculation) or when the absorption 
coefficients are known to be very nearly equal, good 
results can be obtained when the two materials are 
mounted and analyzed separately. However, when the 
coefficients are small, and in particular when they are 
known to differ considerably, the two materials should 
be intimately mixed and the measurements made on a 
single sample. The fact that the calculated absorption 
coefficients of the two solid materials are nearly equal 
is in itself no guarantee that the powders will absorb 
equally because they may not pack to the same density. 
When this is evidently true, or when there is any doubt 
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in this regard, the materials should always be mixed. 
Fine quartz powder manifests a fairly typical packing 
behavior and is found to assume a state in which solid 
and interstices constitute about 40 and 60 percent re- 
spectively of the total sample volume. Hence, the linear 
absorption coefficient of the powder is only 0.40 as 
large as that of the solid material [for CuKe radiation 
u (quartz powder) = 0.4093 = 37 ]. 

The above suggestions presuppose the use of a sample 
of sufficient thickness to give maximum absorption (see 
remarks in reference 6, Part VII). If sufficient intensity 
can be obtained with the use of a very thin sample, 
such as a film of powder mounted on a suitable plane 
substrate, the differences in absorption become much 
less important and it is usually unnecessary to mix 
the powders. 


Case 1. Size Range < 150A 


In this range fairly good results can be had by pre- 
paring automatic strip chart records at a sufficiently 
slow scanning speed to yield a contour of easily meas- 
urable width. The background is also measured at 
selected points on either side of the maximum, after 
which the best straight horizontal line is drawn through 
the statistical fluctuations of each background record 
and a smooth curve is drawn to delineatethe peak con- 
tour. This method is not successful unless the peaks in 
question are relatively strong. In favorable cases of this 
sort 8 can be determined with a probable error of 5 to 
10 percent. Figure 2 illustrates the application of this 
method to a nickel catalyst of fine crystallite size. 

If the peak contours are counted and plotted manu- 
ally and if sufficient counts are taken to permit the 


Basic ' 
Calcium ; 1 
Phosphate , 











1 


25.4 


1 ales 


25.8 26.0 





L L l 
262 264 266 268 


26(°) 


! 
256 


Fic. 3. Diffraction contours of basic calcium phosphate pre- 
cipitate before (I) and after (II) digestion, and reference contour 
of quartz powder. The contours were plotted from manually re- 
corded counting rate data. Crystallite sizes (after correcting for 
Ka doublet broadening) : (I) 290 A, (II) approximately 800 A. 
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Quortz Cristobolite 











Fic. 4. Diffraction contours used in determining the crystallite 
size of cristobalite prepared by calcining diatomaceous earth. 
The contours were plotted from manually recorded counting rate 
data. Mean crystallite size (after correcting bo and By for Ka 
doublet broadening), 366 A. 


determination of the peak height above background 
with a probable error from counting statistics of 1 per- 
cent or less (5000 counts per point for cases with negli- 
gibly small backgrounds), the probable error in 8 can 
be reduced to 3 percent or less. In this size range it is 
unnecessary to correct the observed line breadths for 
Ka doublet broadening. Warren? has pointed out that 
the measured breadth of the “unknown” line, Bo, can 
be substituted for 8 directly in the crystallite size for- 
mula when b9<Bo/5, because in such instances the 
broadening due to the instrumental effects becomes in- 
significant in comparison with the pure diffraction 
broadening. Thus, for the nickel catalyst of Fig. 2 the 
calculated crystallite size was 49A when bo was taken 
into account and 48A when not. 


Case 2. Size Range 150-300A 


Automatic recording is not satisfactory in this range 
except for very rough measurements. If the heights of 
the peaks above background are determined with an 
accuracy approaching 1 percent (as limited by counting 
statistics), it is possible to determine 8 with a probable 
error of 5 percent. This and succeeding estimates of 
precision and error take into account a reasonable 
degree of uncertainty in the position of the spectrometer 
correction curve (Fig. 1). In this size range it is un- 
necessary to correct for Ka doublet broadening for 
26<60°. For higher angles the error involved is suffi- 
cient to increase appreciably the 5 percent probable 
error quoted above. 


Case 3. Size Range 300-500A 


In this range it is necessary to adopt the best experi- 
mental techniques in order to secure good results. A 
probable error in 6 of considerably less than 10 percent 
can be attained by keeping the probable error in count- 
ing statistics at points near the tops of the peaks smaller 
than 1 percent and by correcting for Ka doublet 
broadening in all cases. In addition, for the most 
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accurate work it is recommended that the recorded 
counting rates be corrected for the nonlinearity of re. 
sponse of the Geiger tube.’ 

Of course, care must also be exercised in defining 
accurately the sides of the contours at the levels at 
which the breadths Bo and bo are to be measureg. 
This means measuring the counting rates at two or 
more points in the immediate vicinities. An analysis 
of the counting errors involved has shown that it js 
satisfactory to use a constant time interval for counting 
all the points defining a given contour, provided only 
that this time interval furnishes a sufficient number 
of counts to determine the height of the peak above 
background with high precision. 

The background should preferably be counted with 
a longer time interval because of the normally much 
smaller intensities involved, and it is suggested that 
this interval be made twice as long as that employed 
in counting the peak contour. When the background js 
abnormally high and constitutes an appreciable portion 
of the over-all counting rate measured at the top of the 
peak, it is necessary to totalize much more than 5000 
counts at the top of the peak in order to reduce the 
probable error in the met peak height to less than 1 
percent.’ In any event care should also be taken that 
the background be measured at points sufficiently far 
removed from the peak to avoid contributions from the 
base of the peak itself. For sharp peaks an angular dis- 
placement from the peak center of 2.0° is usually satis- 
factory, but for the very wide maxima generated by a 
distribution of crystallite sizes in the range below 100A 
it is necessary to increase this to 5° or even more. 

Figures 3 and 4 illustrate crystallite size measure- 
ments in the ranges of Cases 2 and 3. In each figure the 
required reference contour of a material of large crystal- 
lite size (fine quartz powder) is also shown. Actually 
each contour pictured was obtained using a separate 
sample, but the several contours have been drawn to- 











gether to facilitate comparison. The growth of the basic | 


calcium phosphate crystallites during digestion is 
strikingly reflected in the alteration of the diffraction 
contour shown in Fig. 3. The accuracy of the measure- 
ment following digestion is obviously not good (prob- 
ably not better than 800+150A) because the size in- 
volved is outside the satisfactory working range of the 
spectrometer. Figure 4 portrays the bo and Bo contours 
which were analyzed in determining the crystallite size 
of cristobalite, a form of crystalline silica, prepared by 
calcining diatomaceous earth. 
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Radiofrequency Mass Spectrometer 


Wittarp H. BENNETT 
National Bureau of Standards, Washington, D. C. 
(Received August 29, 1949) 


A mass spectrometer tube using velocity selection is described. The tube has parallel plane grids made 
with knitted wire nets with a large percentage of open area. The grids are arranged in groups of three, and 
radiofrequency alternating potential is applied to the middle grid of each group. Stopping potentials are 
used to turn back all ions except those with the selected mass. The spectrometer has sufficient resolution for 
ordinary gas analysis requirements and is simpler, more compact, and more rugged than magnetic beam 


deflection devices. 





EVERAL proposals have appeared in the past for 

making a mass spectrometer using velocity selec- 
tion instead of a magnetic deflection of a focused beam 
of ions. 

Smythe and Mattauch! used a succession of pairs of 
condenser plates along a tube, with which radiofre- 
quency alternating fields could be applied to the ions 
in a collimated beam at right angles to the principal 
direction of movement of the ions in the beam. The ions 
in order to arrive at the receiver had to have the ve- 
locity necessary to place them opposite each successive 
pair of condenser plates at successively opposite phase. 
Because harmonic masses would also be recorded in 
such an arrangement, Smythe and Mattauch! also bent 
the beam through an arc with an electric field between 
a curved pair of electrodes in order to eliminate har- 
monics. From the available publications, this method 
does not appear to have been successful. 

Stephens? proposed, and Cameron and Eggers? built 
and tried a pulsed ion source in combination with an 
oscilloscopic display of the distribution in time of the 
arrival of ions at a receiver. The resolution obtained, 
using this attractively simple idea, is disappointingly 
limited. This limitation is probably inherent in any 
method which has to use such high speed recording of 
such small pulses of current. 

Weisz‘ has suggested, but apparently not tried, an 
adaptation of a linear accelerator in which alternately 
phased radiofrequency alternating potential is applied 
to a succession of equally spaced coaxial cylindrical 
electrodes. He proposes to operate the instrument in a 
manner such that the ions to be selected arrive at the 
gaps between electrodes at zero phase and that they 
be selected on the basis that they have neither gained 
nor lost energy because of the alternating fields between 
the successive cylindrical electrodes. He fails to make 
clear how to accomplish such a selection. 

Bauer’ has suggested a method which requires a 
well-focused beam to travel between parallel plates 
between which an alternating radiofrequency potential 


'W. R. Smythe and J. Mattauch, Phys. Rev. 40, 429 (1932). 

*W. E. Stephens, Phys. Rev. 69, 691(A) (1946). 

*A. E. Cameron and D. F. Eggers, Jr., Rev. Sci. Inst. 19, 
605 (1948). 

*P. B. Weisz, Phys. Rev. 70, 91(L) (1946). 

*S. H. Bauer, J. Phys. Chem. 39, 959 (1935). 
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is applied. This method also appears not to have been 
tried. 

Proposals have also appeared® for time-of-flight 
methods which use uniform magnetic fields in obtaining 
well-focused mass components, and as such have most 
of the disadvantages of the more familiar magnetic 
beam deflection methods and can use only as intense 
an ion beam as can be made to pass through a narrow 
slit. 

The present development grew out of some observa- 
tions made in 1946 on a pentode with coaxial cylindrical 
electrodes. A radiofrequency a.c. potential was applied 
to the intermediate one of the three grids while nega- 
tive ions were produced at the hot cathode in the central 
portion of the tube. Although this tube was built for 
the purpose of separating kinds of negative ions differ- 
ing in mass by a factor of two or more, it was found 
that a much better separation was effected than had 
been anticipated. For this reason, experiments were 
initiated to explore the possibilities of this kind of 
velocity selector as a mass spectrometer. 


SINGLE-STAGE TUBE 


The first tube built using parallel plane grids was a 
single-stage tube, as shown in Fig. 1, and illustrated 
schematically in Fig. 2. Electrons from the filament, a, 
are accelerated through a d.c. potential to the first 
grid, b. Positive ions produced by collisions between 
these electrons and gas molecules in the tube between 
grids 6 and ¢ are accelerated from 5 toward c with a 
potential difference, V, between 6 and c. The grids ¢, 
d, and e are equally spaced at a distance s. A radio- 
frequency field of angular frequency w is applied to the 
middle grid d giving an electric field between c and d 


Eua=E sin(wt+6) 
and between d and e 
Eu=—E sin(w!+ 6), 


where ¢ is zero at the instant an ion crosses the plane 
of grid c and E sind is the value of the field E.4 at that 
instant. We assume a uniform flow of ions up to grid c 
so that there will be equal numbers of ions with each 


6S. A. Goudsmit, Phys. Rev. 74, 622 (1948). J. A. Hipple and 
H. A. Thomas, Phys. Rev. 75, 1616 (1949). 
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possible value of 6. Some of these will receive energy 
from the fields as they pass the grids while others will 
lose energy to the fields. The collecting plate f has a 
d.c. stopping potential which turns back all ions except 
those which have acquired nearly the maximum possible 
energy from the fields and which originated near the 
grid b. 

An exact solution for the motion of a charged par- 
ticle in the sinusoidal field is extremely complex and 
has not been obtained. For purposes of this discussion, 
a small disturbance approximation will suffice. Experi- 
ment has shown that this approximation holds quite 
well for finite amplitudes. It is assumed that the change 
in velocity of an ion as it moves through the grids is 
small compared to its initial velocity so that the effects 





Fic. 1. 
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Fic. 2. 


of the applied fields on the transit time can be neglected, 
Space-charge effects are also neglected with negligible 
error for this system. 

The force acting on mass m between grids c and d is 


F .a= mé= Ee sin(wt+ @) 
and between d and e¢ is 


Fae=mi=— Ee sin(wi+8), 





where time ¢ is measured from the time the ion passes 
the grid c and @ is the phase angle of the alternating 
potential on d at the instant the ion passes c. Taking 
for a first approximation, the case when the amplitude 
of the alternating potential is small compared with 
the d.c. potential, V, used in accelerating the ion from 
the source to the grid, c, the variations in the velocity 
of the ion due to the a.c. fields will be small compared 
with the average velocity of the ion between grids ¢ 
and e. The energy acquired from the alternating field 
is approximately : 





AW =A(mz?/2)=0-A(mv) = of Fat. 


The transit time for the ion to travel from one grid to 
the next is s/v where s is the distance between grids. 
Then 


a/v 2s/v ; 
aw=s} f Ee sin(wt+- oar f — Ee sin(at+ oa 
0 /v 


Eev Sw 2sw 
aw=—| cos0- 2 cos(—+ 0) +c0s(—+ a) } 
v 


w® v 


rr 


This is a maximum with respect to variations in @ when 


(sw) /v+0=2= 180°, 
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showing that the ions which pass grid d just as the 
field reverses obtain maximum incremental energy. 
The expression for AW is a maximum with respect to 
variations in w when 


6=46° (more precisely 46°26’) 
so the transit angle between grids is 
(sw) /v= 134°. 


The velocity of the ion receiving maximum incremental 
energy is obtained from 


eV=3Mmvr’*, 


where V is the potential difference between the ion 
source, 6, and the grid, c; M is the atomic mass number 
of the ion; and mp is the mass of an ion of unit mass 
number. Eliminating v between the last two equations 
gives 


0.266.10!2V 
M =—_—__—__, 
os 


where V is in volts, s is in centimeters, and f is in cycles 
per second. 

Shown in Fig. 3 is the energy, AW, acquired by an 
ion passing the grid d, at 180° phase as a function of 
the number of cycles, N, executed by the alternating 
field while the ion travels from grid c to grid e. The 
principal maximum of this curve is at N=0.74 cycle 
because the transit angle from the first to the third 
grid for maximum AW is 


(2sw)/v= 267° =0.74 cycle. 


If the stopping potential applied in the collecting sys- 
tem corresponds to the energy Z, at the horizontal 
dashed line, the ions can be collected only at frequencies 
corresponding to positions in the graph between A and 
B. Ions passing the first grid at phase angles different 


from the optimum 46° angle acquire a lower energy 


and can reach the collecting electrode within a narrower 
range than the range between A and B. The ions col- 
lected are those at all phases of entry which can collect 
enough AW to exceed Z so the shape of the line observed 
for ions of a particular mass is sharper than that por- 
tion of the curve above Z. 

An example of the line form observed is shown in 
Fig. 4. This is a plot of the experimentally observed 
ion currents for mercury positive ions. A smaller stop- 
ping potential is used for the upper curve than for the 
lower curve. 

It was found by experiment that the above approxi- 
mate treatment was adequate if the d.c. potential dif- 
ference between the source and the first grid was more 
than 10 times the amplitude of the r-f alternating po- 
tential, but that irregular curves for each mass com- 
ponent resulted at larger relative a.c. potentials. How- 
ever, symmetric mass line forms resulted for a.c. po- 
tentials up to about half the d.c. potential, if the d.c. 
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potential on grid d, to which the a.c. potential is added, 
is reduced by just the amount necessary to reduce the 
speed of an ion receiving maximum incremental energy, 
back to the same speed as that with which the ion 
passed grid c, and if the d.c. potential on grid e were 
also similarly reduced below that of grid d. 

A good example of this can be given in the case where 
the tube is used for resolving the negative atomic ions. 
produced at the surface of a hot cathode. In this case 
the potentials applied were: 


Ion source, a, 0.0 volt, d.c. 
Grid, 5, + 10.0 volts d.c. 
Grid, c, + 4.0 volts d.c. plus 6 volts (r.m.s.) a.c. 
Grid, d, — 2.0 volts d.c. 
Grid, e, — 14.1 volts d.c. 


+ 20.0 volts d.c. 


It will be noted that in this particular test, the stopping 
potential was applied to the fourth grid, e, and not to 
the collector. A simple integration shows that if the 
grids were ideal grids (very small holes compared with 
the inter-grid distance), the maximum incremental 
energy an ion could acquire from the r-f fields would 
be about the same as would be acquired from a d.c. 
potential twice the r.m.s. value of the r-f potential on 
the intermediate grid. Thus the use of an r-f potential 
of six volts requires stepping back the d.c. potential 
on each successive grid by about six volts in order to 
hold approximately constant the velocity of those ions 
receiving nearly maximum incremental energy. The 
value of the stopping potential, —14.1 volts, exceeds 
the value of a little less than — 12 expected because the 
more positive potential of the adjacent electrodes re- 
duces the magnitude of the potential of the middles 
of the holes in the stopping grid to less than that of the 
potential applied to that grid. 

By appropriately selecting the d.c. potentials, this 
spectrometer tube serves equally well for separating 
positive or negative ions. Although no magnetic field 
is needed with this tube in separating positive ions, it is 
helpful to use a small magnetic field perpendicular to 
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the axis of the tube when separating negative ions in 
order to confine the electrons from the source to the 
vicinity of the source. This prevents the formation of 
positive ions throughout the tube by the relatively 
large electron currents which would otherwise reach 
the vicinity of the stopping grid. 


TWO-STAGE TUBE 


The method was extended to a two-stage tube shown 
schematically in Fig. 5. In this case, the grids , c, and 
d serve as the first stage while grids e, f, and g function 
as the second stage. The same radiofrequency alter- 
nating potential is applied to grids c and f in addition 
to the two unequal d.c. potentials whose difference pro- 
vides the compensation described previously in con- 
nection with the single-stage tube. As before, the poten- 
tial V accelerates the ions from the source a to the first 
grid 5, and the d.c. potentials of grids c, d, f, and g are 
similarly adjusted. The grids d and e are at the same 
potential so that the region between them is an equi- 
potential drift space. The stopping grid h and the col- 
lecting plate p function as before. 

The distance between grids d and e is such that an 
ion receiving maximum incremental energy from the 
first stage will reach the initial grid of the second stage, 
e, at the right phase of the r-f alternating potential to 
acquire a maximum incremental energy from the second 
stage also. In order to accomplish this, the r-f potential 
must execute exactly an integral number of cycles while 
the ion travels from stage to stage, or more exactly, 
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from c to f, and so the distance from d to e must be 


(2.70n—2)s, 


where » is an integer, and s is the distance between the 
grids in each stage as before. The first two-stage tube 
was built with n=6. This will be referred to as a six. 
cycle two-stage tube. 

The incremental energy which can be acquired by 
an ion from both stages of a two-stage tube is illustrated 
in Fig. 6. The envelope of the curve is the same kind 
of a curve as plotted in Fig. 3 but with twice the 
ordinate, of course. 

In Fig. 7 is shown the current of negative iodine ions 
from a hot tungsten filament in iodine vapor at 10~ 
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mm pressure. The lower curve shows the currents ob- 
served using a larger stopping potential, Z, than that 
used in obtaining the upper curve. It is seen by com- 
paring these curves with those in Fig. 4 that the selec- 
tion is much sharper than that obtained with a single- 
stage tube. High peaks occur for frequencies corre- 
sponding to other numbers of cycles between stages 
than the number 6 for the principal peak, and much of 
the sensitivity of the tube is lost in increasing the stop- 
ping potential enough to cut out the adjacent peaks. 


THREE-STAGE TUBE 


In order to retain much more sensitivity and, at the 
same time, produce only a single peak for each mass, a 
third stage is introduced. Such a tube is shown in Fig. 8. 
The three stages must be spaced so that the r-f alter- 
nating potential on the middle grid of each stage exe- 
cutes exactly integral numbers of cycles while the ion 
acquiring maximum incremental energy travels from 
stage to stage, i.e., from e to h, and from h to k. These 
integral numbers between the two successive pairs of 
stages are so selected as to avoid any appreciable over- 
lap of the harmonic peaks of the two pairs of stages 
considered as two-stage combinations. This is illus- 
trated in Fig. 9. When the integral numbers are so 
selected, much more of the principal peak can be left 
above the blocking potential, Z, than with either the 
single-stage or two-stage tubes and a corresponding 
increase in sensitivity is effected. 

A 9-7-cycle three-stage tube was built, shown in 
Fig. 8, and illustrated schematically in Fig. 10. This 
tube was provided with two different kinds of ion 
source. One made use of a pencil of electrons, a’, which 
passed at right angles to the axis of the tube. Ions 
produced along this electron beam were made to drift 
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toward the grid c with a small electric field between 6 
and c. The other source of ions which could alternatively 
be used made use of electrons from filament a acceler- 
ated toward grid b. Ions produced between 6 and c¢ 
were similarly made to drift toward c with a small field 
between 5 and c. 

A d.c. potential, V, accelerates the positive ions 
emerging through c toward and through d. The grids d, 
e, and f act as the first stage; g, 4, and 7 the second 
stage; and j, k, and / the third stage. The only grids 
receiving the radiofrequency a.c. potential are e, h, and 
k. The stopping potential difference is applied between 
the collecting plate p and the grid c. The grid m was 
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held at the same potential as the collector, and grid n 
was held at a more negative potential than any other 
electrode in the tube in order to turn back all electrons 
produced in the tube between grids d and n. 

The grids used in this work were made with 0.0005-in. 
tungsten wire knitted with about 15 loops per centi- 
meter. One of these grids is pictured in Fig. 11. The 
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wire is mounted on the frame in a stretched condition 
so that the grid does not sag during or after baking. 
This is quite important in order that the grids remain 
accurately positioned with respect to each other. The 
open area of these grids is greater than 95 percent and 
even though 13 are used in a tube, more than 50 percent 
of the beam can pass through to the collector. The most 
open of the woven wire screens available with openings 
this small have open areas less than 65 percent, and 13 
of these in series would pass less than one-half percent 
and would be quite impractical. Mr. William B. Haliday 
of this Bureau has assisted considerably in the de. 
velopment of the techniques for making these grids, 

In this first of the three-stage tubes built, the grids 
in the stages were spaced at 2 mm which is of the same 
order of magnitude as the size of the holes in the grids, 
For this reason, the grids were far from ideal grids. 

Figure 12 shows one of the observations of the spec- 
trum of positive ions of mercury. In this observation, 
harmonic peaks occur at frequeficies above and below 
the principal peak by about one-eighth the frequency 
of the principal peak. These harmonic peaks are eyij- 
dently due to a partial overlap of the first harmonic 
peaks of the two two-stage combinations whose har- 
monics occur at frequencies, respectively, at one-ninth 
and one-seventh of the principal frequency, as illus- 
trated in connection with Fig. 7. 

Increasing the stopping potential and correspondingly 
reducing the intensity of the observed line eliminates 
these harmonic peaks as shown in Fig. 13. In this figure, 
the solid vertical lines under the curve are drawn pro- 
portional to the relative abundance of the isotopes. 
The width of this observed line at half the maximum 
height is 3} percent while the width, due to the spread 
in isotope distribution, should be at least 1} percent. 
However, the line flares out at the base much more 
than the lines did in the two-stage cases. This is be- 
lieved to be due to the fact that this tube used grid 











Fic. 11. 


JOURNAL OF APPLIED PHYSICS 














ion 
ng. 
ain 
The 
and 
ent 
10st 
ngs 
13 
ent 
day 


rids 
ime 
ids, 


DEC- 
ion 
low 
ncy 


evi- 


onic 
har- 
inth 
lus. 


agly 
ates 
ure, 
pro- 


um 
read 
ent. 
nore 


be- 


SICS 





























</0 
w! 2 /0 - 
¥ 
& 
3 
= 
= 
0 
3] 07 
& Frequencr — 
S 7500 1600 1900 1900 2000 2100 2200 
| | | | 3 
- .' | 
T qT | t qT 
50 100 150 200 250 


_Mass NumBeR __ 


Fic. 12. 


distances which were too small compared with the 
size of the holes in the grids. 

From the shape of the line shown in Fig. 13, it is 
seen that this spectrometer should have sufficient resolu- 
tion for those gas analyses where the masses to be com- 
pletely separated differ by more than six percent, as 
is the case in many ordinary gas analyses of the lighter 
substances. 

It should be noted that after constructing this spec- 
trometer tube with proper care given to the accuracy 
of the grid spacings, and the accuracy of measurement 
of the potential, V, the formula 


0.266.10"°V 
M=———_—_ 
oF 


accurately gives the frequencies at which the various 
mass components appear. The instrument, when built 
with due attention to grid spacing, does not have to be 
calibrated with known gases and, in this sense, this is 
an absolute instrument. 

This spectrometer tube has been found to operate 
well at pressures from 10~* to 10~* mm. It should be 
built in a form which can be baked because, otherwise, 
the gases usually found in unbaked tubes can give 
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strong background mass components in the observa- 
tions. On the other hand, masses can be resolved at 
pressures up to values of the pressure where the mean 
free path of the ions is about equal to the length of the 
tube. 

It is important to note that no slits are required. All 
the ions produced in the ion source are accelerated 
through the essentially open structure of the tube 
toward the stopping electrode. The current at the top 
of the principal peak in Fig. 12 corresponds to about 
five percent of all the ions produced in the ion source. 

Experiments are continuing to determine whether 
the harmonic peaks shown in Fig. 12 can better be 
eliminated by some other selection of integer combina- 
tion for the number of cycles between stages or by 
increasing the ratio of the grid distances to the hole- 
sizes in the grids. A number of simplifications of the 
tube and equipment are now being tested to determine 
which can be introduced without losing too much 
resolution for analytical applications. 

Mr. Harry Diamond and Dr. Robert D. Huntoon, 
of this Bureau, have contributed much in encourage- 
ment in this development. 
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Strain Induced Grain Boundary Migration in High Purity Aluminum 


Pau A. Beck AND Puiip R. SPERRyY* 
Department of Metallurgy, University of Notre Dame, Notre Dame, Indiana 


(Received August 8, 1949) 


A method has been developed for the study of grain boundary migration in high purity aluminum, which 
allows positive determination of the direction of grain boundary movements. By means of this method it was 
confirmed that the migration of grain boundaries resulting from surface energy takes place in the direction 
toward the centers of curvature of the boundaries. On the other hand, strain induced grain boundary migra- 
tion, such as occurs in recrystallization, proceeds in a direction away from the centers of curvature of the 
moving boundaries. It was also found that certain strained grains serve as nuclei for strain-free grains of the 
same orientation which grow at the expense of neighboring strained grains. Most of the strain-free grains 
formed during the annealing of high purity aluminum cold rolled up to about 40 percent are produced by this 
mechanism of strain-induced boundary migration, without the formation of new nuclei. 





ECENT investigations of Harker and Parker,' 

C. S. Smith,? and J. E. Burke* revealed some im- 
portant aspects of the type of boundary migration 
connected with gradual grain growth. A distinctive 
feature of this type of migration is that the boundaries 
move in the direction of their centers of curvature. A 
typical example is shown in Fig. 1, which represents two 
successive stages in the migration of grain boundaries in 
an annealed high purity aluminum specimen. By 
means of a technique developed at this Laboratory,‘ the 
two successive stages are shown superimposed on each 











Fic. 1. In grain growth, boundary surfaces migrate toward their 
centers of curvature. Boundaries in high purity aluminum, after 
annealing 2 min. at 600°C (1), and after an additional anneal of 
30 sec. at 600°C (2). Magnification 75x. 


* Professor of Metallurgy, and Metallographer, respectively. 

1D. Harker and E. R. Parker, “Grain shape and grain growth,” 
Trans. A.S.M.E. 34, 156 (1945). 

2 C. S. Smith, “Grains, phases, and interfaces,” Trans. A.I.M.E. 
175, 15 (1948). 

3 J. E. Burke, “Some factors affecting the rate of grain growth in 
metals,” Trans. A.I.M.E. 180, 73 (1949). 

‘ Philip R. Sperry, Trans. A.I.M.E. 188, 103 (1949). 
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other. The driving energy of grain growth is the excess 
free energy associated with the grain boundary sur. 
faces. Grain growth tends to decrease this free energy, 
thus allowing the structure to approach equilibrium, 
by decreasing the grain boundary curvatures and the 
total grain boundary surface per unit volume. 

The recrystallization of cold worked metals also 
proceeds by means of boundary migration. However, in 
this case the moving boundaries separate strain hard- 
ened grains from annealed grains, and the direction of 
the movement is such that the volume of the annealed 
material increases with time at the expense of the cold 
worked material. The familiar concept of recrystalliza- 
tion involves the formation of nuclei of new strain- 
free grains in the midst of the strain hardened material. 
Most of the small new grains are at first entirely sur- 
rounded by one or two grains of the cold worked struc- 
ture. During the growth of these new grains, their 
convex boundaries move in a direction opposite to their 
centers of curvature. Two stages of the growth of sucha 
new grain (C) are shown in Fig. 2 by means of the same 
technique used in Fig. 1. The driving force of recrystal- 
lization is the excess free energy stored in the strain 
hardened material as a result of cold working. Even 
though the grain boundary movements here, as far as 
they can be observed under the microscope, take place 
in a direction opposite to that required by surface 
energy considerations, the total free energy is decreas- 
ing, and equilibrium is approached, as the strain hard- 
ened grains of high free energy content are replaced by 
low energy annealed grains. 

Figure 2 also shows four successive stages of the 
migration of a grain boundary (1) already present in 
the original strain hardened structure. As revealed by 
the color effect in polarized light after electrolytic 
oxidation‘ and by x-ray diffraction, the orientation of 
the material swept by the moving boundary is very 
closely the same as that of the adjacent strain hardened 
grain (A). At first glance it might appear as if this 
boundary migration was related to ordinary grain 
growth, since one of the grains already present in the 
structure (A), is growing at the expense of another one 
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(B). On closer inspection, however, it becomes obvious 
that this process is different from grain growth, and 
that it is in important respects similar to recrystalliza- 
tion. This type of boundary migration takes place only 
in strain hardened material and it leads to an increase, 
rather than to a decrease, of grain boundary surface 
area, as seen in Fig. 2. 

The question arises whether or not the observed 
boundary movements are motivated by the excess free 
energy of strain hardening, as in recrystallization. 
Figure 3 shows an example of the type of strain induced 
grain boundary migration discussed. The material 
swept by the moving boundary consists of a number of 
sections with very slightly different orientation. All 
these orientations are almost identical with the average 
orientation of the adjacent strain hardened grain (A). 
With the type of specimen preparation used, the surface 
of strain hardened grains becomes roughened, while the 
surface of strain free grains remains quite smooth. 
Figure 4 shows, by means of oblique illumination, that 
grains (A), (B) and (C), remaining from the original 
cold worked structure, have rough surfaces. On the 
other hand, the area swept by the moving boundary 
while migrating from position 1 to position 2, is quite 
smooth. As confirmed by means of x-ray diffraction, the 
material in this area is essentially in the annealed, 
strain-free, condition. It thus appears that in the strain 
induced boundary migration considered, as in ordinary 
recrystallization, the moving boundaries separate an- 
nealed material from strain hardened material and the 
direction of the boundary movement is such as to 
increase the volume of the annealed material. It is 
clear that the driving energy of the two processes is the 
same. 

There is one significant difference, however, between 
the type of strain induced boundary migration shown 





, Fic. 2. In recrystallization (grains C, D and E 
laces migrate away from their centers of curvature. Strain in- 
duced growth of grain A at the expense of grain B. High purity 
aluminum annealed 90 min. at 600°C, rolled 7.5 percent (heavily 
outlined straight boundaries (1)), annealed successively 5 sec. (2), 
2 sec. (3), 15 sec. (4), and 7 sec. (5) at 500°C. Magnification 75x. 


boundary sur- 
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Fic. 3. Strain induced boundary 
aluminum. Orientation in area swept by migrating boundary 
is almost identical with that of strain hardened parent grain (A). 
Penultimate anneal: 5 min. at 650°C. 14 percent reduction by 


rolling. Last anneal 5 min. at 400°C. Magnification 75x. 


migration in high purity 


in Fig. 3 and ordinary recrystallization. In the former, 
the annealed material swept by the migrating boundary 
has the same orientation as its strain hardened parent 
(A in Fig. 4), while in recrystallization a nucleus of 
different orientation is formed. As seen in Fig. 4, strain 
induced boundary migration without strain induced 
nucleation results in annealed areas bounded by an 
ordinary grain boundary on one side, and bordering 
on a strain hardened grain of the same orientation, 
without any intervening grain boundary, on the other 
side. That this is not so in ordinary recrystallization is 
shown in Fig. 5, where recrystallized grains A and B 
are located between strain hardened grains C and D 
and are separated from both of them by ordinary grain 
boundaries. 

In summary, it may be stated that the processes of 
strain induced boundary migration found in aluminum 
is very much akin to recrystallization but that it differs 
from the latter by the fact that it is apparently nu- 
cleated by a strain hardened grain already present in 
the structure. Thus, strain induced boundary migration 
may be considered as recrystallizalion without the forma- 
tion of new nuclei. Correspondingly, it was observed in 
many instances that, at the boundaries where it does 
occur, strain induced boundary migration starts 
promptly at the beginning of the annealing treatment. 
On the other hand, it is well known that a definite 
period of incubation is required for the formation of 
recrystallization nuclei and for their growth to micro- 
scopic sizes. This point is illustrated by Fig. 2, where 
each successive period of annealing has brought about 
a clearly observable migration of the boundary initially 
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Fic. 4. Strain induced boundary migration in high purity 
aluminum, as in Fig. 3. Strain hardened grains (A), (B), and (C).are 
roughened by etching, strain-free area, swept by migrating bound- 
ary, is smooth, and has no grain boundary toward grain (A). 
Oblique illumination. 


situated at (1). However, a recrystallized grain (C) came 
into existence only during the third period of annealing, 
and its two boundary positions, seen in the picture, 
correspond to the end of the last two annealing periods. 
Similarly, another recrystallized grain (EZ) was born 
during the fourth period of annealing and, therefore, 
the figure shows only one boundary position (5) for this 
grain. It was found that the ordinary recrystallization 





Fic. 5. Recrystallized grains (A) and (B) are smooth and have 
grain boundaries toward both grains (C) and (D). The latter 
are strain hardened and consequently roughened by etching. 
Magnification 75x. 


process, involving nucleation, plays a relatively minor 
role during the annealing of high purity aluminum 
deformed by rolling up to about 40 percent reduction of 
area. In such instances the type of strain induced 
boundary migration not involving the formation of new. 
nuclei appears to predominate in the transformation to 
the strain-free condition. 

This work was supported by the ONR, U. S. Navy, 
Contract No: N6 ori-165, T.O. 1. 
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The External Field Produced by a Slot in an Infinite Circular Cylinder* 





SAMUEL SILVER AND WILLIAM K. SAUNDERS 
Division of Electrical Engineering and the Antenna Laboratory, University of California, Berkeley, California 
(Received August 10, 1949) 


Expressions are derived for the external field produced by a slot of arbitrary shape in the wall of a circular 
wave guide (of infinite extent and infinite conductivity), the tangential components of the electric field in 
the slot being assumed to have been prescribed. This is accomplished by matching a Fourier representation 
of the external field, built up by superposition of basic sets of cylindrical waves, to a Fourier expansion of 
the prescribed field over the surface of the cylindrical wave guide. The far-zone field is obtained by applying 
the method of steepest descent to the Fourier integrals that constitute the coefficients in the expansion for 
the external field. The results satisfy the radiation conditions for far-zone fields. 


I. INTRODUCTION 


HIS paper, the first of a series of studies of the 

radiative properties of slots in conducting sur- 
faces, is concerned with the field set up in space by a 
slot of arbitrary shape in the wall of a circular cylindri- 
cal wave guide. A complete analysis of the properties 
of a slot in the wall of a wave guide must make proper 
connection between the interior and exterior fields, 
thus determining the field distribution in the slot itself. 
Such a unified treatment is difficult to carry out and 
as yet has not been achieved for even the simplest slot 
configurations. Instead, the procedure has been to treat 
the interior and exterior problems separately in terms 
of assumed field distributions in the slot,! a procedure 
that we follow here. Under certain conditions, as for 
example in the case of an elongated narrow slot, reason- 
able assumptions can be made concerning the field 
distribution in the slot and results can be obtained 
that are of considerable usefulness in the design of 
radiating systems. 

The subject of the slot in a circular wave guide has 
been treated previously under various restrictive con- 
ditions on its geometry and field distribution. G. Sin- 
clair? and C. H. Papas and R. W. P. King* have dis- 
cussed the field of a narrow slot of infinite length running 
parallel to the axis of the cylinder, excited uniformly 
along its length in the transverse direction. More 
recently C. H. Papas,’ by means of a Green’s function 
technique, has solved the problem of a finite slot in 
which the electric field has but a single tangential com- 
ponent that is parallel to the axis of the cylinder. This 
essentially restricts the configuration of the slot to be 
developable into a rectangle oriented with its boundaries 


*This work was supported in part by the Bureau of Ships, 
Contract NObsr-39401. 

‘For a general development of the interior problem see A. F. 
Stevenson, J. App. Phys. 19, 24 (1948). 

2G. Sinclair, Proc. I.R.E. 36, 1487 (1948). 

°C. H. Papas and R. W. P. King, Cruft Laboratory Technical 
Report No. 32, ONR Contract N5-ori-76 (March, 1948); Quart. 
App. Math. 7, No. 2 (July, 1949). 

*C. H. Papas, Cruft Laboratory Technical Report No. 58, 
ONR Contract N5-ori-76 (September, 1948); J. App. Phys. 20, 
437 (1949); Cruft Laboratory Technical Report No. 61, ONR 
Contract N5-ori-76 (October, 1948) to be published in J. Math. 


* and Phys. 28, No. 4 (January, 1950). 
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respectively parallel to and perpendicular to the axis of 
the cylinder. As we shall show in Section V, the several 
previous results can be obtained directly from our 
general expressions. 


Il. GENERAL CONSIDERATIONS 


The analysis presented here is free from the restric- 
tive conditions on the slot geometry and fields that 
characterize the earlier work but is based also on the 
assumptions that the wave guide is infinite in extent 
and has infinite conductivity. The time dependence of 
the fields is taken to be harmonic and the complex 
exponential e+’! is chosen as its representation. 

The axis of the cylinder, which has a radius a, serves 
as the z axis of our coordinate system. Cylindrical 
coordinates p, ¢, z are most suited for developing the 
general solution. Later, for purposes of describing the 
far-zone field, spherical coordinates R, 0, @ will be more 
appropriate; the cylinder axis will then form the polar 
axis of the spherical coordinate system. On the surface 
of the cylinder we have a slot of arbitrary shape, 
bounded in the axial direction by the planes z=2; and 
z= and defined circumferentially by the curves ¢;(z) 
and @2(z); the various quantities are shown in Fig. 1. 

The tangential electric field in the slot will in general 
have both ¢ and z components which we consider to 
be prescribed functions fi(¢,z) and fo(@, 2), respec- 
tively. In view of the infinite conductivity of the wall 











Fic. 1. Geometrical parameters. 





this represents a complete knowledge of the tangential 
electric field over the entire surface of the cylinder, 
namely, 


Es=fild,2) gOS ¢23 S22; 


=0 outside the slot; (1a) 
E.=f2(¢,2) dS O52; 1S2S2; 
=0 outside the slot. (1b) 


A solution of Maxwell’s equations must be constructed 
that assumes the prescribed value of the tangential 
electric field over the cylinder and that satisfies certain 
radiation conditions at infinity. For a time-periodic 
field the latter take the form:® 


lim RE is finite, (2a) 
R-@ 
lim ROR, xX H+(e/u)!E]=0, (2b) 
R-—@ 
lim RH is finite, (2c) 
R-©@ 
lim RE(RixX E)—(u/e)!H]=0, (2d) 
R-@ 


where R; is a radial unit vector in the spherical coordi- 
nate system (see Fig. 1). Equations (2b) and (2d) are 
the radiation conditions proper and express the fact 
that we have only outgoing waves at infinity. A time- 
periodic solution that meets the above requirements is 
unique. 

The procedure is to construct Fourier representations 
for the tangential electric field over the cylinder and for 
the field in space. The latter is synthesized by super- 
position of basic sets of cylindrical waves that satisfy 
the requisite conditions at infinity. The coefficients of 
the expansion for the surface field are known; the 
coefficients of the representation for the space field are 
determined by the requirement that its tangential com- 
ponents at the surface of the cylinder shall reduce to 
the Fourier representation of the field prescribed over 
the latter. The resulting expressions are in the form of 
a Fourier series whose coefficients are Fourier integrals. 


Ill. DEVELOPMENT OF THE FIELDS 
The Tangential Field over the Cylinder 


We shall first develop the Fourier expansion for the 
tangential components of the electric field over the 
surface of the cylinder. Let f. denote either fi(¢, 2) 
or f2(¢, z) and let E, be the corresponding field com- 
ponent. In the ¢-direction EZ, is a periodic function and 
is therefore to be represented by a Fourier series 


E.(¢,2)= 


n=—o 


(3) 


A n*(z)e77"?, 


the coefficients A,* being functions of z. It is readily 


5S. Silver, Microwave Antenna Theory and Design (McGraw- 
Hill Book Company, Inc., New York, 1949), Radiation Labora- 
tory Series, Vol. 12, Chapter 3. 


154 


evident that 


1 $2(z) 
Awa— f fa(B, ze*dB, 2<2<20 


o1(z) 


(4a) 


=(). Z<21, 2>22. (4b) 


A,*(z) is thus a piecewise continuous function and its 
Fourier representation is the Fourier integral 





1 
Aw=— ah f A()eMbde; (5) 
2r - 
or, 
1 x 22 
Ane()=— f | dé 
4r? —# z1 
$2(&) 
x f fa(B, E)e™e-™>-PdB. (6) 
$1(€) 
The tangential electric field over the cylinder is thus 
expressed in the form of a Fourier expansion: 
E. .0=— > é “if inf dé 
47? n=» 
$2(€) 
xf falB, Dermtemebap. (7 
$1(€) 


The External Field Expansion 


We construct the external field by superposition of 
basic sets of cylindrical waves. The reader is referred to | 
Stratton® for an exposition of the general theory of the 
latter. The basic sets fall into two groups: the trans- 
verse magnetic (TM) type having no H, component 
and the transverse electric (TE) type having no E£, 
component. Appropriate combinations of these can be 
made to form a basic set of field components from which 
a general field that is periodic in ¢ can be synthesized. 
Each member of the latter set is a Fourier series as 
follows: 


x 0H, (Ap) 
8,= | ) | - ito —— 
n=—20 Op 


NG) 

— bats (Ap) fine | my (8a) 

p 
» nh 

s.=| - | — ont s(40 


p 


=—O 


0H, (Ap) 





+ joub, Je vd lem, (8b) 


Op 


6 J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), Chapter 6. Note that our 
expressions differ from those of Stratton in signs because of our 
choice of e*#“* rather than e~*“ to represent the time dependence. 
This also leads to the use of the Hankel function of the second 
kind to represent an outward traveling wave. 
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> [(B— Handa (Ap)]eme | my (8c) 


n=—2 





2 nk? 
K,= > | ont 640) 


n= L UWP 





0H,(Ap)] 
— jhb,——— Jeno a, (8d) 
Op 
n Rk? OH,” (Ap) 
ghee 
n=—2 pw Op 


nh 
——b,H (Ap) Je tem, (8e) 
p 


=| - [A H)baHT (Ap) Jomo berm, (8f) 


with 
A=([P—/?}}. (9) 


In the case of harmonic time dependence & is a constant 
that is given in terms of the constitutive parameters— 
magnetic permeability yu, electric permittivity ¢, con- 
ductivity o—of the medium under consideration and 
the angular frequency by 


k=[w'ye—juow}}; —2/2<phk<0. (10) 


The parameter / with respect to which the set is ordered 
is in general complex; its values are to be taken to suit 
the required boundary conditions. The Hankel function 
of the second kind enters into the wave functions to 
represent outgoing waves. However, this property of 
the Hankel functions depends on the definition of the 
phase of A for the various values of h. We shall return 
to this matter shortly. 

The terms in Eqs. (8) having the common coefficients 
a, belong to the set of TM waves; those having common 
coefficients 5, are of the TE type. It will be observed 
that there are only two sets of independent coefficients 
and hence, a knowledge of any two field components is 
sufficient to establish the complete field. The coefficients 
a, and 6b, are independent of p and z but in general are 
functions of h. 

We can now build up an arbitrary z dependence by 
superposition of components of various values of h. 
Regarding / as a complex quantity, different repre- 
sentations can be obtained according to the path in 
the hk plane along which hk is allowed to vary. In the 
present case where we are to fit the field at p=a toa 
Fourier integral along the surface of the cylinder the 
path along the real-h axis is indicated. Thus for any 
field component E,(p, ¢, 2) we shall write 


Line f Bap, , h)dh. (11) 
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Similar expressions hold for the magnetic field com- 
ponents. 

We have noted before that the phase of A= (k®—*)! 
must be defined along the path of integration in such a 
way as to produce proper behavior of the field at 
infinity. The locations of the branch points h= + are 
shown in Figs. 2(a) and 2(b), the latter applying to 
the case when the external medium has neither an 
ohmic nor a dielectric dissipation factor. To define the 
phase of A let us consider the behavior of H, (Ap) for 
very large values of p, making use of the asymptotic 
form of the Hankel function, 














H,(Ap)~[2/rAp]ieMreienta/s, (12) 
h plane 
4 
h=-k 
h=k 
(a) 
Fic. 2. Path of inte- 
gration in the h Plane: 
(a) k complex; (b) & real. 
h plane 
L\—» 
NJ +k 
(b) 


For the general case, when & is complex, it is seen that 
it is necessary to require 
ReA>0, ImA<O (13) 


in order to have outward radial propagation and to 
keep the field components bounded at infinity. If & is 
real, the conditions (13) reduce to 


pha=0 |h| <k, (14a) 
phA=—x/2 |h|>k, (14b) 


and it is seen that the contour must be indented around 
the branch points in the manner shown in Fig. 2(b). 


Evaluation of the Coefficients 


With the sense of A properly defined the components 
of the external field are given by Eq. (11). To evaluate 


i55 











the coefficients a, and 5, we match the components E, 
and £, to the assigned values over the cylinder. From 
Eqs. (8) and (11), on interchanging summation and 
integration, we obtain 


oa = nh 
E,= > cine f | — oat (0) 


-_ p 
dH, (Ap) 





+ joubs ema, (15a) 


Op 


E.= > ein J (k?—h?)anH ,(Ap)e“™dh. — (15b) 


ra>— 


At p=a these must reduce to the expansions of Eq. (7); 
hence, 


nh 0H, (Aa) 
| —110(40) fot ion —— fb. 


a da 
1 22 2(€) 
ere f dé J fi (8, Ee ers, 
z1 % 


(16a) 
4r? 1(&) 


1 ¢ 
[ (k2@—h?)H , (Aa) Ja,=— f dé 
4r’? Z1 


$2(&) 
x J falB, Ee™eidB; (16b) 


1(&) 
or, 
1 #3 
a,= f dé 
4n?(k?—h*?)H,, (Aa) Ja 





2() 
x f fo(B, Eee dB, (17a) 
o 


1 





—jnh * 
b,= f dé 
4m’ wyua(k?—h?)(0H,(Aa)/da) S21 


$2(€) 
x f f2(B, E)e*®e*dB 
> 


1(&) 





j 
” f dt 
4? wu(dH,(Aa)/da) Ja 


o2(&) 
x f fulB, BeeMap, (17b) 
g 


1(&) 


These taken together with Eqs. (8) and (11) give the 
formal solution to the problem. The surface current 
distribution K over the cylinder is given directly by 
the tangential magnetic field at the surface: 


K,=—H,(a, 9g, Z); K.=H,(a, ?, z). (18) 
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Whereas the process of obtaining the formal solution js 
a relatively simple one, the numerical evaluation of the 
fields is a task of considerable magnitude, particularly 
for points in the neighborhood of the slot. However 
for the far-zone field the expressions simplify to a large 
extent and numerical work becomes more tractable. 
We shall discuss this region of the field in the following 
section. 


IV. THE FAR-ZONE FIELD 


The reduction of the general expressions for this 
region is effected by making use of the asymptotic forms 
of the Hankel functions and subsequently carrying out 
certain integrations by the saddle-point method.* We 
shall restrict the treatment to the case when k is real, 

It is convenient to describe the far-zone field in 
terms of spherical coordinates R, 6, ¢ (see Fig. 1), and, 
accordingly we make the substitutions 


p=Rsiné, z=Rcosé (19) 


in the expressions for the components of the field. We 
are interested in the dominant characteristics of the 
field at large distances R; that is, we wish to obtain the 
leading terms in a development of the field components 
in inverse powers of R. Except for small values of 6 
we may, for large values of R, replace H,(Ap)= 
H,® (AR sin@) by the asymptotic form given in Eq, 
(12).t When this is done and the order of integration is 
suitably rearranged, it is found that the expressions 
for the field components take the general form 


1 e 22 $2(€) 
—— 2 cine} f dé fi(B, E)e*™*dB 


4a? n= $1(8) 


xf u(h, R, 0; n)eie—iR IA siné+h cos] J jy 


22 $2(€) 
+f af 103, dea 
ZL 7) 


1(&) 


x f v(h, R, 0; nee IR UA sint+h cosd]gy}. (20) 


—-20 


The functions « and »v can readily be evaluated for 
each particular component. It will be observed that 
they vary slowly over the range of k as compared with 
the exponential functions. The integrals over h in (20) 
are, therefore, of the general type to which the saddle- 
point method is applicable. We are here primarily 
concerned with the region of the field where R is very 


8 See, for example, G. N. Watson, Bessel Functions (Cambridge 
University Press, London, 1944), pp. 235 ff. 

t We shall not enter here into a consideration of the different 
asymptotic representations that must be used according as to 
whether the order of the Hankel function is small, nearly equal to, 
or large compared with the magnitude of Ap. From a practical 
standpoint these details are not too important inasmuch as the 
terms of the series are found to diminish rapidly with increasing 
values of n. 
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much larger than both the wave-length and the axial 
extent of the slot (R>>¢€). The variation of the phase 
factor involving R thus dominates that involving £ and 
we have the simplest form of saddle-point problem. 
It will be well to note in passing that in the case of a 
slot whose axial extent is large compared with the wave- 
length there is an intermediate zone, at distances about 
equal to or possibly less than the total axial dimension, 
for which (20) also gives the dominant terms. In the 
latter case, however, we have two rapidly varying 
phase factors to consider in the integration over # and 
consequently a saddle-point problem involving two 
large parameters.{ Inasmuch as the intermediate zone 
h plane 
A 
h,=kcos@ 











Fic. 3. Modified path through the saddle-point. 


is of limited interest it will not be discussed further in 
this paper. Practical interest usually centers about the 
far-zone field pattern which is one of the primary 
specifications that are’ laid down for the design of a 
given antenna system. 

With the restriction R>é£ we may formulate our 
problem as that of evaluating an integral of the form 


J Faerie snes conan f F(h)e®®™dh (21) 


—2# —2 


for large values of R, with 


F(h)= 


u(h, R,6;n)) — 
en (21a) 


v(h, R, 0; 2) 


. The saddle-point technique consists of deforming the 


path of integration into one that passes through the 
point Ao for which ’(49)=0 and is such that over its 
entirety 


Im®(h) = Im®(hyo). 


If the integral converges along this path, the major 
contribution to the integral arises from a small segment 
about the saddle-point 4= po. In our case the new path 
is a function of @; its general form is shown in Fig. 3. 
The deformation from the real axis to this path is 
possible by virtue of the analytic properties of F(h) and 


} The problem is very similar to that of obtaining various 
asymptotic forms of the cylinder functions according to the 
relative magnitudes of the order and the argument of the func- 
tions; see reference (8), Chapter 8. 
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by the extension of conditions such as were imposed on 
A in Eq. (13) to the entire exponent, namely Im(h) <0. 
This makes the integral over the arc connecting the real 
axis and the new path at infinity vanish, and also ensures 
the convergence of the integral along the modified path. 
Considering the small segment of the latter in the 
neighborhood of hk, having the modulus u<e, we have 


f F(h)e®®*dh 


—2o 


e 
~P(haewmsooriria f ei®’’ (ho) u?/2qy 


€ 
= F(k cos0)e~*#8-*/9) f e—Ru2/2k sing, 


2k sin*0}! ¢” 
=F(k cosd)e-t#-s16l f e-"dr; 
R » 





or 


? 


- 2rk} 
f rdne*ah~| | sinOF(k cosé)e~*®e?*/4, = (22) 


—z2 


The leading terms are found to be of order R™. 
These form the radiation field. The components of E, 
and E, in the R-direction that are of this order of magni- 
tude cancel one another; the same occurs in the mag- 
netic field. The radiation field is thus transverse to the 
R-direction and, in general, has non-zero components: 








Ey= -— 
2? R n=» sindH,, (ka sin@) 
22 $2(&) 
x f agenont f f2(B, E)e"*dB; (23a) 
zu 1(€) 
1 en ikR a jc 
* eas 








2n? R_ n=» H,,’ (ka sind) 


22 $2(&) 
| f deem cost f fi(B, &)e*™*dB 
Z1 $1(€) 


se coté 
f d Eerké cosé 


*. sind 





2(€) 
x f fulB, pens], (23b) 
t) 


1(§) 
= —(e/u) Eg; 


These show explicitly that the solutions satisfy the 
required conditions at infinity that are formulated in 
Eqs. (2). 


H = (¢/u)*Eo. (23c) 
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V. ILLUSTRATIVE EXAMPLES 


To illustrate the applicability of the results we shall 
touch briefly upon two cases reported previously in the 
literature to show how the earlier results are readily 
obtained from our general expressions: 


1. The Uniformly Excited Circumferential Slot* 


The slot runs completely around the cylinder and 
has a height 2w that is very much smaller than the 
circumference. For convenience we shall take z;= —w, 
ze=w. Note also that ¢,(z)=0, ¢2(z)=27. The tan- 
gential electric field in the slot has only a z component 
and that independent of ¢; thus 


filo, 2)=0; fol, 2)=Eo. (24) 


The integrals over 8 in Eqs. (17) vanish except for n=0. 
Consequently, the only non-zero coefficient is 


2Eow(sinkw/hw) 


2a(k?—h?)Ho(Aa) 





ag= 


(25) 


Defining the voltage across the slot to be V=2Ew, we 
get for the general expression for the z component of 
the field in space 





E,(p, ?, z) aired 


Ve ¢® Ho (k?—h*)5p ] sinkw 
f , e~"=dh. (26) 
2a J_, Ho [(k?—h?)'a] hw 


If the slot is a 6-slot, that is, w—0 while V is constant, 
sinhw/hw reduces to unity. The far-zone field is also 
readily obtained by evaluating the n=0 term of Eq. 
(23a) for the given f2(¢, z). 


2. The Infinite Axial Slot? * 


Another case that has been dealt with in the litera. 
ture is that of a narrow rectangular slot, parallel to the 
axis of the cylinder, over which the field has only an 
Es component. The width of the slot will be taken to 
be 2a¢9. The assumed field distribution in the slot is 


fi(d, 2)=Eo, fold, z)=0. (27) 


All the coefficients a, are now equal to zero, while for 6, 
we get 
Eo 





b,= lim aggre " 
lo jar wu(dH “ (Aa)/da) 


l $0 
x f ede J ei®d8. (28) 
=e —¢0 


Defining a voltage V=2E ago and making use of the 
Fourier integral definition of the 6-function, 


1 a) 
Hh—0)——— f eit (29) 


TY» 
we obtain finally for the E, component of the field 
Ve 


Es= =a 


2ra =~ noo H,' (ka) 


sinndy H,' (kp) 





eine, (30) 


If the slot is regarded as a 6-slot in the ¢-direction, 
sinndo/ndo—1 for all n. 

Further application of the theory will be presented in 
a forthcoming paper in which we discuss the transverse 
rectangular slot in detail and give experimental data 
in conjunction with the theoretical results. 
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The Reversal Theorem of Linearized Supersonic Airfoil Theory* 


M. M. Munk 
Naval Ordnance Laboratory, White Oak, Silver Spring, Maryland 


(Received May 27, 1949) 


It is demonstrated on simple dynamic principles that a supersonic airfoil under certain conditions exhibits 
the same drag and the same lift slope regardless of whether it flies forward or backward. 





HE thin airfoil theory in the supersonic regime is 

ordinarily referred to as the linearized theory. 
The boundary condition is simplified exactly as in the 
case of the incompressible fluid. In addition, the partial 
differential equation is also simplified, and it reduces 
to the wave equation: 


OF @F oF 
—_+—-_-—-=0. (1) 
Ox? dy? dz? 


Herein, F denotes either the velocity potential, any 
one Cartesian velocity component, or the pressure. The 
variables x, y, and z denote Cartesian codrdinates in 
spanwise, liftwise, and fore-aft-wise direction of an 
airfoil, respectively. The corresponding components of 
the increment velocity are u, v, and w. The increment 
velocity is small when compared with the velocity of 
advance Wp. 

In the computations of this theory, the density po 
occurs as if it were constant. Absence of divergence of 
velocity is not assumed, not even approximately, in 
conjunction with such constant density. The increment 
pressure Ap is 


Ap=— powW o. (2) 


The rate at which energy is left behind the airfoil ad- 
vancing with the velocity Wp in air otherwise at rest 
is equal to DWo, the product of the drag and of the 
velocity of advance. We assume specifically that the 
drag as defined from this relation is consistent with 
what follows, especially with the absence of a finite 
chordwise, leading-edge force. Since Eq. (1) is linear, 
the superposition of any number of individual solutions 
will again be a solution. 

The vortex theorems hold. All vortices within the air 
are parallel to the Z direction. No finite force acting 
on an infinitely thin leading edge in the chordwise 
direction is supposed to exist. The opposite would be 
inconsistent with finite bounds for the pressure or 
suction. The resultant airfoil force is, therefore, merely 
the sum total of the ordinary pressure effects. With a 
constant local angle of attack of a plane, infinitely thin 
airfoil, the resultant airforce is at right angles to the 
airfoil. The constant angle of attack is equal to the 
drag-lift ratio. Both the leading edge and the trailing 
edge are points or lines of separation or rejoining of the 


* Sponsored by the Office of Naval Research. 
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flow. It is assumed that this double-edge condition is 
not inconsistent with the existence of a solution of 
Eq. (1). The solution is not made unique by selecting 
the trailing edge as a rejoining line. Rather, the solution 
is made unique by stipulating that all free vortices be 
trailing behind the airfoil and that all pressure waves 
proceed in the rear of the airfoil. In other words, all 
perturbations are restricted to the region downstream 
of the leading edge of the airfoil. With a large sweepback 
angle such as occurs with arrow wings, there may not 
exist any solution of (1) if both the leading separation 
line and the trailing separations line are arbitrarily 
specified. This is the case of the “subsonic” leading 
edge, where the downstream Mach cones, having their 
apices at the trailing edge, intersect with or enclose the 
leading edge. In that case it is necessary that the leading 
separation line be compatible with the other geometric 
conditions including the position of the trailing separa- 
tion line, that is the trailing edge and with Eq. (1). 

There exists an infinity of solutions that do not com- 
ply with this last stipulation. All of these solutions are 
acceptable on physical grounds and occasionally repre- 
sent what happens or what may happen. 

Reversing all velocities or all increment velocities 
leads again to a solution of (1). 

Equation (1) is the basic equation in acoustics. 
Therefore, it has been stated that acoustical problems 
are analogous to the airfoil problems now considered. 
That is an extreme understatement: the linearized 
airfoil problem is itself an acoustical problem. The 
solutions exhibit all ordinary features of acoustical 
phenomena, wave effects, focusing effects, and that 
pronounced absence of harmony and of the continuity 
of analytic functions peculiar to acoustics. The solutions 
are disharmonic and non-unitary—a patchwork of 
heterogeneous pressure distributions of contrasting 
character. The computation has to be adapted to this 
state of things. One region after another region has to 
be computed in piecemeal fashion. No individual solu- 
tion obtained may be applied to a slightly modified 
airfoil or Mach number by the application of the 
intuitive faculty along without careful scrutiny. 

Notwithstanding their erratic character, the solutions 
are subordinated to simple, broad, and universal prin- 
ciples, transcending the irregularity in detail. Consider 
for instance a plane strip of constant width b extending 
streamwise into infinity. Its lift is finite, not even de- 
pending on the Mach number, such that the angle of 
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attack is equal to 
2L 


a= ——_—__.. (3) 
poW 97b?x 

The spanwise lift distribution approaches (summed up 

streamwise) the elliptic lift distribution. The lift density 

asymptotically approaches zero in downstream direc- 

tion, but it approaches it in a kind of periodic fashion 

and by no means monotonically. 

If the strip is cambered with straight parallel span 
lines, the angle of attack at the leading edge is zero, 
the streamwise curvature also approaches zero and the 
angle of attack approaches asymptotically the above 
value (3). Then the drag will assume the minimum 
induced drag of the incompressible fluid theory. This is 
a very academic point, indeed, for the large airfoil area 
required would lead to excessive and dominating surface 
friction drag forces. Still, this illuminates the conditions 
and exemplifies the simple relations transcending the 
erratic details. 

Many individual solutions of (1) relating to airfoils 
of various planviews and of wind sections have been 
determined. Those working in this field observed that 
all solutions are consistent with a remarkable symmetry 
principle. [See Bibliography. ] Any airfoil moved under 
otherwise equal conditions forward and backward 
yields equal drag in these linearized computations. 
Turning the airfoil by 180° about a spanwise direction 
changes in general the lift distribution and the drag 
distributions, and sometimes very radically too. But 
the computed sum total of the drag remain always the 
same. With a plane, infinitely thin airfoil the computed 
lift also remains the same, so that for any airfoil the 
computed lift slope remains the same. 

We proceed now to present a general proof of this 
reversal theorem based on very simple grounds. Picture 
the airfoil in place and expose it to the undisturbed 
flow (A). An increment flow (a) in rear of the airfoil is 
then produced. Leave the airfoil in place, but expose 
it now to an undisturbed airflow (B) having equal but 
opposite velocity as (A). This time an increment flow 
(b) will be created downstream of the airfoil in relation 
to (B), but upstream of the airfoil in relation to (A). 
The two increment flows (a) and (6) are ordinarily 
quite different, but not wholly uncorrelated. Combine 
or superpose now the flows (A), (a), and (6). This com- 
bination flow is now associated with free vortices and 
with pressure waves upstream of the airfoil as well as 
with free vortices and with pressure waves downstream 
of the airfoil. Right at the airfoil surface, all liftwise 
increment velocities at right angles to the airfoil cancel 
out. The airfoil consistent with the superposition flow 
is, therefore, plane, infinitely thin, and has zero in- 
cidence. The airfoil still has a lift distribution, but it 
cannot have any drag. The rate of energy transport 
upstream of the airfoil is equal to that of the flow 
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(B)-(6). The rate of energy transport downstream of the 
airfoil is that of the flow (A)-(a). Both are alike, because 
the drag of the combination airfoil is zero. Hence the 
drag of the reversed airfoil must be equal to the drag 
of the airfoil in its mitial direction. 

Since, furthermore, the angle of attack of the plane 
infinitely thin airfoil does not change by the reversa] 
and since this angle is equal to the drag-lift ratio, it 
follows that for such special airfoils having a drag the 
total lift in both cases must also be the same. Hence, 
the lift slope must remain unchanged by the reversa] 
for any airfoil. 

Two airfoils may, of course, be associated with equal 
drag and with equal lift slope without being the reversal] 
of each other. If the airfoils are the reversal of each 
other, no further proof is needed for equal drag and 
lift slope. The airfoils are not truly reversals of each 
other if the leading edge of the profile remains the lead- 
ing edge unless the profiles are symmetric fore and aft. 
A full bodily reversal of the airfoil is necessary to make 
the preceding proof applicable. It is, on the other hand, 
apparent that the proof does not call for a single airfoil, 
Any assembly or combination of several airfoils in 
multiplane or in tandem relations or both, is permitted 
without invalidating the preceding proof. The airfoils 
must then not be reversed individually, but in the whole 
formation. 

The proof does not lead to any information about the 
center of pressure of the reversed airfoil to its lift, 
unless the airfoil has zero camber. The symmetric 
relation holds only for the lift slope of an airfoil with 
arbitrary camber. 

The argument of paragraph 10 implies the require- 
ment that both the leading edge and the trailing edge 
be defined and serve as the separation line and as the 
rejoining line of the flow, respectively. Otherwise, very 
large streamwise increment velocity components would 
be generated, in contradiction with the assumptions 
made leading to the adoption of the linearized flow. The 
streamwise increment velocity component would not 
then be small throughout when compared with the 
velocity of advance. Hence the cancellation of the lift- 
wise increment-velocity components of (a) and (5) in 
paragraph 9 would not be assured. Also the basic laws 
of mechanics would not be approximated by a solution 
obtained from the linearized differential equation. It is 
also implicit that the existence of a solution is not 
inconsistent with one double-edge condition. The re- 
quirement regarding the leading edge and the trailing 
edge is inconsistent with the existence of a solution of 
Laplace’s equation in the theory of airfoils moving 
through an incompressible fluid. The requirement may 
be inconsistent with the existence of a solution of 
Eq. (1). It is by no means always inconsistent. It is 
not if the leading and the trailing edge are both 
“supersonic” throughout, that is, if the edges form an 
angle with the direction of advance larger than the 
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Mach angle. It is also not inconsistent if the local mean 
angle of attack of the airfoil is zero at all points. 
Supersonic edges throughout are not a necessary con- 
dition for the existence of a solution. There is some 
indication that nonexistence of a solution may require 
that portions of the leading edge be downstream and in 
the Mach direction relative to portions of the trailing 
edge. It seems that it has not yet been determined 
rigorously or finally under what conditions the two 
edges may be prescribed to serve as separate line and 


rejoining line, respectively, without excluding a solution 
of Eq. (1), and under what conditions they may not. 
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The Impact of a Body on a Water Surface at an Arbitrary Angle 


Leon TRILLING* 
Hydrodynamics Laboratory, California Insitute of Technology, Pasadena, California 


(Received August 18, 1949) 


This paper presents an approximate method of determining the pressure distribution during impact on the 
surface of a body which strikes a horizontal water surface at an arbitrary angle. 

The effect of the splash is neglected and the pressure on the free boundary is assumed proportional to the 
potential, as if the process were an impulse. The shape of the submerged portion of the striking body is ap- 
proximated by a semi-ellipse (two dimensions), by a hemisphere, half an ellipsoid of revolution and half a 
general ellipsoid. Under those conditions, explicit results for the pressure distribution are found. As a special 
example, the impact pressures on a sphere striking at 45° angle are computed in detail. 


N estimate of the pressure forces on a body which 

strikes a water surface at an arbitrary angle is 

important in many problems, such as the design of 
seaplane hulls or naval ballistics. 

The present work discusses the earliest stage of the 
water entry phenomenon which precedes the appear- 
ance of a cavity and displays the highest pressures. 
It is usually called the impact stage. 

The problem of water impact has been discussed by 
numerous writers interested in the landing character- 
istics of seaplanes and the underwater trajectory of 
projectiles. Because of the difficulty of the problem, 
they were forced to various simplifying assumptions. 
Thus, von Karman! approximated the shape of the 
striking body by a growing flat plate in the plane of the 
water surface. H. Wagner®?* refined Karman’s analysis 
by making some allowance for the water splash, and 
M. S. Plesset* by replacing the flat plate by an elliptic 
disk. To take into account the penetration of the body 
into the water, Schiffman and Spencer® ® approximated 

*The major portion of this study was carried out while the 
writer was with the Naval Ordnance Test Station; the writer also 
wishes to acknowledge the support of the ONR. 

‘Th. von Karman, “The impact on sea-plane floats during 
landing,” NACA-TN 321 (1929). 

2H. Wagner, “On the landing of seaplanes,” ZFM (January, 
1931)—NACA-TM 622. 

3H. Wagner, “Uber stoss und gleitvorgange an der oberflache 
von flussigkeiten,” ZAMM, 12, 193-215 (1932). 

*M. S. Plesset, “An investigation of the impact forces on tor- 
pedoes entering water,” Douglas Company Report SM3937 
(December, 1942). 

5Schiffman and Spencer, “The force of impact on a sphere 
striking a water surface,” AMP-421R-AMG-NYU No. 105 


(February, 1945). 
‘Schiffman and Spencer, “The force of impact on a sphere 
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its shape by a spherical lens; P. Y. Chou’ approxi- 
mated it by a spherical bowl, whose potential was 
calculated by A. B. Basset.* Those latter investigations 
give accurate results in the case of normal impact, but 
they are too complicated to be generalized to impact at 
an arbitrary angle. Some simple two-dimensional prob- 
lems were solved in all generality by L. I. Sedoff® who 
used the powerful methods of conformal transformation. 

In the following pages, the problem is linearized and 
the classical methods of potential theory are applied to 
determine the pressure on two-dimensional bodies 
whose submerged portion may be approximated by a 
semi-ellipse, and on three-dimensional bodies which 
may be approximated by a hemisphere, half an ellipsoid 
of revolution, and half a general ellipsoid. Because of 
the linear nature of the simplified problem the effect 
of the vertical and horizontal components of impact 
velocity may be discussed separately and superimposed, 
so that one obtains results valid for any angle of impact. 


1. STATEMENT OF THE PROBLEM 


A three-dimensional half-space filled with incompres- 
sible fluid of density p at rest with a horizontal free 


striking a water surface (2),”” AMP-42.2R-AMG-NYU No. 133 
(July, 1945). 

7P. Y. Chou, “On impact of spheres upon water,” U.S. NOTS 
(1946), (to be published). 

8 A. B. Basset, “‘On the potential of an electrified spherical bowl 
and on the velocity potential due to the motion of an infinite 
liquid about such a bowl,” Proc. Math. Soc. London, 1st Series 
16, 286-306 (1885). 

9 L. I. Sedoff, “The impact of a solid body which moves at the 
surface of an incompressible fluid,” TCAHI Report No. 187, 
Moscow (1934). 
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surface, is struck by a body S which travels at a ve- 
locity V, at an angle a from the horizontal plane. 
The fluid in the vicinity of the impact is set into mo- 
tion; a small amount rises above the horizontal plane 
and forms a splash; a larger quantity is disturbed below 
the free surface, which is no longer horizontal, to make 
room for the body. The force of gravity, the hydro- 
static force, viscous drag forces, surface tension forces, 
and the hydrodynamic forces all act on the body. But 
if the velocity V is large, during the impact stage, the 
hydrodynamic forces alone are significant, and the 
other forces are neglected in all that follows. 

The hydrodynamic force is equal to the rate of change 
of momentum of the fluid set into motion by the im- 
pact. Since the fluid is assumed to be non-viscous and 
the motion is started from rest, the flow is irrototional 
and the velocity field may be derived from a potential 
’. The force is therefore: 


_ pd OP 
F=—— —dS. (1.1) 
V dt¥siss On 
The integration is carried out over the boundaries of 
the fluid.** The forces acting on the body are therefore 
computed by a quadrature if the flow potential is 
known. Since the impact occurs in a very short time 
interval, V is assumed constant. 
The velocity potential of an incompressible perfect 
fluid satisfies the Laplace equation: 


Abd=0 (1.2) 


and certain conditions along the boundary of the fluid. 
The disturbance due to the impact must disappear far 
from the point of impact. Thus, if r denotes the dis- 
tance from the point of impact, one has 

lim Vb= lim (d6/dt)=0 


r—-@ 


(1.3) 
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Fic. 1. General boundary conditions. 





represents the surface of the submerged portion of the 
body, S’ the free water surface, and S” is a hemisphere of in- 
finitely large radius with center at the body. 
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or the equivalent condition 


lim 6=0. 


um (1.3a) 
The velocity component normal to the surface of the 
impinging body must vanish: 


o® 
—) =—V cosa, 
On/ gs 


where » is the direction normal to the wetted surface §, 
and A is the angle between that normal and the direc- 
tion of V. Finally, along the free surface, the pressure in 
the fluid must equal atmospheric pressure, which may 
be taken equal to zero. This gives a condition on 4, 
when Euler’s equation is used: 


(du/dt)+a-Va=(—1/p)Vp~, (1.5) 


where @ is the velocity vector in the fluid and p the 
pressure. An integration brings this equation into the 
form 


(1.4) 


— db/dt+7(VP)P?=—(p/p)+F). — (15a) 


Boundary condition (1.3) applied on the free surface 
where p vanishes, gives F(?)=0, so that the boundary 
condition valid on the free surface is: 


1(V@)?— (a6/dt) =0. (1.5b) 


One is thus led to investigate solutions of (1.2) subject 
to boundary conditions (1.3a, 1.4, 1.5b). Since (1.5b) 
is not linear, and the surface where it holds must be 
determined from the solution, this problem is extremely 
difficult ; indeed, it has not been solved. 

In linearizing boundary condition (1.5b), one argues 
that the impact occurs during a very short time in- 
terval, and may therefore be considered as an impulse. 
But it is known" that in the case of impulsive motion, 
the dynamic pressure is proportional to the velocity 
potential. Since the pressure vanishes on the free 
surface, one replaces condition (1.5b) by the more 
restrictive condition 


$(S’)=0, 
where S’ denotes the free surface. It is further assumed 
that the effect of the deformation of the free surface 


due to the splash is small, so that (1.5c) is applied along 
the original free surface: 


(x, 0, z, 2) =0 


(1.5c) 


(1.5d) 


in a cartesian system with origin at the center of impact, 


where the y axis is normal to the undisturbed free sur- | 


face and the vector V lies in the plane z=0. 

The problem of finding the potential ® which satis- 
fies Eq. (1.2) with boundary conditions (1.3a, 1.4, 1.5d) 
is a linear harmonic problem. It is convenient to in- 
vestigate the potentials due to the various components 


10H. Lamb, Hydrodynamics (Dover Publications, New York, 
1944), sixth edition, London, (1932). 
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of V separately and to superimpose the results. Thus: 
P= Vigit Vyget V.gst Qy2ga+ Q.2¢5+ Qa ¢6 (1.6) 


where Vz,y,2 represent the x, y, z components of the ve- 
locity vector V and Q,; represent rotation velocities 
about the axes. In the problems to follow, V., Q; 
vanish identically, so that 


&= V(¢) cosa+ ¢g sina). (1.6a) 


If the symmetric image S of the wetted surface S$ 
with respect to the plane y=0 is constructed, (Fig. 1) 
and the field of flow is continued into the upper half- 
space, it follows from condition (1.5d) and the har- 
monic character of ® that: 


P(x, y, 2, ) = — P(x, —y, z, 2). (1.5e) 


The velocity components 1, v, w, parallel to the x, y, z, 
axes, therefore have the following symmetry properties: 


u(x, y, 2)= —u(x, —y, 2) (1.7a) 
v(x, y, 2) =v(x, —y, 2) (1.7b) 
w(x, y, z)= —w(x, —y, 2) (1.7c) 


or, if the velocities normal to the surface S+S at two 
symmetric points P, P are compared, 


(d¢/dn) p= —(d¢g/dn)p. (1.7d) 


If Ai, Az denote the angle between the normal to the 
surface S+S and the x, y axes, it follows from (1.7d) 
that boundary conditions (1.5, 1.4) become, for the 
potentials gi, ¢2 


— d¢i/dn=cosaAi(| y| /y) (1.8a) 


oa O¢2/dn=cosd2 (1.8b) 


these conditions being valid in the entire space. 

The problem is thus split into two parts. The velocity 
component normal to the horizontal free surface in- 
duces the same potential as that of a fully submerged 
body in translation. The velocity component parallel to 
the horizontal free surface induces the potential which 
would obtain if the fluid above the plane of symmetry 
were flowing with a velocity equal and opposite that of 
the fluid below, causing a vortex sheet along the plane 
of symmetry. 

One is now ready to express the momentum integral 
in terms of g; and ¢»: 


p OP 


O¢1 
— | d—dS'= evi costa f ¢1—dS 
VJs On s on 


; f 91 Ff OM 
+sina cosa if o—ds+if ods) 
Ss on s on 


ss Ig2 , iad , 
+) sinta f os] = iM ,+ (i+j)M.,+)M,, 
Ss 


n 


(1.9) 
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Fic. 2. Water impact of an elliptic cylinder. 


where i and j are unit vectors parallel to the x, y axes. 
Note that ¢g2 is positive over the entire surface S. On 
the other hand, g; may be negative over part of the 
rear-half of the surface. If S is symmetric with respect 
to the plane x=0, ¢; is antisymmetric and negative 
over the entire rear-half. But the dynamic pressure 
p=p® cannot become negative, since this would imply 
that the fluid is in tension and therefore separates from 
the body surface to form a cavity. Actually, because of 
the action of viscous forces and Surface tension forces, 
separation is not instantaneous, and during the short 
period of time in which the impact occurs, the stream- 
line pattern is not changed appreciably. But the inte- 
gration in (1.9) must be carried out only over regions 
where y= ¢; CoSa+ ¢» Sina is positive. 

The simplified problem formulated above does not 
depend on the time parameter directly since the equa- 
tion of motion (1.2) and its boundary condition (1.3, 
1.8) do not involve time variations. But as time passes, 
an increasing volume of the striking body is immersed 
in the fluid. Passage of time is, therefore, marked by a 
change in the dimensions and shape of the immersed 
body. Translation of the body in a horizontal direction 
does not change the shape of the immersed body and 
induces no force, but translation perpendicular to the 
free surface does. 

In order to compute the time rate of change of 
momentum, therefore, it is necessary to determine how 
the immersed portion of the body changes with time. 
Most bodies whose impact may be of interest (pro- 
jectiles, seaplane floats, etc.) have immersed portions 
of shapes so complicated that an analytic determination 
of ¢i1, ¢2 is not possible. Following the scheme of 
previous calculations, one is led to approximate the 
immersed portion of the striking body at any time by 
some geometrically simple body (hemisphere, half- 
ellipsoid, etc.). The simple shape is defined by a certain 
number of parameters: the sphere by its radius, the 
ellipsoid of revolution by two axes, the general ellipsoid 
by three axes, etc. The approximating process consists 
in selecting certain properties of the actual body and 
defining the parameters of the approximating body so 
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that those properties are preserved. One can generally 
preserve as many properties as there are independent 
parameters defining the approximating body. For 
instance, if at any time /, the immersed portion of the 
striking body is approximated by a half-ellipsoid, the 
three axes of the ellipsoid are chosen so that the depth 
of penetration, the length and the immersed volume of 
the half-ellipsoid equal those of the actual body. As time 
passes, the depth of penetration, length and immersed 
volume of the actual body change, and the three axes of 
the approximating half-ellipsoid change correspond- 








Fic. 3. Water impact of a sphere. 


ingly. The three axes of the ellipsoid are, therefore, 
known functions of time, when the motion of the actual 
body is known, either from measurements or from 
calculations. The momentum integral M (1.9a) of the 
approximating body depends only on its geometrical 
parameters a, a2, a3:*-a;, which are known functions 
of time, since V and p are constant. The drag force is 
therefore given by: 


F,= pV cosa). (da;/dt) 


X[(0M,/da;) cosa+(OM.,/da;) sina] (1.10a) 
F,=pV sina). (da;/dt) 
X[(0M.,/da;) cosa+(OM,/da;) sina}. (1.10b) 


The problem of finding approximately the forces 
acting on a given body when it strikes a horizontal 
surface is, therefore, investigated as follows: 

An approximating body is selected and its parameters 
a; are computed as functions of time from the known 
behavior of the actual body. 

The potential problem for the approximating body 
is solved and the momentum integral is computed in 
terms of aj. 

The force function is found by application of Eqs. 
(1.10.) 

The second step of this procedure is the most im- 
portant and difficult. It can be carried out once and for 
all for several approximating body shapes. Then the 
results can be applied to a wide variety of problems by 
the proper fitting procedure. 

In the following, the potential problem is solved for 
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an infinitely wide semi-elliptic cylinder (two-dimen. 
sional problem solved by Sedoff’s methods) and for a 
sphere, an ellipsoid of revolution and a general ellipsoiq 
(solved by harmonic analysis methods). As an example 
of the fitting process, the water entry forces on a 
sphere striking at 45° are computed by using a genera] 
ellipsoid as the approximating body. 


2. INFINITE SEMI-ELLIPTIC CYLINDER 


The first potential problem discussed in detail con- 
cerns an infinitely wide semi-elljptic cylinder of major 
axis 2a and minor axis 2), the free surface y=0 coin- 
ciding with the major axis (Fig. 2). The boundary condi- 
tions to be satisfied by the potentials ¢, ¢ in the 
entire x, y plane are obtained from (1.8). If a stream 
function y is introduced, then, on the body surface, 
d¢/dn= dy /ds 

=cosa(dy/ds)(|y|/y)—sina(dx/ds), (2.1) 
where ds is a length element along the surface of the 
ellipse. This is integrated to give: 

Y= |y|cosa—x sina. (2.1a) 


One is now required to find an analytic complex 
potential function F(z)=F(x+iy) whose imaginary 
part satisfies (2.1a) on the boundary of the ellipse. 

The conformal transformation 


—2z=(a—b)é+(a+b)1/¢ (2.2) 
transforms the ellipse in the z plane into the unit circle 
in the ¢-plane. Therefore, in the ¢-plane the complex 


potential F(¢) must satisfy the conditions below on 
the unit circle ¢=e"*: 


y=b|sin@| cosa+a cosé sina 
x cos2n6 


1 4n?—1 











2b cosa 
[1- 2 re sina cos@. (2.3) 


us 


It follows that: 


21 
F(¢)= 








cosa o ¢n 
[+23 


7 1 4n?—-1 


To sum the power series inside and on the unit circle, 
note that 


} aisinag. (2.4) 




















~ aaa * gte~1 1 - féntt 
2>> =f -->} — (2.5a) 
1 4n?—1 1 2n—1 ¢ 1 2n+1 
and since 
> *=2/1-¢ (2.5b) 
1 
one has 
. t dé 1+¢ 
p = f = 7 log —— (2.5c) 
1 2n—1 o 1-2“ i-¢ 
2 (ent r ede i+¢ ’ 
~ -{ =—(+}3log—— _ (2.5d) 
1 2n+1 0 1-2 i-¢ 
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so that 





ib cosa f/1 i+¢ 
F(¢)= (--:) log——+iaf sina. (2.6) 
7" c 1-¢ 


All the manipulations carried out above are valid in the 
annulus 0<|¢|<1 because all series and integrals 
converge uniformly there. It is easily verified that F(¢) 
js an analytic function regular everywhere in and on 
the unit circle. Separating real and imaginary parts, on 
the circle, one finds 


y=b cosa|sinO| +a cosé sina 


y= —sin@| (26/2) cosa log| tan(@/2)|-+-a sine]. 


(2.7a) 
(2.7b) 


The boundary condition (2.3) is therefore satisfied and 
the pressure distribution is given by (2.7b). The separa- 
tion point occurs at @, defined by 


(26/2) cose log| tan(@,/2)|-+a sina=0 (2.8a) 


or 


6,=2 tan“ exp[ — (am/26) tana]. (2.8b) 


In most cases a>b and tana=0(1); then @, is small: 
§,=0(10-*) and the separation phenomenon may be 
neglected. Under those circumstances, the momentum 
integrals are: 


M,=20?/r (2.9a) 
Ma=Myz=0 (2.9b) 
M, = 1a?/2. (2.9c) 


3. THE SPHERE 


Consider a sphere of radius R half-submerged in a 
fluid (Fig. 3). The potential g= ¢; cosa+¢2 sina must 
satisfy the equation 


Agi=Ag:=0 (3.1) 

with the boundary conditions: 
lim ~i= lim g2=0 (3.2) 
(Og2/dr)(R, 0, w) = —cosw (3.3a) 


(d¢;/0r)(R, 0, w) = —(|cosw| /cosw)cosé. (3.3b) 
The potential g2 is immediately found: 
¢2= (R°/2r*) cosw. (3.4) 


The potential yg; is determined by fitting the general 
harmonic function convergent for large r 


o n+l 1 


=) DL 


0 oO rt 





P,*(cosw)[a,* coss0+5,° sins@] (3.5) 


to satisfy boundary condition (3.3b). It is clear by 
inspection that 6,°=0 and a,*?!=0, while the non- 
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vanishing coefficients a,' must satisfy the relation: 


n+1 
Re 





> oP Mande anf." 

0 0 
=-—1 [0<|w|<(z/2)] 
= 1 [(4/2)<|w|<a]. (3.6) 


If Eq. (3.6) is multiplied by P;' (cosw) sinw and inte- 
grated from 0 to 7, all terms in the series except the k 











Fic. 4. Water impact of an ellipsoid of revolution. 


term vanish because of the orthogonality of Legendre 
polynomials. One, therefore, obtains: 


2k+1 ef 
u-———| f P,}(cosw) sinwdw 
2k(R+ 1)Lo 


-{ P,}(cosw) sinada (3.7a) 
A/2 


Since P,! (cosw) =sinw[_ dP, (cosw)/d (cosw) }, this is re- 
written, with due regard to symmetry properties: 


4k+1 7? 
an=——_— [ sin’wP»’(cosw)dw.  (3.7b) 
2k(2k+1)+'5 


O4-41=0 


By use of Rodrigues’s Formula" the Legendre poly- 
nomial P(z) can be written as: 








1 & “k—r\(2k+2r—1)!! 
Px(z)=—_ > ( ) (—)*2?r, (3.8a) 
2*k\ 70 r (2r—1)!! 
It is also known” that 
*/2 (2r—2)!! 
f sin*w cos?” wdw = —- (3.8b) 





1! Whittaker and Watson, Modern Analysis (Cambridge Uni- 
versity Press, London, 1940), fourth edition. 

2H. B. Dwight, Tables of Integrals and Other Mathematical 
Data (MacMillan Company, Ltd., London, 1934). 
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Combining formulas (3.8a) and (3.8b), one obtains: 
4k+1 k 
ax = 
2*k(k!)(2k+-1) r= 
(—"\—— 11(2k+-2r—1)!! 
x ° 
k (2r—1)!!(2r+-1)!! 


— je—r+l 








(3.9) 


Thus, for instance: 


a2= 5/6=0.833 ag = —0.041 
a= —(3/40)=—0.075 ayo = 0.0658. (3.9a) 
ag = 0.147 @)2= —0.0094- - . 


The convergence of the series (3.6) is established by 
noting that the integral in (3.7b) can be determined 
asymptotically as k= as follows: 


x/2 
lim f Px’ (cosw) sin?wdw 
k-@ 

0 


x/2 


- f sinteo lim Pes’(cose)de 
kk @ 
0 


«/2 


ie f sin*w(k/m)* sin2kwdw 
0 


=1(k/=) f (1—cos@) sinkéd@~1/(k)'. (3.10) 
0 
The general coefficient a, therefore behaves as k-}. 
Since™ 
jim P'(cos@) 


= —2(k/m sin)! sin (2k+43)0+32/4] (3.10’) 


Y 











t 
z 


Fig. 5. Coordinate system for a general ellipsoid. 





3 E. W. Hobson, The Theory of Spherical and Ellipsoidal Har- 
monics (Cambridge University Press, London, 1931), Chapter 11. 
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the series (3.6) behaves as })(e*/k) which is known 
to converge. 

The potential of the horizontal flow past a sphere of 
radius R is, therefore, 


g1=R 050 © (R/r)"*(an/n+1)Pq'(cosw). (3.11) 


The separation point is reached along the curve 6(w) 
where the following relation holds: 


6=sec—[ —2 cota secw > (an/n+1)P,'(cosw) ]. (3.12) 
1 


If separation effects are neglected, one finds the 
following momentum integrals: 


ow 


M,=(2/2)pR®> (a,)? (3.13a) 
0 

a (3.13b) 

M, = (2/3) pR’. (3.13c) 


4. HALF AN ELLIPSOID OF REVOLUTION 


A slight generalization is obtained if the hemisphere 
considered above is replaced by an ellipsoid of revolu- 
tion whose axis is parallel to the horizontal velocity 
component (Fig. 4). The potential problem is most 
simply discussed in terms of elliptic coordinates. If 
x, y, 2, are cartesian coordinates as before, and the 
distance between the foci of the ellipsoid is 2k, the new 
coordinates yp, ¢, w are defined by 


x=kyt (4.1a) 
y= kL (1—y*)(¢?—1) }* sinew (4.1b) 
z= k[{(1—?)(¢?—1) }? cosw. (4.1c) 


The ellipsoid under study is defined by a value { of 


the parameter ¢, and solutions are sought in the domain | 


¢>¢o which corresponds to the space outside the ellip- 
soid. 

The boundary conditions corresponding to (1.8a, b) 
are here: 








de COSw | 

5 J } (4.2a) 
ae J 5 cosw 

09g i—,’\} 

SN in bre ) sinw. (4.28) 
ag 7 fo—1 


The potential g2 is known to be" 
k 
ws : Pag 
§ log(fo+1/fo—1)—[fe?— 2/F0(Se?—1) J 
f+1 g aio 
X {4 log———— } [(1— uw) (¢?— 1) }! cosw. 











(4.3) 
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The general potential convergent for [> fo is 











o n+l 
f a=DL LD On'($)Pn*(u)Lan*® sinsw+5,* cossw] (4.4) 
0 1 
so that boundary condition (4.2a) gives: 
) o ntl , ; 
EL On'*(F0)Pn*(u)an* sinsw 
ae | 
) oe ntl 
=> > an'Pr*(u) sinsw= —p(—r<w<0) (4.5a) 
v0 1 
2) = u(0<w<7) 
from which the coefficients a,’ are determined. Multi- 
he plication of (4.5a) by sin(rw) and integration between 
— and 7 leads to: 
. s 4(—)"u 
a.) = a2 P,27\(y) =— (4.5b) 
0 T 2r+1 
b) a,’ =0. 
5) Multiplication of (4.5b) by P,?**"(u) and integration 
between —1 and 1 leads to: 
ere (— )"8(4k+-1)(2k—2r—1)! 
lu- ay = 
ity a(2r+1)(2k+2r+1)! 
ost 1 
If x f wPox(u)du (4.5c) 
the 0 
ew 
Oot = 


la) | After two integrations by parts, the integral in (4.5c) 
becomes : 


1 : d 
-1c) i wPao™*(u)du= f u(1—u?)'—Px?"(u)du 
“’ of 0 0 du 


nain 1 2f—4 
llip- | = i. Po"(u)dp 
(1—,°)! 





, b) 





l d 
ai f (2k2—1)—Pa\(u) du 
0 du 





1.2a) | 1 
| =-4f uPee (udu (4.60) 
0 
| since 
+.2b) Po2**!(0) = Py?2**(1) =0. 
The recursion formula (4.6a) gives at once: 
1 1 
ff oPrem(uddu=(—4y fF uP!(wdn 
| “0 0 
x/2 
(4.3) =(—4)r f sin?@P’(cos@)d@, (4.6b) 
0 
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By using the representation (3.8a) for P»(z) and the 


relation: . 
x/2 mw (2p—1)!! 
f sin?@ cos??6d@ = — ————— (4.6c) 
; 2 (2p-+2)!! 


one finds the coefficient a,?"*! 
41 4k+-1 (2k—2r—1)! 
21k! 2r-+1 (2k+2r+1)! 





2r+1 — 
Ag, = 


‘ k— p\ p(2k+2p—1)!! 
Xd (—)ron( -——— 4.7) 
p=l p (2p+2)!! 
Thus for instance: 
= 1.250 
“ =0.281 
at =0.127 a=0.00161 - 
os! =0.0726 on? =0.00002 % = 9.00001. (4.7a) 
aio'= 0.0471 
a@j2'= 0.0328 


The uniform convergence of the doubly infinite series 
(4.5a) is established by the Weierstrass M test if 
>>ax’ converges: The integral in (4.5c) converges: 


1 A 
lim if uPx!du| <— (4.8a) 
k— @ 0 (k)} 
as can be shown by an argument similar to that of 
(3.10). For any value of r, therefore, the series 


DD a%’=S'(r) 
k=0 


converges absolutely. For any given value of k, 


lim $° e’<A(R)E——_—— (4.8) 
r+ 2 9 (2r+-1)(4r)! 


so that the sum of rows as well as the sum of columns 
converges absolutely. Then, one has 


| dan?| <DVD(1/(k+7)!) (4.8c) 
which establishes the convergence of the series. The 


potential yg; for the horizontal flow past the half- 
ellipsoid of revolution is, therefore: 


= 24 on’*t(¢) 
~A= > a : 
n=1 s=0 Qon’?**(Eo) 


X aon*t!Po,?*t1(u) sin(2s+1)w. (4.9) 








The momentum integrals are: 


o n—l n'**1(¢9) 
M, = ~O%, 2 cc ilo 
n=1 s=1 Qon 2e+1(& 9) 
(2+ 2s+1)! (aron?**1)? 
Xx 


(2n—2s—1)! 4n+1 





(4.10a) 
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Mw=M,.=0 


rk 
esi awa 1) 


(4.10b) 


log(So+ 1/fo—1)— (2f0/teP?—1) 
log(tot+1/to- 1) —[2(Se?—2)/to($?—1)] 


Note that the entire argument was carried through for a 
prolate ellipsoid (¢>1). If the ellipsoid is oblate 
(¢<1), ¢ is replaced by if and the function g({) re- 
places O(¢), where 


gn'(¢) = Qn*(1¢) 


everything else remaining unchanged. 





(4.10c) 


(4.11) 


5. HALF A GENERAL ELLIPSOID 


A further generalization is obtained by considering 
an ellipsoid with focal length 2k parallel to the hori- 
zontal velocity component, and focal length 2/ hori- 
zontal and normal to it. The problem is now formulated 
in terms of ellipsoidal coordinates defined by E. W. 
Hobson :* 








x= ppuv/hk (5.1a) 
(p?—h?)(u2—h2)(h2— v?) }3 
val p?— ht) (uh— ht) (h— v*) }} (5.1b) 
h(k?—h?)} 
[(et— k) (ew) (—*) } 
s= . (5.1c) 
k(k?—h?)) 


The surfaces p=const. represent confocal ellipsoids; 
po in particular represents the ellipsoid under investiga- 
tion; w=const. are hyperboloids of one sheet and 
v=const. are hyperboloids of two sheets. The coordi- 
nate system is shown on Fig. 5. Any point is defined 
uniquely if the signs of the radicals in (5.1) are defined. 
Boundary conditions (1.8a, b) become in this system: 





= __ hr lal — 
Op F v6 hk y 

Igo po( L(u?—H*)(?—v*)] 3 . 
=) --*| - (5.2b) 
Op? oo h [ (eo? — h*) (k?— h*) 


The potential g2 is given explicitly in the standard 





h k 
f f (u?— v*) wv Kongi*(u)Kony1*(v) 
0 h 


literature" by the formula: 


= (po? — h*) (po? — k*) ] 





$2 


Oh R—Ie 


1 
x 











1 [( 9 h?)( 9 k?) 7] if dp 
— PoL_\Po — 4° )\ po — ee 
0 0 0 4 (p?— h?)#(p?— k2)! 


XL (e?— h?) (u?— h?) (h?— *) J 


x dp 
~*~ ° 5. 
| rere _ 


The general potential convergent for p> po is 





2 2n+1 
a=L > a,'F ,*(p)E,*(u)En*(v), (5.4a) 
0 1 
where F,,’, E,* are general Lamé functions, convergent 
as p— and yp, v0, and satisfying Lamé’s differential 
equation : 


(d?— h?) (A? — k*) (PE, / dd?) 
+(2d\?— ?— k?) (dE, /dd) 
+[ (+k) p—n(n+1)’]E,=0 (5.4b) 


A= p, M, V 


the parameter x is an integer, while p(h, k, m) is chosen 
so that E,* is a polynomial. The theory of Lamé func- 
tions is discussed in detail in.” 

Boundary condition (5.2a) gives here: 

x 2n+1 


hk> p F ,,'*(po)a n'En*(u)En*(v) 
0 1 


2 2n+l 


=2 x an E,*(u)En*(v) = url (u?—h*)'>0] 
= — pr[(u2—I2)!<0]. (5.5) 


From the form of the function to be expanded, it is 
clear that only odd Lamé functions Ken,:* of the form 


Kongi*(A) = B1°A+ B3°A?+ ¢ + Bong i*X?"*? (5.64) 
will appear in ¢g;. The coefficients 8,* are defined by 
recurrence formulas and depend on (h, k, p). They have 
been tabulated by Guerritore."* It is then known® that 
the coefficients a,* are given by: 








C2n+1° = 


f fu- ¥)Kongi*(u)Keongi*(v) P 


du dv 
Ce wu} Coe P(e) all 
—$___—_____——. 5.7 
du dv 








[(l?— wt) (u2— Re) [it 4) (8-4) } 


4M. Guerritore, Table of Lamé functions, Giornale de Matematica (2) XVI, 164-172 (1909). 


16 QO, Volk, “Uber die entwicklung von functionen zweier complexen veranderlichen nach lameschen functionen,” Math. Zeitsch 23, 


224 (1925). 
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If the expansion (5.6) for Ken;1°(A) is substituted into 
the integrals (5.7), it is found that one must investigate 
integrals of the form: 














ts,(X)= f ps. (5.8a) 
de TE 
k "dr 

Bo, A = ? 5.8b 
” i [em e@oy = SSP 

It is easily verified that: — 
Ao=(1/#)F(h/k) By= (1/2) i. | Goa 

(e—18)9 

A.=k(F(h/k)— E(h/k)) B= ke |: (5.9c,d) 


Repeated integrations by parts then lead to the recur- 
rence formulas: 


(2n—1)A on=(2n—4) (I? +#)A ona 
— (2n—3)WPRPA ons (5.10) 

and an identical result for Bz». The integrals Aon, Bon 
are, therefore, expressed as functions of the parameters 
h, k in terms of elliptic integrals. 

The numerator and denominator of (5.7) are now 
simply expressed in terms of the known coefficients 
8,* and the integrals Aon, Bon. 
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dk dh 


db db 


Fic. 6. The approximating functions for a partially 
submerged sphere and their derivatives. 


The potential function ¢g; is then given by: 








Nonpi’= (B1°)?(BsA2— BoAs) 1 io nti/2 Foni1°(p) 
Mihai (BeA2— A Bz) oot “IP eran 
+ (B3°)?(BeAs— BAe): - (5.11a) “ 0 1 Fony1'*(po) 
Day 4(B,A : 
ONO BM BeAr AeBy)--- (6110) Xaanes'Kont1"(u)Kanes"(v). (5-12) 
engi’ = Neongi’/Dony1*. (S.11c) The momentum integrals are: 
L (0? — h*) (po? — Rk?) }} o nti/2 Fon. 1°(po) 
M,= ————$_ (ran4:1°)* Dany’ (S.13a) 
hk? 0 1 Fengs’*(po) 
M,,=M,:=0 (5.13b) 
Clat—He)(o— pf ——? 
Pol (po? — hk”) (pe? — 
. — vo po(p?— hi?) *(p! — i)! 
M,= (1 p0/12)[(p0?— h*) (po?— k) }} _— (5.13c) 
. p 


i- od (ee— h?) (po? — k) }} f 


The first three terms of this expansion were computed 
numerically and used in Section 6. 


6. WATER IMPACT OF A SPHERE AT AN 
ENTRY ANGLE OF 45° 


The results of the previous pages are now applied to 
a specific problem. The drag on a sphere of radius R 
which strikes the water surface at 45° is computed as a 
function of time. The submerged portion of the sphere 
is approximated by a half-ellipsoid in such a manner 
that the depth of penetration d of the sphere equals 
the minor axis, the diameter of the circle of intersection 
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po po(p>— h?)#(p?— k*)! 





between the sphere and the free surface equals the 
major axis and the submerged volume of the sphere, V, 
equal the volume of the semi-ellipsoid. If the dimension- 
less length & is introduced, one has: 





&=tV sina/R (6.1a) 
po(t)/R=LE(2—£) }! (6.1b) 
k(t)/R=[2e(1—¢)} (6.1¢) 
h(t)/R=4 ae (6.1d) 

2—é 
da,/dt=(V sina/R)(de;/dé). (6.1e) 
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Fic. 7. Vertical component of drag of a sphere of unit radius in 
water impact Cp= F y/R*p(V?/2). 


The force functions are given by formulas (1.10a, b) 
and the derivatives are given explicitly as: 


= 
dpo/dt=V iiss tins (6.2a) 
2Cé(2—£)]! 
1—2¢é 
dk/dt= V sina——————_ (6.2b) 
[2&(1—) }? 
7—20§+ 14 —3¢ 
dh/dt=V sina— (6.2c) 





aL &(1— &)(7—3€)(2—&)*}! 


while the derivatives 0M/da; are obtained by differ- 
entiating (5.13) with respect to po, 4, k. This formula- 
tion is valid only while <1, or up to the time when the 
sphere is half-submerged. After that instant, flow past 
an ellipsoid does not give a good approximation to the 
streamline pattern, and a cavity is beginning to develop. 

The’ results of the calculation for the sphere are 
shown on Figs. 6, 7, 8. It is found that the value of the 
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Fic. 8. Horizontal component of drag of a sphere in water impact. 


vertical drag component agrees fairly well with the 
value obtained in unpublished experiments carried out 
at the Morris Dam Hydrodynamics Station; it also 
gives the same type of result as that obtained by Schiff- 
man and Spencer. The horizontal component of drag 
reaches its greatest value at a later point. 


CONCLUSION 


The impact of a body of arbitrary shape at an arbi- 
trary angle was investigated by approximate methods, 
The two main approximations consisted in linearizing 
the boundary condition at the free surface by neglecting 
the splash and in replacing the submerged portion of 
the body at any time by an ellipsoid of identical depth 
of penetration, length, and submerged volume. As an 
illustration of the method, the impact of a sphere at a 
45° angle was studied in some detail. The vertical force 
component turned out to be in good agreement with 
experimental results. The behavior of the horizontal 
component, which has not been measured, was also 
computed and shown. 
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Depolymerization by Ultrasonic Irradiation: The Role of Cavitation 


ALFRED WEISSLER 
Naval Research Laboratory, Washington, D. C. 


(Received July 7, 1949) 


Contrary to current belief, cavitation has been found responsible for the depolymerizing effect of intense 
ultrasonic waves. This was demonstrated by irradiating two portions of a 1 percent polystyrene solution in 
toluene under conditions identical except for the following. The first portion was given no special prior 
treatment, showed many cavitation bubbles during irradiation, and decreased in molecular weight (as 
measured by the intrinsic viscosity) to about one-tenth of the initial value. The second portion was given 
a preliminary treatment of degassing by boiling under vacuum, showed no cavitation bubbles during the 








irradiation, and underwent no appreciable change in molecular weight. 

Similar experiments with solutions of hydroxyethyl] cellulose in water showed that, in this case also, 
cavitation is necessary for depolymerization. The opposite conclusion of earlier investigators is attributed 
to their inadequate method for eliminating cavitation. 

Oxidants known to be produced by ultrasonic waves in solutions containing dissolved oxygen or nitrogen 
cannot be responsible for the degradation, because substantially the same amount of depolymerization 


occurs even when helium is the only gas present. 


INTRODUCTION 


OLUTIONS of high polymers may be affected by 
ultrasonic irradiation in two different ways.*? First, 
Freundlich and Gillings found* that weak irradiation of 


However, this conclusion appears questionable, for 
the following reason. Although 5 atmos. excess hy- 
draulic pressure applied in the body of the liquid by a 
piston will eliminate cavitation under the given condi- 




















: fresh solutions of gelatin in water causes a considerable tions, applying 5 atmos. of oxygen above the surface 
if reduction in the structural or non-Newtonian viscosity. Will force 5 times as much oxygen into solution (Henry’s 
h But on standing for several days, the solution regains Law). Then when the instantaneous pressure 1s reduced 
- almost as high a viscosity as it had before irradiation. 1 or 2 atmos. in the negative part of the sound wave 
‘. This effect is believed due to the temporary breaking of © ycle, oxygen will come out of solution and bubbles 
ns the loose gel network of van der Waals bonds between _ will be formed in the liquid. Therefore, it seemed de- 
th adjacent polymer molecules. It does not take place to sirable to investigate this question further, using a 
al an appreciable extent in the absence of cavitation.‘ more positive means for eliminating cavitation: de- 
ae The second way in which ultrasonic waves may affect gassing the solution by boiling under vacuum for at 
high polymers is to cause depolymerization—the actual least 15 minutes, prior to irradiation. 
breaking of chemical bonds in the chain, to give mole- EXPERIMENTAL 
cules of smaller size than originally, and therefore a A sample of high molecular-weight polystyrene,® ob- 
permanent decrease in viscosity. This was studied in tained through the courtesy of Dr. S. G. Weissberg of 
detail by Schmid and Rommel’ in order to determine 
whether cavitation is responsible for this effect also. a . sani 
. In a typical experiment, they found that a solution of 
nitrocellulose in butyl acetate underwent considerable 
degradation when irradiated in a steel bomb for an 800 0.5 % SOLUTION 
hour under atmospheric pressure, but less degradation on uate eons 
under 5 atmos. of nitrogen, and none at all under 
8 atmos. of oxygen. Similarly, a solution of poly- 8 eee 
styrene in toluene suffered much depolymerization S 
when irradiated under atmospheric pressure, less under >~ 
8 atmos. of Oz, and still less under 15 atmos. of Oc. g 
Schmid concluded that depolymerization occurs in the = “0 
complete absence of cavitation, because as little as 5 
atmos. excess pressure would have suppressed cavitation 
caused by the moderate-intensity ultrasonic waves used. 200 
''H. Mark, J. Acous. Soc. Am. 16, 183 (1945). 
? K. Sollner, Chem. Rev. 34, 371 (1944). 
*H. Freundlich and D. W. Gillings, Trans. Faraday Soc. 34, ° , = 
649 (1938). 120 180 
* By “cavitation” we mean the formation and violent collapse IRRADIATION PERIOD, MINUTES 
of small bubbles or voids in the liquid, as a result of pressure Fic. 1. Ultrasonic depolymerization of polystyrene in toluene. 
changes which occur, for example, in a sound wave. ———eraeeeie 
5G. Schmid and O. Rommel, Zeits. f. physik. Chemie 185A, 97 * Prepared by polymerization at room temperature for several 
(1939). months. 
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Fic. 2. Ultrasonic depolymerization of polystyrene in toluene. 


the National Bureau of Standards, was dissolved in 
toluene to give a 1 percent solution. A 50 ml sample of 
this solution, containing dissolved air, was irradiated’ 
for 10 minutes (at a power level of 50 watts d.c. in the 
plate circuit of the output tube of the ultrasonorator) 
and then diluted to 100 ml. After this treatment the 
viscosity (measured at 30°C with an Ostwald-Fenske 
viscometer) was 665.7 seconds, compared to 929.3 
seconds for an unirradiated diluted solution and 163.6 
seconds for the pure solvent toluene. But when a similar 
sample was degassed first by boiling under vacuum, 
then cooled in the absence of air, irradiated, and diluted 
to 100 ml, no viscosity change was found (Fig. 1). 
Also, there were no cavitation bubbles in the degassed 
solution, although many were visible in the solution 
containing air. 

Similarly, 3 hours irradiation gave only a very slight 
change (to 925.7 seconds) in a degassed solution, but a 
large viscosity decrease (to 270.9 seconds) in the solu- 
tion containing air. Several intermediate points are 
also shown on Fig. 1. These viscosity decreases were 
permanent ; no change could be detected after the solu- 
tions had stood for 20 hours. 

The extent of depolymerization corresponding to the 
observed viscosity decrease was calculated from the 
equation 

[n]=KM., 


where M is the molecular weight, and K=1.6X10~ 
and a=0.66 are two constants (obtained by extrapola- 
tion from data in the literature*) characteristic of tolu- 
ene solutions of polystyrene which has been prepared 


7 The container was a 50400 mm test tube, closed at the top 
with a ground joint through which were sealed two gas-delivery 
tubes, one extending almost to the bottom of the container. This 
made it possible to change the nature of the dissolved gas in the 
solution. The ultrasonic waves used in these experiments had a 
frequency of 400 kilocycles. 

®H. Mark in Physical Methods of Organic Chemistry, edited by 
A. Weissberger (Interscience Publishers, Inc., New York, 1945), 
p. 146; certain errors in this table were corrected for us by Dr. 
S. G. Weissberg. 
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Fic. 3. Ultrasonic depolymerization of hydroxyethyl 
cellulose in water. 


by polymerization at 30°C, as was the present sample. 
The intrinsic viscosity [7] is defined in terms of the 
viscosity of pure solvent mo and the viscosity 7. of a 
solution of concentration c: 


Ne—TN0 | Nesp 
=lim—. 
c—0 Cc 





=lim 
co0 cno 


By means of successive dilutions, 4,, was evaluated 
for each irradiated solution at concentrations of 0.50, 
0.20, and 0.10 gram/100 ml, and the results extrapo- 
lated to infinite dilution to give [»]. Figure 2 shows 
that the viscosity-average molecular weight decreases 
from about 6,000,000 to 600,000 in the ordinary solu- 
tion, but in the degassed solution the decrease is negli- 
gible—of the same order of magnitude as the experi- 
mental error. 

This result indicates that cavitation is responsible 
for the depolymerization. In order to determine whether 
the same is true in water solutions, analogous experi- 
ments were performed on a 0.80 percent aqueous 
solution of nydroxyethyl cellulose WS-1000 (obtained 
through the courtesy of the Carbide and Carbon Chemi- 
cals Corporation). Here again, ultrasonic irradiation 
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Fic. 4. Effect of input power on hydroxyethyl! 
cellulose depolymerization. 
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for 3 hours at 200 watts input—followed by dilution 
to 0.4 percent—gave a very slight viscosity change 
(from 112.2 to 111.3 seconds) in degassed solutions, but 
a large decrease (to 73.6 seconds) in ordinary solutions; 
distilled water had a viscosity of 61.1 seconds in this 
viscometer. This is represented graphically in Fig. 3, 
together with several intermediate points. 

An even more direct relation between cavitation and 
depolymerization is demonstrated in Fig. 4. It was 
previously observed that no cavitation bubbles could 
be detected in water irradiated at the lowest power 
levels, even with intense transverse illumination. How- 
ever, bubbles could always be found at input powers 
above a given threshold, the value of which depended 
on the experimental conditions; in viscous solutions 
the threshold was higher and less sharp. In the present 
work, by subjecting successive portions of hydroxy- 
ethyl cellulose solutions to 5-minute irradiations at in- 
creasing power levels, it was found that no depoly- 
merization occurred at the low levels where cavitation 
was absent. But just about at the power where cavita- 
tion began, depolymerization also began, and became 
greater as the power was increased. 

It might be supposed that the observed degradation 
is due to oxidants which are known to be produced by 
irradiation of solutions containing nitrogen or oxygen. 


TABLE I. Effect of dissolved gas on ultrasonic depolymerization. 








Viscosity of 0.40% solution 
Viscosity of 0.20% solution of hydroxyethyl cellulose 
of polystyrene in toluene, _in water, after 15-minute 





Dissolved gas after 30-minute irradiation irradiation 
None 256.6 seconds 112.7 seconds 
Air 177.6 100.3 
Helium 175.0 100.0 
Carbon dioxide 184.4 112.3 








This view is invalidated, however, by the data in Table 
I; substantially the same amount of depolymerization 
occurs even when purified helium is the only gas pres- 
ent. Carbon dioxide also serves just as well in toluene, 
but not in water solution. 


CONCLUSION 


It is known that cavitation does not occur at moder- 
ate negative pressures in solutions which have been 
freed of dissolved gas. All concomitants of the ultra- 
sonic wave, other than cavitation, are present in de- 
gassed solutions, but no depolymerization takes place. 
Therefore, it is cavitation which is responsible for the 
depolymerization caused by ultrasonic irradiation, in 
the polystyrene-toluene and hydroxyethyl cellulose- 
water systems. 





A Three-Stage Electron Microscope with Stereographic Dark Field, 
and Electron Diffraction Capabilities 


M. E. Harne,* R. S. Pace, AND R. G. GARFITT 
Metropolitan Vickers Electrical Company, Lid., Manchester, England 
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An electron microscope is described in which a range of magnifications between 1000 and 100,000 times 
can be covered continuously. This is achieved through the use of an intermediate projector lens. 

The principles of design are briefly discussed and the construction of the microscope and the high fre- 
quency-operated 100-kv power unit is dealt with in some detail. The instrument is provided with objective 
apertures to enhance image contrast and to permit operation with dark field illumination. 

Data is given relating to the electron optical system and it is shown how the instrument can be used to 
obtain electron diffraction patterns characteristic of small areas of a specimen under microscopic observation. 
The alignment procedure is briefly described and some typical micrographs are shown. 


I, INTRODUCTION 


OLLOWING the work on the design and construc- 
tion of a two-stage electron microscope Type 
E.M.2,! it was decided to undertake the development 
of a new instrument, the design of which would aim at 
obtaining the greatest possible simplicity and economy 
compatible with the best performance. 
This paper describes the design principles evolved 


*Now with the Associated Electrical Industries Research 
Laboratory, Aldermaston, Berks, England. 

1M. E. Haine, “The design and construction of a new electron 
microscope,” J.I.E.E. 94, Part 1, No. 82 (October, 1947). 
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for the new instrument (Fig. 1) and explains the 
versatility in operation and also the mechanical, elec- 
trical, and electron optical details. 

Previous electron microscopes have used a two-lens 
system, except that built by Marton? which used a 
three-lens system. The relative advantages of the two 
systems were considered and it soon became apparent 
that a three-lens system offered many advantages in 
providing a more compact design and a much greater 
versatility. Three-stage instruments have been de- 


2 L. Marton, “A 100-kv electron microscope,” J. App. Phys. 16, 
131 (1945). 
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veloped also coincidently with our own by le Poole® 
and Liebmann.‘ 

A two-stage instrument consists of lenses separated 
by distances of three to four times the length of a lens. 
This means a long and hence not very rigid column. 
Ideally a column consisting of lenses, and space enough 
to allow for the necessary aligning mechanisms, would 
suffice. If we fix the ideal length per stage at a value /» 
and assume the lenses all have focal lengths fo, then 
with m stages the magnification is given approxi- 
mately by 

M = (Io/fo)". 
Thus, 
n=logM /log(lo/fo). 


For a maximum magnification of 100,000 times, 
l5=20 cm, and f=0.4 cm, n becomes 3 to the nearest 
integer. The resulting three-stage column is 60 cm long 
compared with 250 cm for the corresponding two-stage 
instrument. 

Further consideration shows that a much wider 
range of magnification for a given specimen setting is 

















Fic. 1. Photograph of the E.M.3 electron microscope. 


3 J. B. le Poole, “A new electron microscope with continuously 
variable magnification,” Philips Tech. Rev. 9, No. 2 (1947). 

*G. Liebmann, “A new experimental electron microscope,” 
J. Sci. Inst. 25, No. 2 (February, 1948). 
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possible. For instance, whereas in a two-stage instru- 
ment the magnification can only be varied over a range 
of about five-to one without changing the specimen 
position, in the three-stage instrument a range of nearly 
one hundred to one is possible. This further simplifies 
design as it obviates the necessity for an intermediate 
viewing screen for aligning purposes. 

A further advantage results by virtue of the ease 
with which diffraction photographs can be obtained by 
imaging the diffraction pattern at the back focal plane 
of the objective lens on to the object plane of the second 
projector lens, using the first projector lens at unity 
magnification. The detailed mechanism involved is de- 
scribed in later paragraphs. 

In addition to using a three-lens magnifying system, 
it was thought possible to reduce the over-all volume 
of the apparatus sufficiently to keep the “pump-down 
time”’ low enough to allow complete evacuation in two 
or three minutes and thus obviate air locks for specimen 
and photographic plate. This was considered particu- 
larly important in view of the difficulties already present 
in the mechanical stage design which are much aggra- 
vated if an air lock is necessary. 

Our own past experience and that reported to us 
from other workers in this field made us decide to use 
an electron accelerating voltage of 100 kv. There seems 
little doubt that this represents an appreciable im- 
provement on the 50 kv previously used, and yet it is 
evident that to increase the voltage to much over 100 kv 
involves considerable complication and expense. 


II. DESCRIPTION OF MICROSCOPE COLUMN 


The microscope column (Fig. 2) is built up in eight 
sections: The electron gun, condenser lens, specimen 
chamber, objective lens, intermediate alignment section, 
twin projector lenses, viewing chamber, and camera. 
Each unit is supported directly by the section under- 
neath and vacuum sealed by rubber gaskets. Mechanical 
rigidity, a first consideration in electron microscope 
design, is maintained by the use of the type of rubber 
gasket seal used on the Type E.M.2 instrument which 
allows the opposing flanges to be clamped together in 
metal to metal contact. 


A. The Electron Gun and Condenser Lens 


The electron gun is totally enclosed, utilizing a 
screened cable entry bushing insulator (103) to conduct 
the high voltage lead (101) to the cathode. Thus no 
high voltage is exposed at the electron gun and the 
necessity for a cumbersome screening compartment is 
obviated. 

The three-core high voltage cable is terminated in a 
three-contact plug assembly which fits into the central 
bore of the conical porcelain insulator and makes con- 
tact with the cathode assembly of the gun. A conical 
screen surrounds the whole insulator and serves to 
connect the cable screening direct to the main body of 
the microscope. The cathode assembly (111) is of more 
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or less conventional design, consisting of a tungsten 
hairpin filament surrounded by a biased cathode shield. 
The anode (117) has a central aperture to allow the 
beam to pass out of the gun and also a concentric ring 
of holes for pumping. The gun is surrounded by a lead- 
lined x-ray shield (118). 

The electron gun is mounted directly on top of the 
condenser lens; no transverse alignment of the lens 
with respect to the gun axis has been found necessary. 

The electron gun and condenser lens assembly is 
mounted on an aligning mechanism which allows it to 
be translated laterally or tilted about a point in the 
object plane for electron optical alignment. The mecha- 
nism employed is similar to that used in the Type 
E.M.2 instrument, but it has been reduced in size and 
made more rigid. The lateral movement is obtained by 
sliding two flat surfaces over one another with the 
adjusting screws (211) while the tilt is obtained by 
sliding two spherical surfaces centered at the specimen 
by means of adjusting the screws (212). Vacuum sealing 
is effected by a flexible metal bellows. The complete 
unit is mounted on top of the object chamber and 
sealed by a rubber gasket. 


B. The Specimen Chamber and Mechanical Stage 


The specimen chamber (Fig. 3) consists of a brass 
cylinder brazed to upper and lower sealing plates (302, 
303). To provide access to the mechanical stage the 
front section of the cylinder is cut away to accommodate 
the door (304), which is sealed with a flat rubber gasket 
held to the door by an internal retaining plate. A swing 
catch pivoted at the center of the door engages in slots 
in the upper and lower flanges. Atmospheric pressure 
is sufficient to seal the door without addition of any 
auxiliary pressure, and the catch is provided merely to 
hold the door closed before evacuation commences. 
A pumping manifold connection is made at the back 
of the object chamber. 

The object chamber is fixed directly on top of the 
objective lens by flange bolts, and sealed with a rubber 
cord gasket. 

The object stage itself consists of a cup-shaped 
carriage (306) which slides directly on the upper face 
of the objective lens. These sliding surfaces are polished 
to reduce the friction so that a smooth movement is 
obtained, while two spring-loaded plungers hold the 
surfaces in close contact. 

The specimen holder (309) is locked into the stereo 
block (310) by means of the finger-controlled screw 
(311), and is shown in detail in Fig. 4. The holder can 
be extracted from the stage through the chamber door 
with the aid of the special tweezers (Fig. 4) which 
engage with an internal groove in the holder. 

The stereo block into which the specimen holder fits 
is mounted on two pointed pegs which rest in grooves in 
the base of the carriage, lying approximately in the 
plane of the object. The upper face of the block is 
cylindrically machined about an axis containing the 
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Fic. 2. Cross-sectional drawing of the microscope column. 
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Fic. 3. Cross-sectional drawing of the specimen chamber. 


points of the pegs. Leaf springs fastened to the carriage 
bear on this cylindrical surface, allowing the block to 
be tilted through a total angle of 10° about the axis in 
the object plane. Tilting is effected by a vertical lever 
(313) attached to the stereo block and engaging the 
tilting mechanism at the top of the specimen chamber. 
The tilting control consists of a lead screw (316), entering 
the vacuum through a rubber gland seal, which moves 
the block (314), keyed to the fixed tube (315), laterally. 
A rectangular opening in the block allows clearance 
around the lever so as not to interfere with the mechani- 
cal stage movement. 

Motion in two directions at right angles is trans- 
mitted to the object stage through a lead screw and 
bell crank system from two knobs at hand level. 
Careful attention to the friction, controlling springs 
and rigidity of the operating mechanism gives smooth 
control to 0.1n or better. The relatively small mass of 
the stage and close contact with the objective lens 
ensures thermal equilibrium between these being reached 
in a short time. 


C. The Objective Lens and Intermediate 
Aligning Mechanism 


The objective lens is of conventional design; the 
bore is made vacuum tight by a brazed copper spacer 
in the gap and is ground to give accurate cylindricity. 

The pole pieces are asymmetric about the lens center, 
in order to bring the object focal plane to a position 
just above the top of the lens. A special grinding tech- 
nique has been developed to ensure a minimum degree 
of eccentricity and ellipticity of the pole piece bores to 
minimize astigmatism. Further improvement in this 
direction is achieved by making the bore diameter as 
large as practicable with no increase in focal length, as 
by so doing the effect of residual mechanical and mag- 
netic defects as well as the primary spherical aberration 
is reduced. 

A focal length of 4 mm is obtained at 100 kv with 
the specimen plane slightly above the level of the upper 
lens face and a pole piece diameter of 2.5 mm. The pole 
pieces are finished by precision grinding to be an accu- 
rate push fit in the bore of the lens and can be removed 
for cleaning relatively easily. 

The alignment section immediately below the objec- 
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tive lens provides two movements, one for translati 
(S06) and one for tilting (507) the objective lens and 
illuminating system with respect to the projector lenses, 
The tilt takes place about a point in the object plane of 
the second projector lens. Each movement is controlled 
by a set of four self-locking screws. 


D. Objective Apertures 


The microscope has been fitted with two types of 
objective aperture ; one being a relatively large aperture 
intended to give an increase in image contrast and to 
be easily inserted and removed. It takes the form of a 
hollow phosphor bronze cylinder closed at one end by 
a thin wall into which is drilled the aperture hole 100 
in diameter. The cylinder fits closely into the bore of 
the objective lens and can be inserted and removed by 
means of a special tool through the specimen chamber 
door. The operation takes slightly longer than that of 
changing the specimen. The plane of the aperture is 
located approximately at the back focus of the lens so 
that electron diffraction patterns cannot be obtained 
with the aperture in position. 

The alternative type of aperture takes the form of 
an assembly which fits into the lower pole piece of the 
objective lens from the underside. The aperture, again 
located at the back focus of the objective lens, can be 
preset in lateral position by four grub screws and is 
centered before assembly of the objective lens by means 
of a low power microscope and “V”-block. This pre- 
centering allows the use of a smaller aperture. The 
assembly is thus semipermanent and precludes the use 
of electron diffraction or low magnification dark field 
imaging. Normal dark field images can be obtained, 
however, by tilting the illuminating system sufficiently 
for the direct beam to be intercepted by the aperture. 

In addition, a special intermediate section has been 
developed for the instrument which carries an adjust- 
able objective aperture assembly, details of which can 
be seen in the cross section of Fig. 5. The aperture is 
carried on the detachable end of a tube (551) which 
slides vertically inside a carrier tube (552) supported 
in a spherical seating (553) about 3 cm below the center 
of the objective lens. Thus, transverse movement of 
the lower end of the carrier tube will translate the 
aperture in the lens field. A main supporting tube 
(554) carries the spherical seating at the upper end and 
a cylindrical block at the lower end. Two fine-threaded 














Fic. 4. The mechanical stage, specimen holder, 
and insertion tweezers. 
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screws through this cylinder allow adjustment of the 
position of the carrier tube. These screws extend to 
knobs outside the walls of the alignment section. 

Vertical movement of the aperture tube is controlled 
by the fork (556) engaging with two pins in the lower 
end of the tube. The fork is fastened to a shaft pro- 
jecting through the walls, and a knob on the end engages 
with stops suitably placed on the external wall. 

The normal operating position for the aperture is 
about 4 mm below the lens center. When it is not 
required it can be raised to just below the level of the 
specimen plane so that the cone of electrons leaving the 
object area is unrestricted. When the specimen is re- 
moved, the aperture can be lifted even further so that 
it projects above the level of the lens face. This enables 
the cap containing the aperture disk itself to be removed 
or exchanged without having to dismantle the whole 
lens assembly. 

The aperture used is a thin copper disk produced by 
Kodak. The hole sizes so far used are 30 and 60y in 
diameter. 

The lower plate of the aligning section carries a 
pumping port connected to the vacuum manifold, also 
another movable aperture system (515) inserted at the 
level of the first intermediate image. This is used in 
obtaining electron diffraction patterns as described in 
Section III. It consists of a cylindrical cap on the end 
of a shaft controlled by a knob. Two clearance holes in 
the cap allow the beam to pass unrestricted for normal 
operation while rotation of the knob through 60° or 
120° brings two small apertures of 50u or 250u diameter, 
respectively, in line with the axis of the beam. A screw 
backstop is provided for initial alignment of these 
apertures. 


E. The Double Projector Lens, Viewing 
Chamber, and Camera 


The construction of the double projector lens is 
clearly shown in Fig. 2. 

The yoke, copper spacers, and end plates are brazed 
together, giving a vacuum-tight bore. The lens winding 
is wound directly on the double bobbin so formed and 
the two halves of the outer iron shroud slide over the 
whole assembly. The bore is precision ground and 
sufficient accuracy is obtained to render individual 
alignment of the two lenses unnecessary. 

The viewing chamber is provided with a single wide 
viewing port with a lead glass window and eyeshield 
(704). On the sides of the viewing port are fitted the 
controls for raising the fluorescent screen (705) and 
for positioning a magnifying lens (706) to aid correct 
focusing. 

A pumping port connects the viewing chamber to the 
vacuum manifold and the top flange supports a cylindri- 
cal u-metal screen. The viewing chamber is fastened on 
blocks mounted directly on the main cross members of 
the desk frame and the camera is strapped underneath 
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Fic. 5. Cross-sectional drawing of the intermediate alignment 
section with the adjustable objective aperture. 


the lower flange, so that it can be removed without 
disturbing the rest of the microscope. 

The camera consists of a shallow rectangular box 
with a transverse shaft operating the cassette tray 
through a pinion and rack. The door (802) is sealed by 
a flat rubber gasket and held in place by a spring clip. 
The drive for the racking pinion is brought out through 
a gland seal and bevel gears to knob (812) at the front 
right-hand side of the camera and a simple position 
indicating mechanism is incorporated. 

The camera will take two 3}X3j-in. plates end to 
end, on which two, four, or eight micrographs can be 
taken. The frame size is selected by masks attached to 
the fluorescent screen; the appropriate mask is selected 
by the knob (710) at the rear of the viewing chamber. 


F. Vacuum Equipment and Desk 


The pumping equipment consists of a Metro-Vick 
Type D.R.I. two-stage rotary pump backing a Type 02 
oil diffusion pump. The pumping system is manually 
controlled and provided with simple interlocks to pre- 
vent damage due to incorrect operation. The backing 
pump can be connected direct to the microscope column 
for rough pumping or to the diffusion pump for normal 
operation. 

A simple fine side vacuum valve is incorporated 
between the diffusion pump and pumping manifold so 
that the microscope can be open to the atmosphere 
without shutting down the pumps. The over-all pump- 
ing time from atmospheric pressure is about two 
minutes. 

The pumping manifold leading from the diffusion 
pump via the fine side valve has three connections to 
the microscope column (Fig. 2) as previously described ; 
one at the viewing chamber, a second at the inter- 
mediate section, and a third at the object chamber. 
Flexible connections are made in the latter two to allow 
for the necessary alignment of the microscope column. 
The bending moment exerted on the column by air 
pressure on the top flexible connection (902) is com- 
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pensated by a further flexible bellows (903) on the top 
of the manifold. The top plate sealing this bellows is 
mechanically connected to a spider in the lower end of 
the connecting bellows by a stay rod. Thus no resultant 
moment acts on the column. 

The microscope desk (Fig. 1) is constructed from 
an angle iron framework with sheet metal paneling, 
and is mounted on rubber-bonded feet to insulate 
against vibration. A sloping panel at the rear of the 
desk displays beam current, lens current, and vacuum 
gauge meters, indicating lights and the a.c. mains 
circuit switches and fuses. The microscope controls are 
all grouped on a hinged panel just to the left of the 
column, while the lens current stabilizers are built on 
subpanels fastened to the control panel, providing 
easy access for maintenance. 

All internal wiring takes the form of multiple cables 
or looms interconnecting each unit, terminated with 
multiple terminal blocks and spade end-coded leads. 


G. The High Voltage Power Unit 


This follows what may now be regarded as conven- 
tional practice for this type of instrument, the high 
voltage being obtained by rectification of the output 
of a resonant high frequency transformer fed from a 
valve oscillator.® Stabilization is obtained through 
negative feedback from a high resistance potential 
divider connected across the output circuit, via a d.c. 
amplifier, to the screen circuit of the oscillator valves, 
four 45-volt batteries providing the stable comparison 
voltage. 

The complete unit contains three separate oscillators 


5 O. H. Schade, “‘Radiofrequency-operated high voltage supplies 
for cathode-ray tubes,” Proc. I.R.E. 31, No. 4 (April, 1943). 


178 














supplying power to the high voltage circuit, the high 
potential rectifier valve filament, and the electron gun 
filament. The operating frequencies are, respectively, 
30, 50, and 50 kc/sec. All the oscillator and stabilizer 
components are grouped on a single rack-mounted 
chassis, while a second chassis contains the low voltage 
power supplies to the oscillators. The high voltage unit, 
which employs a Greinacher voltage doubler circuit, is 
housed in a brass oil-filled tank, and the electron gun 
supply is fed out through a shielded concentric cable. 
The voltage output of the set is varied by selection of 
the number of reference batteries in circuit, four 25-kv 
steps being provided. On the 25-, 50-, and 75-kv ranges, 
maximum output current is about 1 ma. and 0.4 ma. 
on the 100-kv range. 

The electron gun filament power is remotely con- 
trolled from the microscope desk by variation of the 
anode supply voltage to the appropriate oscillator. 
Switching of the high voltage supply is accomplished 
by means of push buttons and relays, which also afford 
automatic overload protection. Figures 6 and 7 are 
circuit diagrams, respectively, of the high voltage and 
oscillator-stabilizer units. 


Ill. ELECTRON OPTICAL PERFORMANCE 
A. Illuminating System 


The triode electron gun operates with an automatic 
bias derived from a variable resistor connected between 
the cathode and the cathode shield. For a given setting 
of the bias resistor there is thus a value of filament 
heating current which gives the correct lens action at 
the cathode shield aperture and produces an intensity 
maximum at the beam cross-over situated near the 
anode aperture. 
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Operating a triode gun under these conditions mini- 
mizes the effect of bad alignment of the filament in the 
shield aperture and also gives maximum brightness 
conditions. An image of the beam cross-over at approxi- 
mately unit magnification can be formed in the object 
plane of the objective lens by the magnetic condenser 
lens, so that by operating the microscope at low power 
an image of the crossover can be projected on to the 
viewing screen. The cross-sectional diameter of the 
crossover determined in this way has a minimum value 
of about 0.005 cm, the actual value depending on bias 
setting and on the height of the filament in the shield. 
Under optimum conditions, the beam divergence from 
the crossover is approximately 0.03 radian. With a total 
beam current of 200 wa, the current passing through 
the condenser aperture, which subtends an angle at 
the cathode of 4X 10-* radian, is 


4X10-*\? 
200 X 10-* ( ) = 3.56 ya. 
3X10- 





The mean current density at the object is therefore 
3.56 X 10~® 
m(2.5X 10%)? 





=0.18 amp./cm’. 


For adequate brightness on the final screen, a current 


density of 10-" amp./cm? is required; hence the gun 
gives a sufficient intensity for operation at a magnifi- 
cation of (0.18/10-")!= 135,000 times at critical illumi- 
nation, or at an angular aperture of 5X10~ radian, 
the visibly usable magnification is 


5x 10-4 
4X 10-* 





1.35108 ( ) = 2100 times. 


B. Lens System 


Consideration of minimum aberration in the objective 
lens calls for the use of the shortest possible value of 
focal length. For a given pole piece design the minimum 
focal length is determined by magnetic saturation of 
the iron. Scaling up the dimensions of the pole pieces 
while maintaining constant field strength in the gap 
again shortens the focal length. Limitations here arise 
due to excessive increase in the excitation ampere turns 
required and also due to the fact that the lens field 
becomes so extensive that the back focus comes within 
the field, after which rays are deflected back toward 
the axis, and hence the focal length no longer decreases. 
A further advantage in scaling up the pole pieces re- 
sults from the relative reduction in the astigmatism 
resulting from mechanical inaccuracies. 

A further limitation in the focal length arises because 
of the difficulty of accommodating the object holder in 





Fic. 7. Circuit diagram of the H.T. oscillator and stabilizer. 
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TABLE I. Magiification ranges. 








Accelerating Low magnification 





voltage undistorted High magnification 

100 kv 600-2000 2000— 60,000 
75 kv 1000-3000 3000—100,000 
50 kv 1500-5000 5000-100,000+- 








a position very close to the lens without severely 
restricting its movement. For this reason a focal length 
of 4 mm is used, and the pole piece aperture chosen to 
be as large as possible for saturation at the maximum 
excitation. The maximum objective magnification is 
then about 35 times. 

The three-lens system with the adjustable aperture 
provides a very flexible imaging system which can oper- 
ate under three distinct combinations of focal lengths. 
These combinations provide for (1) high range magnifi- 
cation, (2) low range magnification, and (3) electron 
diffraction. 


C. Magnification Range 


The ranges of magnifications obtainable are shown 
in Table I. On the high magnification range the two 
projector lenses are used in the normal way, that is, 
both producing inverted magnified images. The ray 
path for this condition is shown in Fig. 8(A). To avoid 
excessive pincushion distortionf at the lower magnifica- 
tions, the second projector is operated at high power 
and gives most of the magnification (about 50X at 
100 kv). For an 8-cm diameter image, the second pro- 
jector object field is then 0.16 cm in diameter, so that 


Ray diagram “B.” 
Operation at low 
magnifications. 


Ray diagram “A.” 
Normal operation. 


‘ct __S. 
7% 
= ) axe LO ( ast 


a = | 


= fF) ati in } 


le 
\- LP2 


it 
| 


S$. Specimen Piane. 

Lt. Ist. Intermediate Image. 

[22nd 6 se SCL PD Ord. 
| Fina! Image. 


pole piece bore diameter. 


tA similar result has been obtained by le Poole using a slightly modified arrangement incorporating an additional weak lens 


(reference 3). 


*H. Boersch, “On the primary and secondary image in the electron microscope II. Structure investigation by means of 


electron diffraction,” Ann. d. Physik. 27, 75 (1936). 
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LO. Otyective lens 
LPt. Ist Projector lens 





the bore of this lens can be made small without intro. 
ducing distortion. Thus, for an over-all magnification 
of 2000 and first-stage gain of 35, the second lens must 
give unity magnification. The higher magnification can 
be obtained now by increasing the first projector power 
up to a maximum when it works at a focal length of 
about 4 mm, giving a stage magnification of 35x at 
100 kv. This corresponds to an over-all magnification 
of 60,000. 

To obtain the low magnification condition, the first 
projector is used to form a reduced erect image by 
operating at low power. The ray path is shown in 
Fig. 8(B). The extent of the imaging beams at the pro- 
jector lens aperture is now of the order of 0.3 cm so 
that the bore of the lens must be double that required 
by the high magnification condition in order to avoid 
barrel distortion. The wider bore is adopted though it 
slightly reduces the highest magnification obtainable. 


D. Electron Diffraction 


In this instrument an electron diffraction pattern 
corresponding to a small selected area of the specimen 
under examination can be formed immediately and 
without disturbing the specimen. This is achieved by 
using the first projector lens to form an image of the 
diffraction pattern existing in the back focal plane of 
the objective lens at approximately unit magnification 
in the object plane of the second projector lens. This 
image is then enlarged on to the final screen, or photo- 
graphic plate. This method of obtaining diffraction 
patterns was originally used by Boersch.f ® 


Ray diagram i. 
Electron diffraction. 
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Fic. 8. Diagram of the ray paths. 
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t To insure negligible pincushion distortion, the area utilized in the object plane of the projector should be one-fourth of the 
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Under these conditions, the objective lens is used in 
the normal manner and therefore produces an inter- 
mediate magnified image of the object just in front of 
the first projector lens. A stop placed here will limit the 
field of the object observed in normal microscopic 
observation and will also, therefore, in the diffraction 
usage, limit the area of the object from which diffracted 
electrons are transmitted. The stop can be relatively 
large in diameter since the effective diameter is reduced 
by the magnification of the objective lens (35X). Thus, 
in practice, two stops 50 and 250, in diameter are used, 
corresponding to fields of 1.5 and 7y at the object. 
The ray path is shown at Fig. 8(C). 

The maximum angle of diffraction allowed for is 0.1 
radian. If the whole of the beam contributes to the 
intermediate image, the confusion disk diameter, given 
by Csa®M-(Cs=0.5 cm) becomes 175y which is larger 
than the smaller stop. The effect of this when using the 
stop depends on whether the paraxial or marginal elec- 
tron rays are focused at the aperture. Most of the in- 
tensity will normally be in the paraxial beam and if 
this is focused, then some of the energy from the outer 
rings will be lost and some energy from the outer rings 
of any crystals outside but near the defined area will 
appear. A better condition is for the intermediate image 
to be underfocused by such an amount as to allow all 
the outer ring electrons to pass through the aperture. 

The diffraction pattern rings in the back focal plane 
of the objective will have a diameter given by 


D=2apf, 


where ap is the angle of diffraction and f the focal 
length of the objective lens. Toward the outside of the 
pattern some distortion is introduced by spherical 
aberration. This has the effect of reducing the diameter 
of the outer rings by an amount Csap*. For a maximum 
angle of diffraction of 0.1 radian and a focal length of 
0.4 cm, the ring diameter becomes D=2X0.1X0.4 cm 
= 800 and the distortion is AD=0.5 X (0.1)* cm=5y or 
a little under one percent. A simple correction can be 
applied for this error. 

The final projector lens provides sufficient magnifica- 
tion to enlarge the diffraction pattern to a convenient 
size which is just too small for distortion in this lens to 
be significant. 

The diffraction rings are made up of overlapping 
images of the electron source and therefore to give 
finely resolved rings the source must be small. If we 
operate the instrument under conditions of critical 
illumination we should expect to get no diffraction at 
all, as incoherent radiation is irradiating the object. 
In fact, a fair degree of coherence results from the im- 
perfections in the cathode and condenser lenses, and 
even if this were not so, the Airy disk produced by the 
condenser lens aperture would give sufficient coherence 
for some pattern to result; the resolution would, how- 
ever, be very poor. 

If the condenser lens is switched off the electron gun 
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virtual cathode is the source and this is demagnified 
about 50X by the objective into the back focal plane 
giving a ring width of about 1y. To improve upon this, 
the condenser lens can produce an image of the source 
demagnified about 10X. The image is closer to the 
objective and hence the objective demagnification is 
reduced to 20X giving an over-all demagnification of 
200X or an image size of about 0.25y. This for the 
outer rings corresponds to a resolution of 1 in 3000, 
which is adequate. 

Spherical aberration of the objective lens will have 
a further detrimental effect on the outer rings of the 
diffraction pattern. The diameter of the disk of con- 
fusion in the back focal plane is given by 


bs = d(C sap’) == 3C sap*da. 


Here ap is the angle of diffraction and da is. the angle 
subtended by the intermediate diffraction aperture at 
the diffraction pattern. For the 250u stop, da becomes 
0.002 radian, and if ap=0.1 radian, then 6s=3X0.5 
X10? X 2X 107=0.3 yu. 

If this error is added directly to that due to the 
finite source size, the resolving power of the system be- 
comes 1 in 1500 with an improvement toward the center 
of the pattern. 


E. Electron Optical Alignment 


The alignment procedure employed with this instru- 
ment is very similar to that used on the Type E.M.2 
microscopes. 7 The system is first aligned as a two-stage 





Fic. 9. Staphylococcal bacteriophage and staphylococcus, shadow 
cast at 4:1. (32,000 times, 75 kv.) 


7™M. E. Haine, “The electron optical system of the electron 
microscope,” J. Sci. Inst. 24, No. 3 (March, 1947). 
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Fic. 10. Evaporated palladium gold. (72,000 times 75 kv.) 


microscope with the first projector lens switched off, 
using reversal of the objective lens current to locate 
the lens axis. 

The first projector lens is then switched on at low 
power to give an image of the back focus of the objective 
lens in the image plane of the final projector (electron 
diffraction condition). Under these conditions the spot 
on the final screen will be displaced from the center if 
the first projector lens is not aligned with the axis of 
the objective lens. This is corrected by use of the inter- 
mediate section tilt. As this tilt is arranged to occur 
about the center of the second projector lens, the align- 
ment of this lens and the objective is not upset. How- 
ever, if the tilt required is large it may be necessary to 
repeat the initial adjustment. 

The magnification can then be raised to 10 or 20,000 
times and final adjustment of the gun tilt carried out. 


CONCLUSION 


In operation, we have found this instrument to give 
the promised flexibility and simplicity. The absence of 
air locks proves no disadvantage; the specimen or 
photographic plates can be changed in about three 
minutes while such operations as changing an aperture 
or a filament take very little longer. 
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Fic. 11. Electron diffraction pattern of zinc oxide crystals, 100 ky. 


In regard to resolving power, the average value ob- 
tained during a series of tests with heavy metal par- 
ticles of about 25A diameter was approximately 35A 
with a best value of 25A. Edge contours have been 
recorded with half-widths of about 15A while spacings 
of as low as 12A between maxima and minima in Fresnel 
fringe systems have been obtained. These results indi- 
cate that a resolving power of better than 50A should 
be obtained under normal operating conditions. 

Figures 9 and 10 show typical micrographs while 
Fig. 11 shows the micrograph and diffraction pattern, 
obtained from a field 7.0u in diameter, of zinc oxide 
crystals. 
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Letters to the Editor 








Comments on the Use of Latex Spheres as Size 
Standards in Electron Microscopy* 


CHARLES H. GEROULD 


Magnesium Laboratories, The Dow Chemical Company, 
Midland, Michigan 


October 19, 1949 


ACKUS and Williams!? have reported the usefulness of Dow 

latex 580G, lot 3584, as a standard in the determination of 
magnification and shadow-casting angle in electron microscopy. 
They attributed to these latex spheres a size of 2590+25A. Since 
the unique value of this material became apparent, about 225 
small samples have been distributed to laboratories in this 
country and abroad. Seventeen of these laboratories have made 
determinations of the average particle size and have submitted 
their results which have been tabulated in Table I. It is noted that 
these determinations include six different techniques; electron 
microscopy alone, combination of light and electron microscopy, 
light microscopy alone, interferometry with electron microscopy, 
light scattering and ultracentrifugation. It appears significant that 


thirteen of the seventeen determinations show an average size 
of 2588A with a range from 2520 to 2630A. The four other de- 
terminations range upward to 3200A. 

It should be mentioned that more recent light scattering studies 
by the two laboratories listed have indicated that the procedure 
used is not reliable. 

It has been reported? that the size of this latex may be affected 
by variations in the procedure of specimen preparation, such as 
degree of dilution, size of drop added to specimen, drying speed, 
etc. In order to check this possibility, sixteen experiments were 
performed in which the dilution of the 40 percent latex with water 
was varied between 1:250 and 1:4000, the size of the drop added 
to the specimen and the drying times varied to reasonable ex- 
tremes, dilutions made from a drop of latex which had been al- 
lowed to nearly dry before diluting, and dilution of the settled 
and caked material found in the bottom of the latex bottle. The 
results indicated that none or, at the most, very few significant 
changes took place. Twelve experiments showed variation of less 
than 1 percent from the mean, two between 1 and 1.5 percent and 
two between 2 and 3 percent. These latter two experiments may be 
significant or they could be the result of instrumental fluctuation. 
However, in both of these cases, the 2 to 3 percent variation was 
a decrease in size as a result of the partial drying of a drop of 
latex before dilution, a procedure rarely encountered in actual 
practice. 


TABLE I. Determinations of particle size of latex 580G, lot 3584. 

















Estimated 
Average accuracy Experimental procedure 
size in in — 
Contributor Affiliation angstroms angstroms Instruments used Reference specimen Type of replica Remarks 
R. C. Backus Univ. of Mich. 2590 + 25 LM-EM»> Latex on glass None 
R. C. Williams Ts 
G. H. Bergold Can. Dept. of Agri. 3100 +1008 LM-EM Glass fibers None Instrumentale 
Calibration 
J. S. Boadway Shawinigan Chem., 2760 + 60 LM-EM 15,000 lines/in. Collodion Replica checked 
Ltd. Grating +Latex using LM 
W. B. Dandliker Harvard Med. Sch. 2590 Light scattering _— — 
J. L. Farrant Australian Council for 2560 + 25 EM Glass fibers None Diameter of fibers 
A. J. Hodge Sci. and Ind. Res. determined by 
interferometric 
methods 
E. F. Fullam General Electric Co. 2590 + 50 LM-EM 30,000 lines/in. Parlodion- Replica checked 
Grating +Latex SiOz using LM 
C. H. Gerould Dow Chemical Co. 2630 + 50 EM 15,000 lines/in. Polystyrene- 
Grating +Latex SiO 
G. H. Hass Engrs. Res. and Dev. 2620 + 40 EM 30,000 lines/in. Silver-SiO 
abs. Grating +Latex 
A. C. Jenkins Linde Air Products Co. 2590 +130 EM 30,000 lines/in. Collodion 
Grating +Latex 
H. Kahler Nat. Inst. of Health 2600 + 65 EM 20,000 lines/in. Unknown 
Grating 
R. A. Kern Eli Lilly and Co. 2580 + 50 LM-EM Diatoms None Instrumental* 
S. F. Kern Calibration 
M. Martin Godfrey L. Cabot, Inc. 2610 +130 EM 15,000 lines/in. SiO Instrumental* 
Calibration 
O. W. Richards American Optical Co. 3210 +240 Phase Contrast — -_ Bright contrast 
Light Microscope using white light. 
Wet sample 
E. H. Rowe B. F. Goodrich Co. 2610 + 30 LM-EM Opening in screen None Instrumentale 
. Calibration 
G. D. Scott Univ. of Toronto 2500- + 50 LM-EM 15,000 lines/in. Formvar Replica checked 
3000 Grating +Latex using LM 
D. G. Sharp Duke Univ. 2520 + 25 Ultracentrifuge — — Particle Density— 
1.054 +0.001 
R. S. Spencer Dow Chemical Co. 2560 Light scattering — — 








® On any one mount. f 
b LM—Light Microscope; EM—Electron Microscope. 


¢ Instrumental Calibration—EM calibrated for magnification with specimen mentioned. Latex size determined using this calibration. 
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Fic. 1. Electron micrograph of single layer, latex particle array. 


Since this unique batch of latex is of extremely limited quantity, 
the precautions in handling the material should be emphasized. 
Agglomeration is a danger and may be prevented by avoiding 
freezing, chemical contamination or change in pH. Agglomeration 
as a result of the evaporation of water from the undiluted latex 
is a hazard which is acute, especially in the 5 cc vials in which 
much of the latex has been distributed. Several laboratories have 
reported that their latex has completely dried even though the 
caps were apparently tight. It is suggested that either the bottles 
be periodically checked and kept filled to the top by additions of 
distilled water, or the whole sample be diluted 5:1 or 10:1. 

The danger of bacterial contamination is not generally recog- 
nized. Experience has shown that certain bacteria can thrive and 
multiply in the latex resulting in eventual complete ruin of the 
material. This is difficult to combat, but special handling precau- 
tions and possibly refrigeration above 0°C will help. 

As mentioned previously, a study was made on the effect of 
dilution ratio on particle size and no variation was found. How- 
ever at dilutions of 1:500 and less, considerable fusing of the 
spheres resulted. In most cases, this fusing was slight near the 
wires of the supporting screen and severe in the center of the 
openings. An explanation may be that the surface active agents 
are present to such a concentration in the 1:500 or less dilutions 
that during drying, these agents are further concentrated to a 
point where they act as a plasticizer and cause fusing. It should 
be pointed out that the use of an atomizer may appreciably 
decrease this danger. 

The danger of overheating in the electron microscope appears 
to be of importance only at the high intensities found with the 
biased gun. Fusing and distortion can result under such conditions. 
A much more real danger is found as a result of the specimen 
contamination which occurs under electron bombardment. These 
latex spheres make an ideal specimen for studying this phenom- 
enon. Particles commonly show an increase in diameter of 4 per- 
cent to 5 percent after 20 minutes bombardment with a 300 micro- 
ampere beam from a non-biased gun. 

R. A. Kern and S. F. Kernf have recently discovered increases 
in the diameter of latex spheres as a result of shadowing, which 
cannot be explained by the mere thickness of the metal film on the 
particles. They have tentatively explained the size variations as 
being the result of an electrostatic charge on the unshadowed 
spheres which is removed by metal shadowing, providing it 
grounds the spheres. The possibility of such an effect should be 
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carefully considered when these spheres are used in applications 
where shadowing is necessary. 

Two electron micrographs are included which illustrate the 
particle arrays which are possible with spheres having the uni. 
formity of diameter found in this material. Figure 1 shows a single 
layer particle array and Fig. 2 shows a multiple layer array in 





Fic. 2. Electron micrograph of multiple layer, latex particle array. 
Shows areas of 1, 2, 3 and 4 layers of spheres. 


which 1, 2, 3 and 4 layers of spheres can be seen. It is obvious that 
such arrays would be impossible without a high degree of uni- 
formity of the spheres involved. One sphere of slightly different 
size will completely destroy the symmetry of the area around it. 

At the present time, there are still some samples of this par- 
ticular batch of latex 580G available to electron microscopists. 
They may be obtained by contacting the author. 

* Condensed from paper given at the October, 1949, meeting of the 
Electron Microscope Society in Washington, D. C. 

1R. C, Backus and R. C. Williams, J. App. Phys. 19, 1186 (1948). 

?R. C. Backus and R. C. Williams, J. App. Phys. 20, 224 (1949). 


3G. D. Scott, J. App. Phys. 20, 417 (1949). 
Tt To be submitted to J. App. Phys. for publication. 





Erratum: Relationship between Gough-Joule 
Coefficients and Moduli of 


Vulcanized Rubbers 
[J. App. Phys. 20, 526 (1949)] 


F, S. Conant, G, L. HALL, AND G. R. THURMAN 


Chemical and Physical Research Laboratories, The Firestone Tire 
and Rubber Company, Akron Ohio 


T has been pointed out by Dr. Sidney M. Katz of Textile 
Research Institute Laboratories that the thermodynamic 
reasoning leading to Eq. (8) of the above article is faulty, although 
the equation itself is valid. A correct thermodynamic derivation is 
possible, as Dr. Katz has demonstrated in a private communica- 
tion. In view of the relatively simple mathematical derivation of 
Eq. (8), however, any involved thermodynamic approach ap- 
pears unnecessary. 
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Frictional Loss in Visco-Elastic Substances 
B. Gross 
National Institute of Technology, Rio de Janeiro, Brazil 
November 22, 1949 


N two previous papers we have developed the phenomeno- 
logical theory of linear visco-elastic behavior.' In this theory 
the elastic loss was associated exclusively with the relaxation 
mechanism which is also responsible for the frequency dependence 
of the dynamic modulus. On this basis the loss is uniquely de- 
termined when the dynamic modulus function is known. It seems, 
however, to be likely that another cause for elastic loss also exists, 
i.e. a “true” frictional mechanism which leads to a loss varying 
independently of the visco-elastic loss. The corresponding fric- 
tional force is assumed to be proportional to the rate of change of 
deformation and the proportionality factor, which is called fric- 
tional coefficient, is considered to be constant.? It might be instruc- 
tive to examine experimental data for the presence of such a 
constant friction. The new loss component will be of importance 
at very high rates of deformation (or high frequencies). Therefore, 
the mathematical treatment now will have to take into account 
inertia forces too; this means that it must be based on the wave 
equation. But it will be sufficient to consider the unidimensional 
case only, because in the recent methods for the determination 
of the visco-elastic constants by means of sound waves the samples 
have the form of long thin strips which for all practical purposes 
can be considered as unidimensional ones.* 
For a linear strip of material the unidimensional wave equation 
can be written in the form 


waedr=, (1) 


where u is the displacement from equilibrium position of a cross 
section, p the density, and & the resultant force acting on a volume 
element of the sample, i.e. the difference of forces between x and 
x+dx.4 The force now contains 3 components: (a) A component 
which corresponds to Hooke’s law and contains the instantaneous 
elastic modulus E. (b) A component which takes account of the 
relaxation mechanism and contains the relaxation function @(é). 
(c) A component which represents the frictional force and con- 
tains the constant frictional coefficient y. Thus & is written 





b= qh tae—9 at | one BU s)drdet qo dx, (2) 


0tax* 


(1) and (2) together constitute an integro-differential equation 
which replaces the simpler equations of the former papers. While 
the general solution is involved, a particular solution of the form 


U= Uo exp(iw(t—x/c) — ax) (3) 
is easily seen to exist; it represents a linear wave traveling from 
x=0 to x= ©, of frequency w, phase velocity c, and attenuation 
factor a. Substitution of (3) into (1) and (2) gives 

pw 
, (4) 
(w/c+ia)* 


where A and B are, respectively, the storage factor and the loss 
factor already given in IT: 


(E—A)+i(wy+B) = 


A(w)= f° coswr@(r)dr, (5a) 


B(w) ={~ sinwrG(r)dr. (5b) 
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Equation (4) is formally identical with Nolle’s Eqs. (5). In- 
troducing the complex elastic modulus E* = E,+iE; there is 


E,\=E-A (6a) 
E2=ywotB. (6b) 


According to Eqs. (6), the Hookeian mechanism contributes only 
to the real part of E*, the frictional force to the coefficient of the 
imaginary part, and the relaxation mechanism to both of them. 
Since A(«)=0, the instantaneous elastic modulus is obtained 
from a plot of £, versus frequency as the high frequency limit of 
E,. B is 0 for both w=0 and w= © ; yw is linearly increasing with 
frequency. Therefore, at very high frequencies where EF, has 
become practically constant, E2 should increase linearly with 
frequency. From the slope of the loss factor curve at high fre- 
quencies one then may read y. The relations between A and B 
were already discussed in II. It will be interesting to calculate B 
from data of A and to see whether the result still leaves room for 
a component yw. 


1 B. Gross, J. App. re. 18, 212 (1947); 19, 257 (1948); in the present 
paper quoted as I and I 

2A term of this type a any assumption about the frequency de- 
pendence has already been introduced by A. W. Nolle, J. Acous. Soc. Am. 
19, 194 (1947); J. App. Phys. 19, 753 (1948). 

*See R. S. Witte, B. A. Mrowca, and E. Guth, J. App. Phys. 20, 481 
eed D. G. Ivey, B. A. Mrowca, and E. Guth, J. App. Phys. 20, 486 
1949), 

‘For this deduction see G. Joos, Theoretical Physics (G. E. Stechert, 
New York, 1934), p. 176. 

5 A. W. Nolle, reference 2; see A. Gemant, Trans. Faraday Soc. 31, 1582 
(1935); Physics 6, 363 (1935). 





Addendum: Interpretation of X-Ray 
Patterns of Cold-Worked Metal 
{[J. App. Phys. 20, 885 (1949)] 


B. L. AVERBACH AND B. E. WARREN 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


[x a letter under this title the next to the last sentence applied 
the Fourier coefficient method to the particle-size problem. 
“For a substance in which there is particle-size broadening only, 
the initial slope of the A» vs. m curve gives an average particle 
size and the second derivative of the curve gives directly a size 
distribution.” Unfortunately at the time of writing we were not 
aware that this same result had already been obtained by E. F. 
Bertaut! in France. 


1E,. F. Bertaut, Comptes Rendus 228, 492 (February, 1949). 





Bibliography on Offshore Petroleum Developments 


E. N. KEMLER 
Southwest Research Institute, San Antonio, Texas 
November 17, 1949 


HE Division of Oceanography and Meteorology of Southwest 
Research Institute recently published the first Bibliography 
on Offshore Petroleum Developments. Intended as a practical and 
useful guide, the Bibliography is a public service presentation of 
the Institute available to any organization, company, or indi- 
vidual whom it might benefit. Requests for copies should be 
directed to The Division of Oceanography and Meteorology, 
Southwest Research Institute, 312 Oil and Gas Building, Houston,,. 
Texas. 
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New Books 








Modern Arms and Free Men 


By VANNEVAR Busu. Pp. 273, Simon and Schuster, New 
York, 1949. Price $3.50. 


Dr. Vannevar Bush has probably had a greater influence on 
applied physics than any other scientist of our time. His invention 
of the differential analyzer and its use for the solution of non- 
linear equations initiated the great developments in electrical 
calculating machines. He is famous for his leadership of the 
Carnegie Institution of Washington, where he has had a direct 
hand in the success of the 200-in. Mount Palomer telescope. He 
was chairman of the National Advisory Committee for Aero- 
nautics during the critical pre-war years. But his greatest contri- 
bution is his wartime leadership of a substantial fraction of all 
U. S. scientists, as Director of the Office of Scientific Research 
and Development. In this position Dr. Bush’s leadership made 
itself felt not only in the highest councils in Washington, but 
more importantly, through all levels of the vast OSRD organiza- 
tion, so that even the youngest men knew instinctively that all 
worth while developments would find effective use. 

Dr. Bush gives us a very clear account of the continuing 
menace of the submarine, the combating of which remains the 
most pressing problem facing the navy of any maritime power in 
its mission to keep the sea lanes open for transport. In the first 
World War and again in the second, the German submarine held 
the outcome in doubt and it cost us heavily to overpower it. 
The technical development and tactics of sonar, radar, the sono- 
radio buoy, and the magnetic airborne detector, as well as greatly 
improved ship and aircraft-launched ordnance, finally turned the 
tide against the U-boat. But pro-submarine developments that 
came too late to re-establish the submarine’s supremacy—the 
schnérkel, the long-range homing torpedo, and new types of fast, 
deep-traveling submarines are now in the hands of potential sea 
commerce raiders. The added fact that the submarine, along with 
the merchant ship, may well be the agent for delivery of the 
atomic bomb accounts for Dr. Bush’s current insistence on 
vigorous anti-submarine developments. 

The atomic bomb naturally occupies a central position in this 
book. In his considered judgment, Dr. Bush evaluates this as a 
weapon of extreme power but not absolute in the sense that it 
makes other modes of warfare obsolete. Gone, in his analysis, is 
the abject fear which paralyzes clear thinking and wise planning, 
and gone also are the overestimates which are equally fatal. 

‘ 


The atomic bomb presents a grave problem in its continyj 
strain on the peacetime economy of the nation. This is 
compensated for by the fact that of all war materials it is prob. 
ably the best suited for stockpiling purposes and in addition 
holds potentially great possibilities for peacetime applications, 
In contrast to the submarine menace, the defense against the 
atomic bomb seems to Dr. Bush to have great promise in the 
future. The development of guided missiles with proximity-fuseq 7 
ordnance as well as the effective use of radar warning and attack % 
systems backed up by jet fighters may well spell the doom not 
only of long-range atomic bombing, but also of all forms of mags 
bombing against an alert and fully equipped nation. That these 
defensive methods may be deciding factors is suggested by the 
experience in the Schweinfiirt raid, and also in the late but very 
effective introduction of the proximity-fused shell for the defense 
of London and the battle of Antwerp. Guided missiles will thus — 
not only extend the offensive range of artillery and the fire power © 
of aircraft, but may even be decisive in dooming the future effec. ~ 
tiveness of large naval ships, and in defending great cities. The — 
use of guided missiles on intercontinental raids Dr. Bush rules 
out on the basis of their excessive cost as against other forms of 
attack. 

Proper planning for a national emergency Dr. Bush emphasizes 
as the theme of this book. This includes a clear recognition that 
cost, in its broadest sense of the effective use of the manpower and 
industrial and scientific capacity of a nation, is the crucial element 
in war. He gives brief but clear examples of how the magnetron 
tube and early forms of radar and sonar were available to the 
British and ourselves but not to the Germans at the outbreak of 
the war. Furthermore, the fact that wartime developments in 
Germany failed not only to produce an atomic bomb, but more 
significantly that they failed to provide jet fighters in quantity 
for defense against bombing shows the fatal consequences of a 
system which ignores the power of free scientific inquiry. It is 
hoped that peacetime planning, and especially education, will 
fully realize the emphasis placed here by Bush, and elsewhere by 
Conant, for the necessity of proper educational opportunities for 
all gifted youth in the nation, regardless of their financial status, 
It may well be fatal to the national safety to waste their talents, 

This is one of the most important books since the war. It should 
be required study for every person holding even a minor position 
in national planning, and it is to be hoped that it may be brought 
to the attention of many young people, some of whom may some- 
day find themselves over night in positions of great responsibility 
in a national emergency. 

R. S. SHANKLAND 
Case Institute of Technology 
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